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Preface

Harmonic maps between Riemannian manifolds are canonical objects from the points
of view of topology and calculus of variations. These maps provide a rich display
of both differential geometric and analytic phenomena. Much of the study of these
maps serves as a model for many other challenging problems in geometric analysis
and has been the source of inspiration and undiminishing fascination.

The study of harmonic maps in one dimension is equivalent to the study of
the shortest paths—geodesics in Riemannian manifolds. The classical Morse theory
(see Milnor [143]) and the Lusternik-Schnirelmann theory [130] were created from
the study of such objects.

Harmonic maps with two-dimensional domains present special features that are
crucial for applications to minimal surfaces (i.e., conformal harmonic maps) and to
the deformation theory of Riemann surfaces—Teichmiiller theory (see Wolf [213]).
We refer to books by Jost [103] and Helein [93] and surveys by Schoen [167, 168] for
detailed and systematic presentations of the various aspects of the theory. Many of
the geometric and analytic methods used in the study of two-dimensional harmonic
mapping problems can be adapted and generalized to the study of other geometrical
objects such as constant mean curvature surfaces, Willmore surfaces, and pseudo-
holomorphic curves. This last topic has played a fundamental role in the study
of four-dimensional topology as well as symplectic and Kahler manifolds; see for
example Gromov [73] and McDuff and Salamon [144].

We would also point out that the study of harmonic diffeomorphisms between
two-dimensional domains (see Jost [103], Hélein [89], Wan [204], Tam-Wan [199],
Han-Tam-Treibergs-Wan [78], and Li-Tam-Wang [119]) is closely related to the study
of another important classical geometry problem: isometric embedding. Indeed,
Lewy [129] reduced the study of Monge-Ampere equations for isometric embeddings
to the study of the Darboux system which describes a special class of generalized
harmonic maps that led him to develop solutions of the Weyl isometric embedding
and Minkowski problems in two-dimensions for analytic metrics. Heinz [87, 88|
further generalized Lewy’s approach, and the work of F. Labourie [113] can be
viewed as an interpretation in the language of Gromov, see for example Lin [121].

The study of harmonic maps from a compact Riemannian manifold M into an-
other compact Riemannian manifold N in higher dimensions probably began with
the ground-breaking work of Eells and Sampson [49]. They proved, in particular,
that any homotopy class of maps from M into N contains a smooth harmonic map
whenever the target manifold IV is nonpositively curved. The result has shown to
be extremely useful for establishing certain rigidity and vanishing theorems which

vii



viii PREFACE

can be seen in Siu [190], Corlette [37], Jost and Yau [106, 107], and Gromov and
Schoen [74]. There have been very important studies on harmonic maps from suit-
able metric spaces into Alexandrov spaces of nonpositively curvature by Korevaar
and Schoen [111, 112], and Jost [104, 105]. There have been important works on both
harmonic maps and their heat flows on complete, noncompact Riemannian mani-
folds into compact Riemannian manifolds with nonpositive curvature by Li and Tam
[116, 117, 118].

The theory of harmonic maps is remarkably rich. It took “A report on harmonic
maps” [50] in 1978 and “Another report on harmonic maps” [51] in 1988 by Eells
and Lemaire to give a brief survey on the subject. These reports contain nearly one
thousand relevant references. Since then there have been many more developments,
especially during the past two decades. In addition to books by Jost [102, 103] and
Helein [93] that we mentioned earlier, there are books by Giaquinta, Modica, and
Soucek [70, 71], Schoen and Yau [176], lecture notes by Struwe [196] and Simon
[187, 188], and surveys by Schoen [167, 168, 169], Hardt [80], Brezis [16, 17] and
Helein [94]. Therefore, it is almost impossible to write a book on harmonic maps
that will be a comprehensive and complete account of the entire theory.

Our goal in this book is to present a significant portion of the analytic aspects
of the theory of harmonic maps and the associated heat flows. These ideas and
techniques are central to the development of many other related studies on the
general Gauge theory, the theory of liquid crystals, and the theory of Ginzburg-
Landau equations. We shall not discuss these theories or their applications. We
shall also omit entirely a discussion of the geometric aspects of harmonic maps and
various beautiful and important applications. Interested readers may find some of
the references mentioned herein to be quite informative on these topics.



Organization of the book

Our book is organized as follows. In Chapter 1, after a brief introduction, we derive
the Euler-Lagrange equations for harmonic maps from both intrinsic and extrinsic
views. We then derive the Bochner identity and the second variational formula for
harmonic maps. These calculations will be very useful later on, especially in the
study of stable harmonic maps.

Chapter 2 is devoted to the regularity theory of energy minimizing harmonic
maps between two Riemannian manifolds. It includes (i) Morrey’s classical reg-
ularity theorem for energy minimizing maps defined on two-dimensional domains;
(ii) partial regularity theorems for energy minimizing maps from a domain of dimen-
sion at least 3 due to Schoen and Uhlenbeck [171, 172] (see also Giaquinta and Giusti
[66]); and (iii) the uniqueness of minimizing tangent maps at an isolated singularity
due to L. Simon [181, 182, 183].

We discuss the partial regularity theory for weakly harmonic maps or stationary
harmonic maps in Chapter 3. We begin with a classical result of Hildebrandt,
Kaul and Widman [95] concerning weakly harmonic maps into a geodesically convex
neighborhood of a point of the target manifold. We note that Giaquinta and Giusti
[67], and Caffarelli [20] also established similar results via rather different arguments.
We then present in Section 3.2 the beautiful theorem of Helein on the regularity of
weakly harmonic maps on two-dimensional domains. In higher dimensions, under
the assumption that these weakly harmonic maps are also stationary, Evans [45]
and Bethuel [11] proved a partial regularity theorem that we describe in Section 3.3.
We point out that Riviere [160] constructed examples of nowhere smooth weakly
harmonic maps into spheres whenever the domain dimension is at least 3. In the
final section of this Chapter, we present some optimal partial regularity theorems for
stable-stationary harmonic maps. In particular, we will discuss the contributions by
Schoen and Uhlenbeck [174], and recent works of Hong-Wang [98], and the authors
[132].

The blow-up analysis for stationary harmonic maps is carried out in Chapter 4
where we study a sequence of weakly convergent stationary harmonic maps. We
first establish the rectifiability of the energy concentration sets for such a sequence.
Then we derive a necessary and sufficient condition for such a sequence to be com-
pact in the Sobolev space H'(M, N) of maps. Consequently, we also obtain some
necessary and sufficient conditions for uniform gradient estimates in terms of the
energy of such maps. The final statement extends the earlier theorems of Eells
and Sampson, Schoen and Uhlenbeck, Giaquinta and Giusti, and Hildebrandt, Kaul
and Widman.

X



X ORGANIZATION OF THE BOOK

Chapter 5 is devoted to the theory of Eells and Sampson on the existence of
global smooth heat flows of harmonic maps into compact Riemannian manifolds of
nonpositive curvature. The results have been generalized by Mayer [142] to general
nonpositively curved metric space.

Harmonic maps from two-dimensional domains have various special features.
Due to conformal invariance of the Dirichlet integral, harmonic maps are critical for
analysis. In Chapter 6, we carry out bubbling analysis that was initiated in the work
of Sacks-Uhlenbeck [164] and was then generalized by M. Struwe [193] for heat flows
in two dimensions. These works are discussed in Sections 6.1 and 6.2. In 6.3 we
present an example of finite time blow-up by Chang-Ding-Ye [23]. In Sections 6.4
and 6.5 we describe optimal results by the authors for the bubble tree convergence
for heat flow of harmonic maps at a finite time singularity and energy equality in
the bubbling process. The final result improved earlier results of Jost [103], Parker
[152], Parker-Wolfson [153], Qing [157], Ding-Tian [43] and others.

Chapter 7 is devoted to the theory developed by Chen and Struwe [33] that
leads to the existence of partially smooth heat flows of harmonic maps. Under
some additional assumptions, such weak flows will be smooth. Otherwise, there are
counterexamples for global existence of smooth solutions as well as uniqueness of
such flows.

The last two Chapters are devoted to a more detailed measure theoretic study
on the Chen-Struwe’s weak solutions. We begin with a necessary and sufficient
condition for the Eells-Sampson uniform gradient estimate. Similar results are also
true for the heat flow of Ginzburg-Landau type equations. In order to do that,
we first need to characterize obstructions to the strong convergence of solutions (or
approximate solutions) to the heat-flow of harmonic maps. Then we can apply Chen-
Struwe [33] and Struwe’s [195] monotonicity formula along with the Almgren-Federer
stratification and dimension reduction principle to study the energy concentration
phenomenon. The parabolic version of the rectifiability theorem of the energy con-
centration sets is then proved in Section 8.3. We then establish the main generalized
version of Eells-Sampson theorems.

In the final Chapter, we establish a generalized varifold flow and show that
the energy concentration sets evolve according to the motion by mean-curvature
of Brakke [15]. We also establish parabolic versions of the energy quantization
theorems. We believe similar results may be established for other geometric flow
problems.
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Chapter 1

Introduction to harmonic maps

1.1 Dirichlet principle of harmonic maps

Harmonic maps are nonlinear extensions of harmonic functions. Just like harmonic
functions, harmonic maps are critical points of a natural energy functional, called
Dirichlet energy, of maps between two Riemannian manifolds.

Let (M, g) be a n-dimensional Riemannian manifold with or without boundary,
endowed with a smooth Riemannian metric g. For any fixed point pg € M, let
(x1,--- ,xn) be a coordinate system near pgy so that g can be represented by

g = Z Jap dz, d$ﬁ7
1<a,B<n

where (ga) is a positive definitive symmetric n x n matrix. Let (9°°) = (ga3) ! be
the inverse matrix of (gog) and dvy = \/gdx = /det(gag) dx be the volume element
of (M,g). Let (N,h) be a [-dimensional compact Riemannian manifold without
boundary which is endowed with a smooth Riemannian metric h.

Throughout this book we use the Einstein convention for summation. For any
map u € C?(M,N), we can define its Dirichlet energy as follows. For any fixed
p € M, there exist two normal coordinate charts U, C M of p and V, C N of
q = u(p) such that u(U,) C V,. The Dirichlet energy density function e(u) is
defined by
ou’ ou’
dxo 023’

e(u)(z) (= [Vulg) = %Zgaﬁ(l‘)hw(U(w)) (L.1)
a,8

where (z,) and (u') are the coordinate systems on U, and V, respectively. The
Dirichlet energy functional is defined by

E(u) = /M e(u) dvg. (1.2)

Definition 1.1.1 A map u € C?(M, N) is a harmonic map, if it is a critical point
of the Dirichlet energy functional E.

We first have
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Proposition 1.1.2 A map u € C?(M, N) is a harmonic map iff u satisfies

. . ol O
Agu' + g (u )az 8«:ﬁ =0 in M, (1<i<l), (1.3)

where A4 is Laplace-Beltrami operator on (M, g) given by
1 0 0
A = = af _“Y
g \/gal’a <\/§g 8%)

b= —h (hijk + Prjir — hjka)
is the Christoffel symbol of the metmc h on N.

and

Proof. Let U C M be any coordinate chart and ¢ € Cg(U, R!). Then we have

d . . . .
0 = Siea (5 [ 0 hiuk )+ 16400 + 165V e )

1 «Q i 7 o i g
- §/Mg ﬁhij,k(u)qﬁkuau]ﬁ\/ﬁdsv—i— /Mg ﬁhij(u)uaqb]ﬁ\/ﬁdx.

This implies
1

/ Aguihij(u)d)j dv, = 5/ go‘ﬁhmk(u)uéugqﬁk dvg
M M
- / gaﬁhij,l(u)ugulﬁgb’j dvg.
M
Choosing ¢/ = hiin; for n = (n1,--- ,m) € C3(U,R!), we obtain
/ Aguln dvg

= 5 | N @) i) = B ) = ) oy
M

This yields (1.3). O

1.2 Intrinsic view of harmonic maps

For u € C*(M,N), let T*M be the cotangent bundle of M and u*TN be the pull-

back of the tangent bundle of N by w. View du = a“ dre ® 8 == as a section of the
bundle 7*M ® u*T'N. Then e(u) equals to

1 1
e(u) = §<du7du>T*M®u*TN = Etrg(u*h),

where (, )+ preurn denotes the inner product on T*M @ u*T'N induced from T* M
and v*T'N, and u*h is the pull back of the metric tensor h by wu, i.e.,

(u*h) (%, a%) - ( Ou  Ou > = hj(u)uiad). (1.4)

Boa’ 25
Let V denote the covariant derivative on T*M ® v*T N induced from T*M and
u*T'N. Then we have (cf. Eells-Lemaire [50, 51])
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Proposition 1.2.1 v € C%(M, N) is a harmonic map iff u satisfies

T(u) == trg(Vdu) =0 in M. (1.5)
Note that
V.o (du) = V ul,da ®i
afﬁ N % AT i
0%’ 0 0
= Ao Mz, :
Dxadzg " Qul (Vamﬁ 7a) ® g
0
TN
+ uﬁ <V8uj B ) ® dg.
Also
8 8 *
TN Nk T*M Mya
Vauj B = (T )”(U)W and V% dze = —(I'")5, (z) dz,

we conclude that (1.5) is equivalent to

*(u )—gaﬁ( — (M) gk 4 (O (), uﬁ) 0 mM 1<k<l (16)

1.3 Extrinsic view of harmonic maps

By the isometric embedding theorem by Nash [150], we can assume that (N,h) is
isometrically embedded into an Euclidean space R” for some L > 1. Then

N)={u=(d', ,uL) e C*(M,RY) | w(M) N}.
Hence for u € C?(M, N) the Dirichlet energy density is

1 o
e(u) = §go‘ﬁuzauzﬁ.

As N c R is a compact smooth submanifold, it is well-known that there exists
0 = 0(N) > 0 such that the nearest point projection map Iy : Ny — N is smooth,

where
N; = {y eRL | d(y, N) == inf |y — 2| < 5},
zEN

and IIx(y) € N is such that |y — IIn(y)| = d(y, V) for y € Ns.
Note that P(y) = VIy(y) : Rf — T,N, y € N, is an orthogonal projection
map, and
A(y) = VP(y) : T,N @ T,N — (T,N)*, y € N,

is the second fundamental form of N ¢ RL.
Now we have

Proposition 1.3.1 u € C%(M, N) is a harmonic map iff u satisfies

Agu L T,N. (1.7)
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Proof. For ¢ € C3(M,RY), one has
d 2
0 = —l=o [ [V (II(u+te))|"dvg
M
= 2 [ (VuV (P)(@)), dv,
o A
M
= —2/ (P(u) (Agu) , @) dvg.
M
This clearly implies (1.7). O

Let {vj11(u), -+ ,vr(u)} be a local orthonormal frame of the normal bundle
(T,N)*. Then (1.7) implies

Z )\Z(I‘)I/
I4+1<i<L
for some functions (A;y1,---,Ar) on M. Moreover, for | +1 <i < L,
Ai = Agu-vi(u)
divg (Vu - vi(u)) — Vu - V (vi(u))
= — (V) (u) (Vu, Vu)

where we have used Vu - v;(u) = 0, and div, is the divergence operator on (1, g)
given by

i ()

Therefore we obtain the analytic version of (1.7):

divy =

Agu+ A(u)(Vu,Vu) =0 in M, (1.8)

where
A(u)(Vu, Vu) Z g°P A (u) (te, ug) vi(u),
I+1<i<L

and A’ = Vu; is the second fundamental form of N in the normal direction v;.

Example 1.3.2 Let M = T" be the n-dimensional torus, and N = S* ¢ R¥*! be
the unit sphere. Then u € C?(T", S¥) is a harmonic map iff

Au+ |Vu|>u=0 in T (1.9)

1.4 A few facts about harmonic maps

Proposition 1.4.1 If ® : M — M is a C?-diffeomorphism and uw € C*(M,N) is
a harmonic map with respect to (M, g), then wo ® € C*(M,N) is a harmonic map
with respect to (M, ®*g).



1.5. BOCHNER IDENTITY FOR HARMONIC MAPS 5

Proof. This is an easy consequence of the identity:

[ Vil = [ [wwon)
M M

for all v € C?(M, N). o

2

Proposition 1.4.2 Let (M, g1) be a Riemannian surface, ® : (M,g1) — (M, g2) be
a conformal map. If u € C*>(M, N) is a harmonic map with respect to (M, gs), then
uwo® € C*(M, N) is a harmonic map with respect to (M, g1).

Proof. This follows from the conformal invariance of the Dirichlet energy functional
E in dimension two. In fact, let ¢ € C?(M) be such that ®*go = €2>?g;. Then we
have, for any v € C?(M, N),

1
Evo®,q1) = 5/ trg, ((vo ®)*h) dvg,
M

1
) / tre—20gxg, (P 0 V7h) e dvgeg,
M

1 * *
= 5 ] e (o R dewey,
M

| *
= i/MtrQQ(U h) dUQQ = E(U’g2)'

This completes the proof of Proposition 1.4.2. O

Remark 1.4.3 (a) Harmonic maps from S! to N correspond to closed geodesics in
N.

(b) The set of harmonic maps from a Riemannian surface M depends only on the
conformal structures of M.

(c) Let Id : (M, g) — (M, g) be the identity map. Then Id is a harmonic map.
(d) For n = dim(M) = 2, any conformal map ¢ : (M, g1) — (M, g2) is a harmonic
map.
Proof. We only indicate the proof of (c). Denote u(x) = Id(x) = z. Then we have
) = g™ (ubs — (M) g0k + () (b))
= " (0= (O] 81, + (M) (Wdiadis) = 0

for 1 <k <n. O

1.5 Bochner identity for harmonic maps

One of the most important formulas for a harmonic map u : M — N is the differ-
ential equation satisfied by the energy density e(u).
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Denote by RM and R" the Riemannian curvature tensors of M and N respec-
tively, Ric™ be the Ricci curvature of M. For zy € M, in a local coordinate system
centered at xg, write

RM = (Rupys), RicM = (Rap), and RN = (Riju),
and K denotes the sectional curvature of N

Theorem 1.5.1 If u € C%(M,N) is a harmonic map, then in a local coordinate
system it holds

Age(u) = |Vdul? + Rop (ta,ug) — Rijkl(u) (uza,u]ﬁ,u';,ulﬁ) (1.10)

where V denotes the covariant derivative on T*M Q@ u*TN.

Proof. For xy € M, let (x,,) be the normal coordinate system centered at zy. Assume
that (N, h) is isometrically embedded in RY. Then we have

Age(u) = |uo¢ﬁ|2 + <ua’uﬁa,ﬁ>
= |Ua,5|2 + <u017 u/@ﬁ’a> + RQ,B (uo“ 'I,LIB)
= |uagl® + (Ua, (Agu),,) + Rag (Ua, ug)

where we have used the Ricci identity
Upa,p = Upp.a + Rapus.
On the other hand, since u is harmonic map, (1.8) implies

(Ua; (Agu) ) = —(ua, (A(u)(Vu, Vu)),)
= (Agu, A(u) (Vu, Vu))
= —(Aw) (Vu, Vu), A(u) (Vu, Vu))
(

= —(A(u) (va, ta) , A(u) (ug, ug))
where we have used the fact that
(Ue, A(w) (Vu, Vu)) = 0.
For uqg, it is easy to see that
fuapl® = [P) (tas)® + |AQ) (i, ug) 2 = [Vdul + |A(u) (ua, ug)
Putting all these identities together, we obtain
Age(u) = |Vdul® + RicM (Vu, Vu)
— {{A®) (va, ua) , Aw) (ug, ug)) — [Aw) (va, ug) I}
This, with the help of Gauss-Kodazi equation (see [63, 175]):
(RN (u)(X,Y)X,Y) = (A(u)(X, X), A(u)(Y,Y)) — |A(u)(X,Y)|?, VX,Y € T,N

yields (1.10). O
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Proposition 1.5.2 If (M,g) is compact without boundary with Ric™ > 0 and
the sectional curvature of N, K, is non-positive. Then any harmonic map u €
C?(M, N) is totally geodesic. If Ric™ > 0 at a point in M, then u is constant. If
KN <0, then either u is constant or u(M) is contained in a closed geodesic.

Proof. Tt follows from (1.10) that e(u) is a subharmonic function on M. Hence the
maximum principle implies e(u) = constant and hence |Vdu| = 0. This says that u
is totally geodesic.

If Ric™ (po) > 0, then Vu(pg) = 0 and hence e(u) = 0 and u is constant map.

If KV < 0, then the linear space span {u1,--- ,u,} is at most dimension one. Hence
either u is constant or the image of u lies inside a geodesic. O

1.6 Second variational formula of harmonic maps

In this section, we derive the second variational formula for harmonic maps into
spheres and general target manifolds.

Proposition 1.6.1 If u € C*(M,S*) is a harmonic map and ¢ € CZ(M,RFF1)

then
t n -
o (3 ] WL an) = [ (1967 - [wuriér) dn,

where QB(E ¢ — (u, p)u) is the tangential component of ¢.

Proof. For ¢ € C$°(M,R*1) and small t € R, denote uy = 442 Then direct

i . [u+t]
calculations give
dut ~

Et =0 — ¢—<U,¢>U:¢,

and
d2ut
@ ==

u—l—tgb )2
dt2|t°< [l dvg)

(190 + 7, 7St hma) )

3(u, )%u — |¢u — 2(u, §) .

Hence we have
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This completes the proof of (1.11). O

Next we derive a general second variational formula for the Dirichlet energy
functional.

Proposition 1.6.2 Let u € C?*(M,N) be a harmonic map, and uy € C?([0,1] x
M,N) be a family of smooth variations of u, i.e., ug = u. Let v = d“t|t 0 €

C?*(M,u*TN). Then
d? 1
W‘tzo (5 /M ‘Vut|£2; dvg) (1.12)
= / (|VU|§ —trg(RY (v, Vu) v, Vu)) dvg. (1.13)
M

In particular, if KN <0, then u is stable, i.e.,

d? 1 5
@‘tzo 5 /M \Vut|g dvg 2 0

Proof. Let (%) be a local coordinate frame on M. Then we have

% _ Vu*TN( Juy vu

dt‘toaa 7 8a:a) 72

as (2 gT“;] = 0. Hence, we have

d2 aut

*TNwu*TN
D) |t:0 - = V“g V“g v
dt 0%y ot Oor
ou
* *
= V¢ INyY TN, 4 RN(’U, —)v.
Pea OE Oz

Therefore, we have

dt2< /|Vut\gdvg>
d?u
_ /M V|2 + vu,v<ﬁ|t:0>>g> dv,

(1w +
— /M <\W|§+< ;;; VQ;ZZN(V“ TNy)) —trg(RN(v,Vu)v,Vu)> dv,
= /M (|V’u]{2} — (1 (u), VE TNy —tr, (RN(U, Vu)v, Vu)) dvyg.

Since 7(u) = 0, this implies (1.13). If K~ < 0, then we can easily conclude that u
is stable. O



Chapter 2

Regularity of minimizing
harmonic maps

In this chapter, we will present the regularity theorems of minimizing harmonic
maps between Riemannian manifolds. This includes (i) the regularity theorem
of minimizing harmonic maps in dimensions two by Morrey [145], (ii) the partial
regularity theorem of minimizing harmonic maps in dimensions at least three by
Schoen-Uhlenbeck [171] and Giaquinta-Giusti [66], (iii) Federer’s dimension reduc-
tion principle for minimizing harmonic maps by [171] (see also [54]), and (iv) the
uniqueness theorem on minimizing tangent maps by Simon [181, 182, 183].

2.1 Minimizing harmonic maps in dimension two

First recall that the usual Sobolev space W1h2(M,R%) consists of any RY-valued

function u = (u!,--- ,ul) € L}(M) such that its distributional derivative Vu =
(59—;17 785,; )€L2(M)

The Sobolev space, W12(M, N), of maps from M to N is defined by

WIOLN) = {05 M =R | Jollyran = [ (6 +cp(0)) duy < +o0
v(z) € N for a.e. z € M}.

Note that W12 (M, N) ¢ WhH2(M,RF) is closed under sequentially weak convergence
in Wh2(M,RL).
It is worthwhile to note that, in contrast with W1H2(M,RE), C>(M, N) may not be
dense in W12(M, N). This is illustrated by the following example, due to Schoen-
Uhlenbeck [173].

Remark 2.1.1 ¢(z) = | € Wh2(B3,82) can’t be approximated by smooth maps
from B3 to S% in Wh2(B3, 52).

L

Proof. Note that

A

r? dH?dr = 2H?(S?%) = 8.

Vs (W)

9
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Suppose that there exist {u;} C C°°(B3,5?) such that
lim |V (u; — @) 2(psy = 0.
1—00

By Fatou’s Lemma and Fubini’s theorem, this implies that there exists r € (%, 1)
such that
lim IV (ui — ¢)* dH = 0.

1—00 9B,
Recall that for any f € C'(0B,,S?), the topological degree of f is given by

deg(f;0B,) = %/@B det(Vrf) dH? (2.1)

7

where V1 denotes the tangential gradient on dB,..
Since u; € C™(B3,5?), deg(u;; 0B,) = 0 for any 0 < r < 1. On the other hand,
since deg(¢; 0B,) = 1 and u; — ¢ in WH2(9B,, S%), we have

1 1
Jim - / det (V) dH? = — / det(Vrg) = 1.
1—00 47 9B, 47 OB,
This gives a contradiction and completes the proof. O

On the other hand, we have

Remark 2.1.2 For dim(M) = 2, C*°(M, N) is dense in WH2(M, N). For n > 3, if
[5(N) = {0} then C*°(B"™, N) is dense in W12(B", N).

The proof of the first part can be found in [173], and the second part can be found
in Bethuel [10] and Hang-Lin [79].

Now we introduce the notion of weakly harmonic maps and minimizing harmonic
maps.

Definition 2.1.3 A map u € W'2(M, N) is weakly harmonic map, if it satisfies
the harmonic map equation (1.8) in the sense of distributions, i.e.,

(29 2 2y -
[ (e g + A 200 doy =0 (22)

for any ¢ € C5°(M,RL).

One of the most important classes of weakly harmonic maps is the class of
minimizing harmonic maps.

Definition 2.1.4 A map u € WH2(M, N) is a minimizing harmonic map, if for any

QC M,

E(u,Q) := %/Qe(u) dvg < E(v,Q) (2.3)

for any v € WhH2(Q, N) with  v|sq = ulsq-
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We immediately have the following proposition.

Proposition 2.1.5 Any minimizing harmonic map u € WH2(M,N) is a weakly
harmonic map.

Proof. For any Q C M, let ¢ € CZ(Q,RL) and t € R be sufficiently small. Then we
have
E(u,Q) < E(y (u+tp),Q).

Hence J
%h:o/ e (HN(U +t¢)) dvg = 0.
Q
Then direct calculations imply u satisfies (2.3). O

The existence of minimizing harmonic maps can be obtained by the direct
method in calculus of variations.

Proposition 2.1.6 For OM # (), suppose that ¢ € W1H2(M, N) is given. Then there
exists at least one minimizing harmonic map uw € WY2(M, N) with ulonr = ¢|onr-

Proof. Set A= {ve W'(M,N) | v|lopr = ¢|onr } and define
c:=inf{E(w)|veA}.

Since ¢ € A, ¢ < E(¢) < +00. Let {u;} C A be a minimizing sequence, i.e.,

1
lim = [ e(u;)dvg = c.
1—00 M
Then {u;} € WH2(M, N) is a bounded sequence. By the weak compactness, there
exist a subsequence {u;} of {u;} and a map u € W'2(M, N) such that uy — u
weakly in W12(M, N). By the Rellich’s compactness theorem and the trace theorem,
we have

lim (Huzr — U”LZ(M) + |luy — UHL2(8M)) =0.

i/ —00

Hence ulgyr = dlom, u € A and E(u) > c¢. On the other hand, by the lower
semicontinuity, we have

1 1
—/ e(u) dvg < - lim e(u;) dvg = c.
2 M 2i'—o0 M

Therefore we have F(u) = ¢ and v is a minimizing harmonic map. O
The regularity issue of minimizing harmonic maps has been studied extensively

by many people in the last several decades. The first result seems to go back to
Morrey [145].

Theorem 2.1.7 For dim(M) = 2 if u € WY2(M, N) is a minimizing harmonic
map, then u € C*°(M,N).
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Proof. Since the regularity is of local nature, we may assume (M, g) = (B, go), the
unit ball in R? with the standard metric. By the absolute continuity of [ |Vu|? dz,
we have that for any € > 0, there exists rg > 0 such that

/ |Vu|2 dr < €%, Yz € Bi, r <. (2.4)
Br(z) 2
By Fubini’s theorem, there exist 71 € (§,r) such that

7«1/ \Vul? dH' < 8/ [Vul?(< 8€%). (2.5)
9B, (x) Br(z)\Bj, (x)

By the Sobolev embedding theorem, u € W2(9B,, (x)) C C’%(OBT1 (x)) and

luly) — u(z)| < Ce <|y — z|>2 , Yy, z € OB, (2). (2.6)

1
Therefore there exists py € N such that
w(@By, (x)) C Bé(po) NN,

where Bée (po) € R is the L-dimensional ball with center py and radius Ce.
Let v € WH2(B,,,RE) be the solution to

Av = 0 in By, (z)
v = wu on 0B, ().

The maximum principle and (2.6) imply that v(B,, (z)) C BL. (po). Hence for €
sufficiently small, we have v(B,, (z)) C Ns. By the minimality, we then have

[ oo [ vaepEse [ v 27)
By (z) By (x) By (x)
On the other hand, by the standard estimate for harmonic functions, we have

/ Vo2 < 07«1/ Vul dH. (2.8)
By, (x) 2B,

1 (@)

Putting these inequalities together gives

/ IVl < C IVl
By (2) B N\By @)
_C

/ |Vul|* < 0/ |Vul|? (2.9)
Bg(x) By ()
where 0 < 0 = =7 < 1.

Iterating (2.9) k-times, we get

Hence

/ |Vul? < Hk/ |Vu?, V2 € By and 0 < r <. (2.10)
B,k (x) By (x) 2
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Set o = L2l ¢ (0,1). Then (2.10) implies

2c
/ |Vu|> < C <L> / |Vul?, Vo € B: and 0 <7 < ro. (2.11)
By () 7o To(r) 2

This, combined with lemma 2.1.10 below, implies u € C*(B1,N). Then theorem
2
2.1.8 yields that u € C’l’ﬁ(B%,N) for some (3 € (0,1). The higher order regularity

of u then follows from the standard theory of linear elliptic equations (see Gilbarg-
Trudinger [72]). O
We now want to show C'1#-regularity for w.

Theorem 2.1.8 Forn > 2 and o € (0,1), let B C R™ be a unit ball and u €
WL2(B, N)NC*(B, N) be a weakly harmonic map satisfying, YV € B% and 0 <r <

7o,
2
r2n vuP<co( =) n2m V2. (2.12)
0
B (x) To Brq ()

Then there exists 5 € (0,1) such that u € C’l’ﬁ(B%,N).

Before proving this theorem, we recall the characterization of the Holder space,
C*, due to Campanato [25].

Proposition 2.1.9 For a € (0,1) and an open set E C R"™, define
¢(B) = {1 € L(E) | lewiwy = sup =) [ 17 = fi | < o0}
B,.CE B,

where fp, = ﬁ fBr f is the average of f over B,. Then C*(E) = C*(E) and there
exists C > 0 such that

C M fleo(m) < [floem) < Clfleam)- (2.13)

By the Poincaré inequality, Proposition 2.1.9 implies Morrey’s decay Lemma (see
also [145]).

Lemma 2.1.10 For a € (0,1) and any open set B C R™, if f: B — R satisfies
|’vf”?\42,n+2a—2(B) = sup {T‘2(1+0‘)_n/ ‘Vf|2} < +00 (2.14)
By (z)CB B, (z)

then v € C*(B) and
[U]CQ(B) § C||Vf||M2,2+2a7n(B). (215)

Proof of Theorem 2.1.8:
Step 1. uw € C%(B1,N) for any § € (0,1).
2
Proposition 2.2.3 and (2.2.10) imply that for any 0 < r < rg and = € BY,

2

[u]%a(BT(x)) < Crgmen / |Vul?. (2.16)
B,«O(x)



14 CHAPTER 2. REGULARITY OF MINIMIZING HARMONIC MAPS
Let v € WH2(B,(z), RF) solve

Av = 0 in B,(z) (2.17)
v = u on J0B(x).

Then we have

0SCR, (z)V < 08Cp, (mu < CT%.

Subtracting (2.2) from (2.17), multiplying (u — v), and integrating the resulting
equation over B, (x), we have

7“2_”/ |V(u—v)\2 < Cosc(u—v) 1"2_”/ |Vu|2
Br(x) Br(r)

3

3

Cr3e <r§_2a_”/ |Vu|2> .
B,«O(x)

IA

Hence for any 6 € (0, %),

(Or)> " / IVl
Bér(r)

<2 (97“)2_"/ \Vv|2+92—"r2—"/ IV (u— v))?
BQT('T) BT(x)

< C (027,2+2a + 02—117,304) (rg—n—&x/ ‘V'LLP)
Bro(r)

: (1 + (22 /B ( )\w%%)
ro\Z

where we have used (2.12) and the estimate for v:

(9r)2—"/ Vo2 30(97“)21"2_"/ IVl
Ber(x) BT(I)

This implies u € C%(B1, N) for any a < § < 1.
2
Step 2. uw € CYB(BY, N) for some 3 € (0,1).
2
By Proposition 2.1.9, it suffices to show

7“_”/ [Vu — (Vu)gm«|2 <Cr?, vz e B%, 0<r<ro, (2.18)
By (x)
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where (Vu)z,, is the average of Vu on B, (x).
In fact, for any 0 € (0, 3) we have

(Or)™ / V= (Vi)
BGT( )

< (Or)" /B Ve (V0)a g0’
Or

—-n _ v 2 T—n u—v2
2<<9r> /B T (Tl + 0 /Br(x)|v< >>

<C (7"2 + 9_"7“35_2) <r2_”/ |Vu|2) (1 + (7‘2_"/ |Vu|2)%>
By () Br(x)

< cr?,

for = min{1, %} if we choose § > %, where we have used the estimate on v:

(Or)~" / Vo — (Vo) gl? < O / Vo — (Vo)ar |2
BGT( )

r(-’E

This implies (2.18). Hence by proposition 2.1.9, we have u € C1#(B1, N) for some
2
g€ (0,1). O

2.2 Minimizing harmonic maps in higher dimensions

Regularity for minimizing harmonic maps in dimensions at least three is much more
delicate. First, concrete examples indicate that minimizing harmonic maps in higher
dimensions may have singularities. More precisely,

Proposition 2.2.1 Forn > 3, ¢o(z) = % : B" — S" 1 is a minimizing harmonic
map.

Remark 2.2.2 Proposition 2.2.1 was first proved by Jéger-Kaul [108] for n > 7,
later by Brezis-Coron-Lieb [19] for n = 3, and finally by Lin [122] and Coron-Gulliver
[40] independently for all n > 3.

Proof. We present the proof by [122]. First we claim that
1
Vo> — ((d1v<;5) Ctr (v¢)2) ae. in B" (2.19)

for any ¢ € W12(B", S"‘l), where (V¢)? is the square of V¢.
To prove (2.19), we make a change of coordinates so that at zg € B",

(b(:lio) = (07 T 71)'

For 1 <14,5 <mn,set a;; = g%;(a:o). Since |¢|? = 1, we have a,,; = 0 for 1 < j < n so

that
|v¢| .iU() Z azg Z (I?Z—FZCL?],

1<4,j<n 1<i<n—1 i#]
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(le¢)2 (xg) = Z Qg (n—1) Z azw

1<i<n—1 1<i<n—1
and
tr (V9)” (wo) = 305i = - D
r 33‘0 — azjaﬂ_ aii (IU
1<i,j<n 1<i<n—1 i#j

Putting these inequalities together, we obtain (2.19).
On the other hand, direct calculations imply that

(divg)” — tr (V9)* = div ((dive) ¢ - (V9) ).
Hence integrating (2.19) over B™ leads

1
[owek = [ v o - (9o

n —

1 .
= {(divg)¢ -z — (V)¢ -z}
1 .
=072 Lo {(dive)x - — (V) - x}
1
= —1) = = 2,
— [ @-1 /| 1ve
This completes the proof. O

A slight modification of this example shows that a minimizing harmonic map
from R™, n > 3, can have (n — 3)-dimensional singular set. In fact, ¢(z,y) = [
R3 x R"~3 — S$? is a minimizing harmonic map whose singular set is {0} x R"3,
In general, Schoen and Uhlenbeck have shown in their pioneering work [171] that
Hausdorff dimension of the singular set of any minimizing harmonic map is of at
most (n — 3)-dimension.

To outline the main theorem of [171], we first introduce the notion of Hausdorff
dimension.

Definition 2.2.3 For 0 < s < n, the s-dimensional Hausdorff measure on R™, H?,
is defined by

H® (A)_(;%EH‘S(A)’ VA C R",

where
H$(A) = inf {er |Ac| B, i < 5} .
The Hausdorff dimension of A C R” is defined by
dimp (A) := inf {s : H*(A) =0} =sup {t: H'(4) = o0} .
For a map u € WH2(M, N), denote
sing(u) = {x € M | u is discontinuous at x}

as the singular set of w.
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Theorem 2.2.4 Forn > 3, let u € WY2(M, N) be a minimizing harmonic map.
Then sing(u) is a closed set, which is discrete for n = 3 and has Hausdorff dimension
at most (n — 3) for n > 4. Moreover, u € C°(M \ sing(u), N).

In order to prove Theorem 2.2.4, we need several important lemmas. The first
one is an energy monotonicity inequality for minimizing harmonic maps. To simplify
the presentation, we assume throughout this section that M =  C R" is a bounded
domain in R" equiped with the standard metric.

Lemma 2.2.5 Forn > 3, if u € WY2(Q, N) is a minimizing harmonic map, then
for any x € Q and 0 < r < R < dist(z, 012),

e N e
Ba(s) B.()

—n| Ou 2
> / ly — 2
Br(z)\Br(z)

Ay — x|
Proof. For simplicity, assume z = 0. For r > 0, let u,(z) = u(%) for x € B,.. Then,
by the minimality, we have

/|Vu|2 < / V|2

- / = 3/ IV gnrul? (1) dH™1(8)
Sn— 1
= / \Vou|® dH™
oB

(2.20)

n—2

r 2 ou o n—1
_ 92\ gm
n—z/aBT<'V“' 8|) ,

where Vgn-1 and V7 denote the gradient on S”~! and 9B, respectively. This implies
that for a.e. r > 0,

4 <r2_”/ \Vu]2> = (2 —n)rl_”/ |Vu|? +T2_”/ |Vu|?
dr B, B, 8B,
= pln <r/ Vul> + (2 - n)/ |Vu|2>
8BT B

Z T2—n/ | |2dHn 1
OB

Integrating it from r to R, we obtain (2.20). O

As a consequence, we can easily show

Corollary 2.2.6 For n > 3, if u € WY2(Q, N) is a minimizing harmonic map,
then

0" 2(u,x) = limr? ”/ |Vu|?
rl0t By ()
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exists and is upper semicontinuous for all x € Q. Moreover, if for x € Q
rz_”/ |Vu? = 0" 2(u, z)
By (x)

for some r > 0, then

u(y) =u <r|z : ;) for a.e. y € B,(x).

We now prove an energy decay estimate under the smallness condition.

Lemma 2.2.7 Forn > 3, there exist eg = €g(n, N) > 0 and 0y € (0,%) such that if
u: By — N is a minimizing harmonic map satisfying

E(U>Bl) < 6(2)7

1
93—”/ Vul? < 5/ |Vul?. (2.21)
Bgo By

Proof. We present the original proof by [171]. Denote € = E(u,B;). Let ¢ €
C*(R",Ry) be a radial mollifying function so that supp ¢ C By and [z, ¢ = 1.
Let h=¢2, 7 =eci,and 0 € (1,%). Define h = h(r),r = |z|, to be a nondecreasing
smooth function satisfying

then

NI

h(ry=h for r<6, h(@+7)=0, and [0 (r)| < 2ea.

Then set

u@z) = [ 6" @ —ylu(y)dy, e By,
By

where ¢"®) = h(z) "6 (7).
For z € B 1 by a modified version of the Poincareé inequality and the mono-
tonicity inequality (2.20), we have

1
dist? (u(h(x)) N) <
7 - \Bh Y (@) By (@

< Ch(z)*™ / |Vu]2 dy < Cé.
Bh(z) (@)

u(y) — @) gy

Hence for ey > 0 sufficiently small, u(*(*))(B1) c Nj, and we can define

1
2

uh(x) (.73) = HN (u(h(x))(x)> : B; — N.

2
/;1
2

It is readily seen that

2
Vull@)|" dz < CE(u, By) = Cé?,
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2
‘vu(h(x)) (z) < Ch(x) "E(u, B (z)) < Ch(z) %€ < Ce for x € B%
so that )
sup u(h(@) _ u(h(z))(o)‘ < Cez.
xEB%

Denote u" = u*®) and ), = Up(z)- Then we claim

/ |Vuy|> < C |Vul|? (2.22)
BQ+T\B(~) B9+27\B9—T

It suffices to show (2.22) for u”. Since

u'(z) = | dly)u(z — h(z)y) dy,
By

we have
Vit @) < [ 161) (Ful+ 90 o] 1Val) @ = h(e)y) dy,

so that by a change of variables we obtain

/Bo+r\Be

Vuh‘z

<cf O)|Vul?(z — hy) dyda
Bo+\Bg v B1
< C |Vul? dz.
B0+27'\B977'
Now let v solve the Dirichlet problem
Av = 0 in B:
2
v = wup on 83%.
Then we have

1
sup |[v — up| < oscp, up < Ce?,
2

1
2

sup|Vo|? < c/ V)2 < c/ \Vuz |2 < CE(u, By) < Cé.
B B% B%

Hence

0> "E(uz, By) < 260%™ (/ |V(u5—v)]2+/ \vv|2>
By By

< 292_"/ IV (uj, — v)|* + CO>E.
By
2
On the other hand

/ V(g - o) =— [ - (up —v),
B B%

NI
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and, since u is a weakly harmonic map, we can estimate
[ 8t = )] ut) ay
= [ [adie -] uway
= | @ =AW (u, Vu) () dy,

Aug,(z)

so that
/ |AU7L| < CEl(’LL, Bl)
B
Therefore we obtain
02-"E(uz, By) < C(0> "% + 0%)E(u, By). (2.23)
Let o, € (0, 3] to be chosen later, and let 0= e, Let p= [3%] (> %e_é —1) be

the integer part of % and write

0.20)= |J L, |L|=3r,
1<i<p

where each I; is a closed interval of length 37. We have

/ Vulde =) / \Vul? de < E(u, By).
r€[0,20]

1<i<p

Thus this is an interval I;, 1 < j < p, such that
/ |Vu? < p~lE(u, B) < C’e%E(u, By).
el;

Let 6 € [0,20] be such that I; = [0 — 7,0 + 27], and let h and Up(y) be defined as
above. Then by (2.23) we have

0°""E (u,B;) < 2"720*"E (u, Byy,)
< 2n—292—nE (uh(x), B9+T)

2 (92_"E (ug, By) +92_"/ |Vuh(x)|2)
Bp+\Bag

C (0> "e+6*) E(u,By) + C/ |Vul|?
I

IN

C (0° "e+6*) E(u,By) + CE%E(U,Bl)
< C (52_”6% + 6% + eé) E(u, By).

IN

Choosing «a;, = min{%, %}, this implies

52‘”/ IVu|? < Ces E(u, By).
Bj



2.2. MINIMIZING HARMONIC MAPS IN HIGHER DIMENSIONS 21

This implies (2.21) provide that € is chosen to be sufficiently small. O
A direct consequence of Lemma 2.2.7 is

Corollary 2.2.8 Under the same conditions as Theorem 2.2.4, there holds
sing(u) = {z € Q| O" 2(u,2) > g} = {z € Q| ©" %(u,x) > 0} (2.24)
and H"2(sing(u)) = 0.

Proof. If xg ¢ sing(u), then u is continuous at xy. By an argument similar to §2.1
and the standard higher regularity theory of elliptic systems, we conclude that wu is
smooth near xo and hence ©"2(u,zq) = 0. This implies

S(u) = {zeQ| 0" % (u,x) > 63} C sing(u).

On the other hand, if 2o & X(u), then there is rg > 0 such that

2—n 2 2
Gl AT
BTO (zo)

this implies

(%0)2—"/ Vul? <2726}, ¥ a € Br.
B%l(ﬂﬂ)

Hence by (2.20) we have

7"2_n/ [Vu? <2772}, Va e B%o (zg) and 0 < 1 < o,
B, (z)

By repeatedly applying Lemma 2.21, we can obtain

T2_n/ |Vul|?> < Cr?®, V€ Bro(zp) and 0 < r < ro
BT(I) 2 2

for some a € (0,1) depending only on €y, M, N. Hence Lemma 2.1.10 implies u €
CO‘(B%O (x0), N) and xg & sing(u).
We now show H"2(sing(u)) = 0. By (2.24), we have for any § > 0,

Vul* > e%}
B, (z)

J = {Br(a:) | z € sing(u),0 < r < J s.t. T2_”/

forms an open cover of sing(u). By Vitali’s covering lemma (Evans-Gariepy [48])
there exist disjoint balls { B, (x;)}ier of J such that

sing(u) C | JBsy, (2:)
i€l
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so that
HE P (sing(u) <) (Bry)" 2 =5""2) rp?
i€l el
5= 2 5
< Z |Vul|*dx
iel rl (%,
5= 2
= 5 / |Vu|? de
60 u Bri (xz)
el
< C _ \VUP < 40
(SIng(u))s
where (sing(u))s is 6-neighborhood of sing(u). Hence H™ 2(sing(u)) = 0 after tak-
ingd — 0. O

The refined dimension estimate on sing(u) is based on both the compactness of
minimizing harmonic maps in W2(Q, N) and Federer’s dimension reduction argu-
ment. In order to establish the compactness property of minimizing harmonic maps,
we need an extension lemma, which was first proved by [171] and later by Luckhaus
[139] (The readers can also consult with the lecture note by Simon [187, 188]).

Lemma 2.2.9 For n > 2, suppose u,v € H*(S"" 1 N). Then for any ¢ € (0,1)
there is w € H'(S" ! x [1 — ¢, 1], RY) such that Wlgn-1yx (1} = U, W|gn-1x{1—¢} =

/ |Vw?dz < Ce/ (IVrul® + [Vro]?)
Sn=1x[1—e,1] gn—1

+Ce_1/ lu —v|?, (2.25)
Snfl

and

dist?(w(z), N) < Cée™m </5n1 (IVrul® + |VTU\2)> ’

3
: </ lu — U|2> + C’e_”/ lu — v|? (2.26)
Sn—1 Sn—1

for a.e. x € S" 1 x [1 —¢,1]. Here Vr is the gradient on S~ 1.

We will not present the proofs of this lemma by [171] and [139], which are rather
delicate. Instead, we will present a proof of an extension lemma by Hardt-Lin [83],
in which N is assumed to be simply connected. More precisely, we have

Lemma 2.2.10 IfQ C R" is a bounded C? domain and N C R is simply connected
(i.e., mo(N) = m1(N) = 0), then any map n : 92 — N belonging to H%((‘?Q,RL)
admzts an extension w € H'(Q, N). Moreover, for Q = B C R" and &£ € RY, w may
be chosen to satisfy the estimate

/B |Vw|? < )\/BB Vo> dH™ ! + et /E)B In— &> dH™! (2.27)

for any 0 < X < 1, where the constant ¢ depends only on n and N.
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The proof of Lemma 2.2.10 is based on the following lemma on the existence of
Lipschitz retraction maps.

Lemma 2.2.11 If N C R” satisfies mo(N) = 71 (N) = 0, then there exists a com-
pact (L — 1)-dimensional Lipschitz polyhedron X in RE and a locally Lipschitz re-
traction map P : RY\ X — N so that

/ IVP|%(y) < 400 whenever 0 < R < +oo. (2.28)
Br

Proof. See [83] for the details. We sketch it here. First choose a Lipschitz nearest
point projection IT : N5 — N. Thus mo(N;) = m1(Ns) = 0. Let X be the interior
(L — 3)- skeleton of ST\ Nj for some Lipschitz triangulation of S*\ Nj, using the
usual compactification S¥ = RE U {oo} and placing the point oo on the interior
of a L-simplex. Then there is a strong deformation retraction of (R*\ X, Ns) onto
(WU Nj, Ns) for some 2-dimensional Lipschitz complex W in RL \ N5. By Alexander
duality and Eilenberg extension theorem we can extend the identity map of Nj
to W U N5 and hence RE \ X. Denote such an extension map as ®. Since the
constructions are piecewise linear, we can assume |V®|(y) < m for a constant
depending only on N. Now letting

II on Ny
Hod on R\ Ny,

we find that

| VPP < iLipP [ dise 2y, )

BR BR

To see that the latter integral is finite, we may assume that X is an affine space of
dimension at most (L — 3), so that

/ dist™2(y, X)
Bgr

is finite by Fubini’s theorem. a

Proof of Lemma 2.2.10:
First let h € C*°(Q, RY) be an extension of w such that h € H' N L>¥(Q,R%) (e.g. h
is a harmonic extension). However, the image of h may not be contained in N. To
correct this, we compose h with a suitable projection onto V.
Choose P : RF\ X — N as in Lemma 2.21, and let B C R’ be a large ball containing
NUX. For 7 < min{6,dist(N U X,0B)} and a point a € B, = {y € R | |y| < 7},
define

B, =B+ {a} and X, = X + {a}

and the projection P, : B, \ X, — N by P,(y) = P(y — a). For 7 sufficiently small,

A = sup Lip(P,|N)~!
aEB‘r
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is, by the inverse function theorem, a finite number depending only on N. Since h is
smooth on 2, Sard’s theorem implies that P, o h € H*(Q2, N) for almost all a € B;.
Using Fubini’s theorem and (2.28), we infer that

/T/QIV(Paoh)I2 < /|Vh|2($) </ IVPa|2(h(:c))> deda
= /IWI </ (v ><h(x)—a)|2> dadz
= /IVhI </ |VP|>

< C/ VAI? < oo,
Q
where C' depends on N. Thus we may choose a € B; so that
[ vEen? < cipl [ v,
Q Q
We conclude that

w=(PyN) ' oP,0ohec H(Q,N) and w|spg = 7.

To prove the second conclusion we assume that | 99 |Vn|? dH™ ! is finite and choose
h to be the harmonic extension of 1. Then the conclusion follows from the following
lemmas.

Lemma 2.2.12 Suppose h € W12(B,RY) is a harmonic function. Then for any
A€ (0,1), € € RE, we have

/\vw <C [A/ |Vh|2dH”_l+)\_l/ \h—&2dH™ . (2.29)
B 0B 0B
Proof. Define

o(r,9) &, 0<r<1-2AX
r, = r—(1— _
U p(1,0) + 55, 1-A<r< L

Since v(1,6) = h(1,0) and h is harmonic, we have

/|Vh|2 < /|Vv|2
B B
2 1 2
= / <|’UT| +—2|ng‘ >
B\Bj_» r

g2 (1 —

C[)\‘l/ |h—§|2dH"_1+)\/ ‘V@h‘2dHn_1:|.
oB oB

IN
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This completes the proof. O

As an immediate consequence of Lemma 2.2.9, we have the following compactness
result of minimizing harmonic maps, due to [171] and [140].

Lemma 2.2.13 Let u; € WH2(Q, N) be a sequence of minimizing harmonic maps.
If u; — u weakly in WY2(Q, N), then u; — u strongly in Wli’f(Q,N) and u is a
minimizing harmonic map.

Proof. For any unit ball By CC Q and a small A € (0,1), let w € H'(B,N) be
such that w = w on By \ By_). By Fatou’s lemma and Fubini’s theorem, there is
p € (1 — Ao, 1) such that

lim lu; — u|> dH" ! =0, / (IVu;* + |[Vw|?) dH" ! < C < +o0.
1o}

i—0 JoB, Y

Applying Lemma 2.2.9 to u; and w, we conclude that there is v; € H 1(Bp, RE ) such
that for suitable A; | 0,

vi(z) = {w (1‘:&1') N

’U,Z(IL’), |$’ =p

/ V2
Bo\By(1-1;)

< C )\i/ (IVu;|* + |[Vw|?) dH™ ! +A;1/ lu; —ul?dH™*
3B, 4B,
— 0 as ¢ — oo, (2.30)

and dist(v;, X) — 0 uniformly in B, \ B,1_,) as i — oo. Define a comparison map

for u; by
o {w (7). lel<p-x)
My (o)), p(1—X) < Ja] < p.
Then by minimality and (2.30) we have

/ Vul? < lim \Vuﬁﬁlirn/ |Vaw;|?
71— 00 Bp

o 1— 00 Bp
. 2
Vo ( ) + / v <HN<vz->>|2]
1= )\Z BP\Bp(l—)\i)

= lim /
Y Bpi-ay)

(1= 22 / Vel + CLip(Ily)? / Vo2
BP BP\Bp(l—AZ-)

IN

lim
1—00

/ |Vwl|?.
B

P

IA

This implies both minimality of u and strong convergence of u; to . a
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Remark 2.2.14 (1) The extension Lemma 2.2.10 may fail if N is not simply con-
nected. For example, let @ = B C R3, N = S ¢ R%. Then

(z1,22)

77($17$27$3) = |($1 $2)| for ($1,3§‘2,$3) € 0B \ {(0’ 0>1)7 (0707_1)}

does not have an extension in H!(B, S*).

(2) If N  R” is simply connected, then for any Q CC Q there exists C(Q, Q, N) de-
pending only on Q, Q and N such that any minimizing harmonic map v € H'(Q, N)
satisfies the uniform energy estimate

[ 1vul? < c@.0.m) (231
Q

(3) (2.31) may fail if N is not simply connected.

Proof. (1) By constructing an extension of n in H!(B,R?) by giving u two point
singularities, one at (0,0,1) and one at (0,0,—1), we see that n € H%((?B, S1). On
the other hand, there exists no extension of 7 in H!(£2, S1). For, otherwise, there
would exist an extension v € H!(B, S') of minimal energy. Then, by the interior and
boundary regualarity theorey to be presented below, the restriction to a horizontal
disk, u| BN {z3 = a}, would be continuous for all but finitely many a € (—1,1). But
this is impossible because u| 8(BN{x3=a}) 1S & homeomorphism.

(2) First we claim that for any A € (0,1) and any ball Bor C €2, it holds

R2m / Va2 < C [A(QR)H / Vul2 + (2R)" / |u—qu|2}, (2.32)
Br Bsog Bop

where usg is the average of u over Bog.
In fact, by Fubini’s theorem there exists Ry € (R, 2R) such that

Ri{’-”/ Vul? < 2”(23)2—”/ Vul,
OBrR, Bar

R}-"/ = g2 dH™! < 2”+1(2R)—”/ = a2,
OBR, Bar

Applying Lemma 2.2.10 with 2 = Bpg, and £ = ugg, there is an extension w €
HY(Bg,,N) of ulopy,, such that

B[ vl
Bgr

1

<c ARi{’-”/ \Vu]2+)\_1R}_”/ = uap|? dH!
0Bp, 0Bn,

<C ()\(2R)2‘”/ |Vu|? + A—l(zR)—”/ lu — quP) :
BQR BQR
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This, combined with the fact that [5 |Vul> < [ B |Vw|? (since u is energy mini-
1 1

mizing), implies (2.32). It is well-known (see Giaquinta [65]) that iterations of (2.32)
implies

R2n / Vul2 < C(2R) ™ / = w2 < C(N) (2.33)
Br Baog

whenever Bop C Q. For any subdomain Q CC €, we can apply simple covering
argument and (2.33) to obtain (2.31).

(3) Note that for j > 1, uj(zy, -+ ,x,) = (cos jay,sinjzy) : B C R" — S1 C R? are
minimizing harmonic maps that have unbounded energy on each subdomain. |

2.3 Federer’s dimension reduction principle

In this section we will first present the dimension reduction principle, which was first
developed by Federer [54] in the study of area minimizing currents, of minimizing
harmonic maps by [171]. Then we will complete the proof of Theorem 2.2.4. Here
we follow the presentation by Simon [187, 188].

We begin with

Definition 2.3.1 Let v € H'(€, N) be a minimizing harmonic map and zy €
sing(u), a map ¢ € Hlloc(R”,N) is a tangent map of u at xqg if there exists r; | 0
such that g, ,,(z) = u(zo + riz) — ¢ weakly in H} (R™, N).

loc

We now collect some basic properties of tangent maps.

Proposition 2.3.2 Let u € H'(Q, N) be a minimizing harmonic map and ¢ €
HL (R™,N) be a tangent map of u at xo € sing(u). Then

(1) there exists r; | O such that uz,,, — ¢ in HL_(R",N) and ¢ is a minimizing
harmonic map.

(2) ¢ is homogeneous of degree zero and

0< O 2(ua0) = 0" 2(0.0)(= " [ Vo[ ¥p>0)

BP
(3)
0" %(¢,0) = max 0" %(¢, x). (2.34)
(4)
S(¢) ={y eR" | ©"*(¢,y) = O"*(,0)} (2.35)

1s a linear subspace in R™. ¢ is invariant under composition with translation by
elements of S(¢).

Proof. (1) directly follows from Lemma 2.2.13. (2) follows from (1) and the mono-
tonicity formula (2.20).
For (3), note that the monotonicity formula (2.20) implies that for any R > 0 and
y € R,
2—n 2 _ n—2 2—n 8¢ 2
R [ v e ey 2 [ sl
Br(y) B

A(y) dry
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where ry(z) = |z — y| and a%y — (r|z?—43,|

n—2
e v < (149) <<R+ [ |v¢|2>
Br(y) Br+1y(0)

B A -
= <1+§> " %(¢,0).

. Now since Br(y) C Br4|y((0), we have

IN

Thus letting R T oo, we get
n—2 n—2 2—n a¢ 2
0" (¢, 0) > 0" (d,y) +2 [ 1,57 (2.36)
Rn 8Ty

which implies (2.34) and (3). We can also see that equality holds in (2.36) only if
g—i = 0 a.e., that is only if ¢(y + Ax) = ¢(y + x) for any A > 0 and = € R™. Since ¢
is also homogeneous of degree zero, we have that for any x € R™ and A > 0,

o) = o(Az) =0y + Az —y))=dy+A Az —y))
dAy+ A2z — ) = oz + ty)

for any y € S(¢), where t = A—A~! is an arbitrary real number. In particular, ¢ is a
function that is independent of y-direction for any y € S(¢). Combining this with the
fact that if z € R™ and ¢(z+2) = ¢(z) for all z € R, then ©"2(¢, 2) = 6" 2(¢,0),
we conclude that S(¢) is a linear subspace and (4). O

Since 0 is a singular point for a (minimizing) tangent map ¢, we have S(¢)
is at most a (n — 1)-dimensional subspace of R™. Moreover, since " 2(¢,z) =
0" 2(¢,0) > 0 for all z € S(¢), S(¢) is a subset of sing(¢), the singular set of
¢. Since it is proved in Corollary 2.2.8 that H" ?(sing(¢)) = 0, this yields that
dim(S(¢)) < n — 3 for any tangent map ¢.

Now for 0 < j < n — 3 we define a stratification of sing(u) as follows.

Sj(u) = {y € sing(u) | dim(S(¢)) < j for all tangent maps ¢ of u at y}.

Then we have
So(u) C Si(u) C -+ C Sp—3(u) = sing(u). (2.37)

We now have a refined version, due to Almgren [4], of the dimension reduction
argument of Federer [54].

Lemma 2.3.3 For j=0,--- ,n—3, dimg(S;(u)) < j.
As an immediate consequence, we can now complete the proof of Theorem 2.2.4.

Corollary 2.3.4 For n > 3, let w € H' (2, N) be a minimizing harmonic map.
Then sing(u) has Hausdorff dimension at most (n — 3), and is discrete for n = 3.



2.3. FEDERER’S DIMENSION REDUCTION PRINCIPLE 29

Proof. The first conclusion follows directly from Lemma 2.3.3. For the second
conclusion, we argue by contradiction. Suppose it were false. Then there exist {x;}
and z( in sing(u) such that x; — zg. Set r; = |z; — xg| — 0. Define v;(z) =
u(xog + rix) : By — N. Then we have

lim Vg :ilim (r?_”/B ( )|Vu|2> = 2"2Q"2(u, zg).
2r; (Z0

1—00 Bs —00

Hence by lemma 2.2.13 we may assume that v; — v in HIIOC(BQ, N). By the mono-

tonicity formula (2.20), we have v(z) = v (%) a.e. in By. Moreover, if

. Ti — X0 —
g= lim ———— ¢ g}
1—00 |,:EZ—3;‘0|

then both 0 and ¢ are singular points of v and H '(sing(v)) > 0, which is impossible.
O

The following fact plays an important role in the proof of Lemma 2.3.3.

Lemma 2.3.5 For each y € Sj(u) and each 6 > 0, there is an € > 0 depending on
u,y,0 such that for each p € (0, 9]

Dy, ({x € B,(y) | " *(u,z) > 0" %(u,y) — €}) C the § neighborhood of Ly,
for some j-dimensional subspace L, , of R", where
Dy ,(x) = p~Hz —y), Vo € R™

Proof. 1f it were false. Then there are 6 > 0 and y € S;(u) and py | 0, € | 0 such
that

{z € B1(0) | ©™ *(uy,p,, ) > O" %(u,y) — €} ¢ the § neighborhood of L (2.38)

for any j-dimensional subspace L of R". But u,, — ¢, a tangent map of u at
y. Since y € Sj(u), we have dim(S(¢)) < j so there is a j-dimensional subspace
Lo C S(¢) and a > 0 such that

0" 2(¢, ) < ©"%(¢,0) — a for all z € B;(0) with dist(x, Ly) > 6. (2.39)

Then by the upper semicontinuity of ©"2(-,-) with respect to both arguments, we
must have, for all k sufficiently large, that

O™ 2(uy ., ) < ©"2(9,0) — a for all @ € By(0) with dist(x, Lo) > 6. (2.40)
But this precisely implies that for all k sufficiently large,
{z € B1(0) | ©" *(uy,p,.,7) > ©"7%($,0) — a}

is contained in the J-neighborhood of L, which contradicts (2.38). O
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Proof of Lemma 2.3.5:

First we decompose S;(u) into subsets S;;, i € {1,2,--- }, defined to be the set of
y € S;(u) such that the conclusion of Lemma 2.3.5 holds with e = i~!. Then we
have Sj(u) = U;>18;,i. Next for any integer ¢ > 1 we let

-1
Sjig = {ac €S @”_z(u,w) € (q . ,g]}

i1
so that Sj(u) = U; 4Sjiq- For z € S;; 4, we have that
Sjiq C {z | 0" 2(u,z) > 0" (u,y) — i_l}
and hence by Lemma 2.3.5, for each p <i~!
Ny.p (Sji,g N By(y)) C the 0 neighborhood of L, , (2.41)

for some j-dimensional subspace L, , of R".

We now recall that if L is a j-dimensional subspace of R™ and for each ¢ € (0, %)
we can find § = £() with lims_o3(d) = 0 and ¢ = () € (0,1) such that for
each R > 0 a 20 R-neighborhood of L N Br(0) can be covered by balls Bsg(yx) with
centers y; € LN Bg(0), k=1,---,Q such that Q(6R)7 () < %Rj+ﬁ(5).

Now the lemma follows by using successively finer covers of A by balls. For sim-
plicity assume A is bounded, we first take an initial cover of A by balls B 20 (yk)

with AN B%o(yk) #0,k=1,---,Q, and let Ty = %(%)ﬁﬁ(&). For each k pick
zp € AN B%o (yk). Then by (2.41) with p = pg there is a j-dimensional affine space

Ly, such that AN By, (z) is contained in the dpg-neighborhood of Lj. Note that

LN B%o (yk) is a j-dimensional disk of radius < %0, and so we can cover its dpg-

neighborhood by balls Bsp, (zj;), I = 1,-- -, P such that P(%)ﬁﬁ@ < $(8)i+R0O),
2
Thus A can be covered by balls Bsp, (w;),l =1,---, M, so that M(é%)ﬂﬁ(‘s) < 1iTy.
2
Iterating g-times we can find a cover of A by balls Bsap, (wi), k=1, , Rq, so that

2

Ry (%0 )i+80) < 2-4T;). Therefore we conclude that HI+#®)(A) = 0 and hence A
has Hausdorff dimension at most j. O

It is not hard to see from this lemma that we have a useful criterion for showing
that the singular set is smaller (or empty) for minimizing maps into certain target
manifolds. More precisely,

Remark 2.3.6 Suppose 3 < [ < n is the largest integer such that there doesn’t
exist any nontrivial weakly harmonic map ¢ € H'(S7~!, N) whose homogeneous of

Z

degree zero extension ¢(z) = ¢ (Irl) : R/ — N (for j = 3,---,1) is a minimizing
harmonic map. Then any minimizing harmonic map v € H'(2, N) has its singular

set S(u) of Hausdorff dimension at most n — [ — 1.

Proof. By (2.37) and Lemma 2.3.3, it suffices to show that S;(u) = S,—;—1(u) for
any n — [ < j <n — 3. For simplicity, let us just verify this for j = n — [. Suppose
that there is a g € S;,—1(u) \ Sp—i—1(u). Then by the definition we have that there
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is a tangent map ¢ of u at g such that dim(S(¢)) = n —[. Assume S(¢) = R"~
and write the coordinate z = (v,y) € R® = R" ! x R! for x € R"! and y € R%.
Then ¢(y) = ¢(z)(= gzb(‘—z')) : R — N gives a nontrivial minimizing harmonic map
of homogeneous of degree zero, contradicting our assumption. O

Using this criterion and some Liouville theorem on stable harmonic maps into
spheres, Schoen-Uhlenbeck [174] proved the following theorem, which has been ex-
tended to the class stable-stationary harmonic maps by Hong-Wang [98] and Lin-

Wang [132] very recently (see §3.4 below for details).

Theorem 2.3.7 For k > 2, if u € H'(Q, S¥) is a minimizing harmonic map then
dimp (sing(u)) <n —d(k) — 1, where

2 for k=2
dlk) =<3 for k=3
min{[4] + 1,6} fork >4

with [t] denotes the greatest integer part of t.

2.4 Boundary regularity for minimizing harmonic maps

In this section, we will discuss the boundary regularity for minimizing harmonic maps
under the Dirichlet boundary value problem. In contrast with the interior regularity
problem, it has been proved by Schoen-Uhlenbeck [172] that for smooth boundary
data any minimizing harmonic map is completely smooth near the boundary. More
precisely,

Theorem 2.4.1 Let 2 C R™ be a bounded smooth domain and ¢ € C*°(02, N) be
given. Suppose u € HY(Q, N) is a minimizing harmonic map with u = ¢ on OS).
Then there exists § > 0 depending on 02, N, ¢ and u such that u € C*(Qs, N),
where Q5 = {x € Q | dist(z,00) < 6}.

The approach is similar to [171]. There are four steps: (i) boundary eg-regularity
theorem, (ii) boundary compactness theorem, (iii) boundary monotonicity inequal-
ity, and (iv) the non-existence of tangent maps at any boundary point.

Since the first two steps can be proved by suitable modifications of Lemma 2.2.7 and
lemma 2.2.13, we will state them without proof and indicate some details of proofs
for (iii) and (iv). We start with the derivation of boundary monotonicity inequality.

Lemma 2.4.2 Forn > 3, Q C R" a bounded C' domain and ¢ € Lip(Qs,, N) for
some &y > 0, suppose u € H'(Q, N) is a minimizing harmonic map with u = ¢ on
00. Then there are Ry € (0,00) and Cy > 0 depending on 02, ¢, and N such that
for any 0 <r < R < Ry and xg € 01,

1"2_"/ \Vul|? + / ly — zo
By (0)NS (Br(z0)\Br(z0))NQ

< (CoRp2n / IVl + Co(R — 7). (2.42)
Br(z0)N$2

ou 2

Oly — o

2—n
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Proof. By translation and locally flatting the boundary, we may assume xz¢ = 0 and
Bs, (0)NQ = B/ (0) = Bs(0) N {x,, > 0}. For 0 < R < &, define v : B£(0) — RE be
letting
Rx i
v(z) = o) + (u— (;5)(?’) for z € B (0),
then it is easy to check that v = ¢ on B} (0)N{z, = 0} and v = won B} (0)N{z, >
0}. Moreover

dist(v(x), N) < CH(Z)HLipR < CR for z € B}(0).

Therefore for Ry > 0 sufficiently small, v lies in the d-neighborhood of N, where
IIx : N5 — N is the smooth nearest point projection, and & = Il yov is a comparison
map for u. Hence by the minimality we have

/ Vuf < / Vi
BE(0) B} (0)

R

< (L+CIVIE@ payy) [ Vo
B} (0)
Rz \ |2
< (1+CAR)/ V<u(—)> + CAR™
BE(0) |z]

where A = [|VIIy|| e (n;). By direct calculations, we have

Rx 1 d
| V@GP = R ([ vaP
B (0) || n B (0)
1 ou

n-2 /asg(om{xnw} |87‘

|?dH"L. (2.43)

Putting these two inequalities together and integrating R yields (2.42). ]

Next we show that there is no minimizing tangent maps at the boundary.

Theorem 2.4.3 Any minimizing harmonic map ug € H*(B*,N) that is homoge-
neous of degree zero and that is constant on B N {x, = 0} must be constant.

Proof. We follow the construction by Hardt-Lin [83]. We will consider the energy of
a comparison map obtained by homogeneous of degree zero extension from a point
(0,---,0,a), where 0 < o < 1. We use spherical polar coordinates to represent
z € 90BN {x, >0} by (w,¢) € S" 2 x [0, 5].

Let 6 be the angle of S"~! with (0,---,0,a). Then we have

0 =¢+sin~! (asing).

s

As the angle ¢ varies from 0 to 3, the angle 6 varies from 0 to

O(a) =7 —sin? ((1 + az)_%) :
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1
The distance between z and (0, ,0,a) is R(¢,a) = [(a — cos¢)? + sin® a] 2. The
comparison map is given by

va(0,w) = ug(é,w) for 6 € [0,0] and w € S"72,

its energy E(«) equals

0(a) [R(¢a)
/ / / ( —29+|8”“\2> n""20r" 3 dwdrdd
Sn 2
:(n—2)_1/ / (\% —29+|8”“\2> W2 OR"2(¢, o) dewd.
0 Sn72 8w

Changing variables according to § = 6(¢, ) : [0, F] x [0,1) — [0,0(«)), E(c) equals
m-o7t [ (|—|2sm—29< ) + 152 PIZER)
Sn—2

sin” "% 0(¢, ) R"2(¢, >| | dwdg.

Since E(«) has a minimum at a = 0, we have I'(04+) > 0. To compute it, we use
the following facts:
99

1%(¢700|a:0 =1, o |a 0 =sing,
90, a¢ oR,
8_¢‘a=0 =1= \a 0 By la=0 = —cos ¢,
9%0 2o
%M:O = o8 ¢, Wh:l = —cCos ¢.

Letting e(ug) = (|a“0 ?sin=2 ¢ + ]a“°| ) sin" 2 ¢, we conclude that

0<(n=2)I'0+) = (n—2) /5 Ccos ¢ e(ug) dwdg
0 Sn—2
—(n —2) /5 cos ¢ e(ug) dwde
0 Sn—2
+/02 cos ¢ s e(ug) dwde
—2/02 cos ¢ s e(up) dwde
= — /2 Ccos ¢ e(up) dwdgp <0,
0 Sn-2

hence e(ug) = 0 for almost all (w, ¢) and ug is a constant. O

We now sketch briefly how to prove Theorem 2.4.1. First note that since 9Q € C'!
implies that there are Ry, Cy > 0 depending only on 0f) such that for any a € 912,
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there is ¥, : R*1 — R with ¥(0) = 0 = |[V¥(0)| and Lip(¥,) < Cj so that after
suitable rotation and translation of the coordinate system we have
QN Bg,(a {x— a;l,a:n)EBR xn<\lla(x’)}(z Qy,),
and
90N Bry(a) = {z = (2}, x,) € B, : @, = V(2')} (= 0Qw, N Br,).

Then it suffices to prove the boundary regularity for such a graphic domain.
Given a minimizing harmonic map u on Qu with ulpa,nps, = ¢(z', ¥(2')), we
define an odd extension u of u to Bpg, as follows.

i) = {u(:r) — ¢ (2, V() for x € Qy,
— (w(@!, —zp +2V(2")) — ¢p(2/, ¥(2"))) for x € Bg, \ Qu.

Note that

7’2_"/ |V11|2 —2T2_”/
T Q\I’OBT

< C (Lipg + Lip(¥)) 7’2_”/ |Vul?.
QyNBy

For @, we have the following eg-energy improvement lemma, which can be proved by
modifying the argument of Lemma 2.2.7 (see also [83]).

Lemma 2.4.4 There are positive constants e¢,v, and 0 < 1 such that if ¥ is as in
above and uw € HY(Qy, N) is a minimizing harmonic map, with u|prsa, = ¢, and
I3, |Vii|? < €2, then

62 / vil® <
By

By iterating this lemma, we then get the following consequence.

max {/ \Val, v (Lip ¢ + Lip \1/)}, (2.44)
By

l\DlH

Corollary 2.4.5 Suppose that Q€ C, b€ 0, ¢: 002 — N is C* nearb. If R > 0
is small enough and w € H'(Q, N) is a minimizing harmonic map with u|sq = ¢
and R?>™" fBzR(b)ﬂQ |Vul? < €2 then u € C*(Q N Bg(b), N) for some o € (0,1).

The final step for the full boundary regularity of minimizing harmonic maps is
to rule out any possible boundary tangent map. For any a € 92 and r; | 0, define

Ugr; () = ula +riz), x € ri_l(Q \ {a}) — N.

Then (2.42) implies that after taking subsequences, u, ,, — ® weakly in H ! (R’}r, N).
d(x) = <I>(| |) and ®[prn = const. Moreover, a slight modification of Lemma 2.2.13
implies that w,,, converges to ® strongly in Hlloc(R’}r,N ). Hence if a € 09 is a
singular point of u, i.e.

0" 2(u,a) = limr? ”/ |Vu|* > é
rl0 Br(a)
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then any tangent map ® of u at a is a minimizing harmonic map on R’', which
is homogeneous of degree zero and constant on OR’. But this contradicts Lemma
2.4.3. Therefore Theorem 2.4.1 is proven. O

Now we present an application (see [172]) of the regularity theorems we have
developed for minimizing harmonic maps.

Proposition 2.4.6 Suppose that N is compact without boundary. Any smooth map
v : S2 — N which does not extend continuously to B® is homotopic to a sum of
smooth harmonic maps u; : 8?2 - N.

Proof. Since v is smooth, it is easy to see that v(zx) = v <%) : B3 — N is an

extension of v of finite energy. Let v € H'(B3, N) be a minimizing harmonic map
with u|ggs = v. Then by Theorems 2.2.4 and 2.4.1 we have that there are finite
points z1,--+ ,x, (p > 1) in B? such that u € C* (E\ {z1," -~ ,xp},N). Moreover

each z;,1 < j < p is associated with a minimizing tangent map ¢; (ﬁ) :R3 > N,
which is smooth when restricted to S2. This proves the required result. O

To conclude this section, we add some remarks on minimizing harmonic maps
among various classes of maps between manifolds.

Remark 2.4.7 (a) White [210, 211] studied the minimization problem of Dirich-
let energy among homotopy classes between two Riemannian manifolds. Duzaar-
Kuwert [44] studied the minimization of conformally invariant energies in homotopy
class. Riviere [162] has studied minimizing 3-harmonic maps from S3 to S? in the
class of fixed Hopf invariant. Lin [124] studied the minimization of LP-energy in the
class of continuous maps.

(b) For 1 < p < n, there have been extensive studies by many people on the partial
regularity theory of minimizing p-harmonic maps. We refer interested readers to the
articles by Hardt-Lin [83], and Fuchs [61].

2.5 Uniqueness of minimizing tangent maps

For a singular point g € M of a minimizing harmonic map v € H'(M, N), it follows
from the previous section that for any r; — 0, there exists an energy minimizing map
¢ € HL (R",N) such that after taking a possible subsequence, u(zq+r;-) converges
to ¢ in Hlloc(]R", N). Any such a ¢ is called a minimizing tangent map of u at x.

Note that by the monotonicity formula (2.20), ¢(z) = ¢g (%) is homogeneous of

degree zero and ¢g : S"! — N is a weakly harmonic map. A very important
question is whether a minimizing tangent map is unique, that is, depending on the
original map u and the point xg, but independent of the rescaling sequence r; — 0.
If z(y is an isolated singularity for u, then any minimizing tangent map ¢ of u at
xo has 0 as its only singularity. Such uniqueness would imply that the difference
u(x) — ¢(x — xg) is continuous and vanishes at z.

In this section, we will present the following fundamental result by Simon [181] in
1983.
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Theorem 2.5.1 Suppose v : M — N is a minimizing harmonic map, N is real
analytic, and suppose that there is a minimizing tangent map ¢ of u at xo € sing(u)
with sing(¢) = {0}. Then ¢ is the unique minimizing tangent map of u at xg.

Proof. The original proof in [181] of this theorem was technically rich and interesting.
Here we outline a simpler, elegant proof by Simon [182]. A crucial ingredient in the
proof is an “Lojasiewcz type” inequality for the energy functional on the sphere
Sn=1 whose proof can be found in [181].

Lemma 2.5.2 Suppose N is real analytic and ¢g € C*°(S" 1, N) is a harmonic
map. Then there are o € (0,1) and § > 0 depending on ¢g, n, and N such that

|Egn-1 (¥) = Egn-1 ($0)|' ™7 < [|mgna1 ()l p2(gn-1) (2.45)
for any || — ¢0||03(Sn_1) < §, where
Ton-1(¥) = Agn-19 + A(Y) (Vign-19, Vgn-11))
is the tension field of v from S™~! to (N, h).

We now outline a proof of Theorem 2.5.1. For simplicity, assume M = Q) C R"
and g = 0 € Q. First recall, by the definition of minimizing tangent map, that
there is a seqeuence p; | 0 such that the rescaled maps u,, (= u(p;x)) converge in
H! to ¢(z) = ¢o (‘—io By the assumption, we have ¢y € C*°(S"1 N) is a smooth
harmonic map. Thus for any n > 0 there is a sufficiently large j such that for p = p;
we have

/ Ju, — ¢ < 7. (2.46)
B3\B3

2 4
Denote @ = u, and keep this p fixed for the moment and small enough so that

By, C Q, so that u is defined on Bs. Now since ¢ is smooth in B% \Bg, it is clear
that if B,(z) C B% \B% then

—n - 2
o /B 60

IA

25" ~ ¢ 2 + ¢ _ ¢ 2
[ (EeP o= er)
< 207"n% + Bo?, (2.47)

where 3 > 0 is a fixed constant depending on ¢ but not depending on ¢ or p. Thus
if ¥ > 0 is given, then for small enough 7, o (depending only on n, N, ¢,v) we can
apply the e-regularity theorem to u (see Theorem 2.2.4 and Lemma 2.2.13) on B,(z)
to deduce that [|u — ¢||cs(p, (»)) < 7. Thus we obtain for any given v > 0 that there
exists n = n(vy,$) > 0 such that

@ — ¢HL2(B§\B§) <n=llu- ¢HC3(B§\BZ) <7 (2.48)
2 4 4 8
Therefore, by Lemma 2.5.2 we have

2
o

‘/gn—l (‘VSn—l'ZL’Q - |V5’n—l¢’2) S C ”TSnfl (’&’)H?Sn—l) . (249)
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Now by the monotonicity identity (2.20) we have

2/ p2n
B1

where O(%, 0) = lim,|or?™" I5, |Va|? satisfies

ou

2
- — ~12 — 7
= /B Vil - 6(i.0) (2.50)

O(i,0) = O(u, 70) = O(6,0) = — /Sn_1|vsn1¢|2. (2.51)

n—2

Also, in proving (2.20) we actually showed that @ satisfies

(n—2)/ \V@P:/ <|va|2—2y@\2> g/ |V gnii|* . (2.52)
B sn—1 or gn—1

Hence we obtain

2(n——2)j£1r2_”

Writing out the harmonic map equation (1.8) for & in terms of spherical coordinates
r=lz|,w= ‘—ﬁ‘ gives

rin 0 <r”_1@> + 12 1gn-1 (@) + A(@) <8u 8u> = 0.

o "o o o
2
) , (2.54)

This, combined with (2.49) and (2.53), implies
To handle the second order derivative term, we observe that the domain deformation

2 2—a
/ r2n <C
B1 Sn—l
ou

provided that ||a — ¢HL2(B%\B%) <.
@ ((1 4 t)x) is again a harmonic map. Thus %|t:0ﬂ((l +t)x) = rg¢ satisfies the
associated Jacobi field equation:
ou
Llr— ) =0,
<Tar>

where L is the linear elliptic operator

@
or

g/ (IVgn-1@* — [V gn-10]?) . (2.53)
Sn—l

2 \oq

ar

ou

o ) ot 0
or

E(T 8r)

0A(u)
ou

Now since || — ¢||cs(p;\B,) < V(<< 1), we see that £ has the form
1 8

Lv = Av+2A(a) (Vv,Va) +

luea(v) (Vii, Vii) = 0.

L(v)=Av+b-Vv+cv,

where |b|+|c| < 8 in the domain Q = B% \B% By the gradient estimate for £(v) = 0
(see [72]), we have

sup |Vu| < C|v .
> (Z)| | | HL?(B%( )
16
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for any ball B%(z) C B% \B% Thus by covering S™~! by a family of such balls B%Q
we conclude )
ot ot
sup V(r—u) < C’/ ou
Sn—1 or B25xr \B% or

provided that || — ¢| 123, \p,) < 7. Therefore we obtain
2 1

2 2—a
/ r2—n S C r2—n
B B4\

provided that ||@ — ¢[|z2(p,\B,) <7 By rescaling, we in fact deduce
2 1

(0,

fed
2

@
or

@
or

9

2

ou : (2.55)

or

@
or

2 2—«
<C P2
Bs\Bo
P

for any o € (0, 1] such that o =" ||a — ¢||%2(B \Be) < n?, where C' depends only on ¢.
)
Let I(0) = [z r*7" ‘%‘2. Note that by (2.48) and (2.53) we have all I(o) < Cvy
so long as o™ ||u — ¢H%2(BU\BU) < 72, so that by making a smaller choice of v
2

from the start if necessary, we can assume that I(c) < 1 for each o such that
o "|a— ‘b”%?(Ba\Bg) < n?. Next we note that
2

0<a<b<l,a€(0,1),>0anda®>*<p(b—a)=a*"1 -1 >0C, (2.56)

where C' > 0 is a fixed constant determined only by «, 3. This is easy to check by
calculus, considering separately the cases when b > 2a and b < 2a. Note that by
applying (2.56) with b = I(c) and a = I(§) we have

o

I (§>a_1 1) >, (2.57)

provided that o~ ||a — ¢||2Lz(Bg\Bg) < n?
2
Now note that if we use @(o) to denote the function on S™"~! given by u(c)(w) =

@(ow), then we have fBﬂz\Bpl li— o) = ppf o™ (o) - ¢||%2(Sn—1) do, hence (2.57)

holds if we require
- o
li(p) = 8l 2501y <. Vo€ [3.0]. (2:58)

Now let us suppose o € (0, %] is given, take the unique integer k£ > 1 such that
o € 271 27F) and assume

lu(s) = Bl agsnry <. Vs € [0, 1]. (2.59)

Then we can apply (2.57) with 0 = 27! for [ = 0,--- , k to obtain, by summing over
= 07 e 7j7
1) = 1) > ) j=1 k
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For any 7 € [Q_k,Z_l] there is an integer 2 < 5 < k such that 7 € [Z_j,2_j+1].
Hence this gives

I(T)E/(;TT" Ou

ar
provided that (2.59) holds. Since I(7) is a nonincreasing function of 7 this then also
holds for 7 € [0,27%] with a different but fixed constant C' and hence (2.60) holds
for all 7 € (0,27!], provided again that (2.59) holds. Note that integration by parts
gives the general formula

1 r
/ |log7’]Hg rf(r)ydr = \logr|1+g/ sf(s) ds|(17
o 0

1 T
+<1+§>/¢7 T_l\logr|§/0 sf(s)dsdr

C
2(5 1) dr S W’ where ﬂ = (1 - O[)_l —1> 07 (260)
L n-

and using this with f(s) = H )HLQ(SH_I), we obtain by virtue of (2.60) that
1
/ |10g7’]1+2 r 8u dr < C/ rt \logr|g I(r)dr
LQ(Sn—l) o
! 1
< 0| ——dr<C,  (261)
o rllogr|'t?

provided that (2.59) holds. But then we have by the Cauchy-Schwarz inequality
that

~ ~ ! 71
[a(o) = a(T)lp2(sn-1) < /0 % L2 (sn)
1
< (/Tr\logr!% ) )
o "l (sn-1)
,
. </Tr_1 |log7’]_1_§>2
< Cllogr| (2.62)

forany 0 <o <7< %, provided that (2.59) holds.
Next note that by direct application of the Cauchy-Schwarz inequality

. . Y oa
() — D)l ey < /

— d
- |lor "

LQ(Snfl)

< </T1r_1dr>% (/Blﬂ—"

1
where € = ( i} B r2_”|%\2) ?. This, combined with the triangle inequality, implies
that

ou

1
2>2

1
1 2
5 log 7|2 e,

[a(T) = ¢l 2(gn-1) < 5, Vo <7 <1, (2.63)

N3
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if
ellog o] < Z and  [|(1) — ¢l p2(gn-t) < Z (2.64)

So now suppose (2.64) holds and choose T € (o, 3) such that C|log ’T’_g < . Then

[a(a) = dll Lo (gn-1y < l[ao) = a(T)l| p2(gn-1y + [10(T) = Bll L2 (gn-1)

and hence by (2.62) and (2.63) we deduce that [|i(0) — ¢||f2(gn-1) < 7 so long as
[a(s) — @l L2 (gn-1) < m for s € (0,1]. Clearly this show that [|i(0) — @[ 12(gn-1) < 7
for all o € (0,1] provided only we can ensure that e can be selected so that (2.64)
holds. However, 4 = u,;, so by choosing p = p; with j sufficiently large we can
ensure both inequalities in (2.64). Hence we can apply (2.62) with any o,7. Then
letting 0 = o; such that 4(o;) — ¢, which we can do because ¢ is a minimizing
tangent map of @ at 0, we then have

8 1
li(7) = ¢ll 2 sn-1y < Cllog 7|2, ¥r € (0, 5],

which is the required asymptotic decay. O

Remark 2.5.3 (i) The real analyticity of N plays a crucial role for the uniqueness
of minimizing tangent maps of a minimizing harmonic map at its isolated singular
points. White [209] constructed a Riemannian manifold N which is not real analytic
such that there exists an energy minimizing map into N that has infinitely many
tangent maps at its isolated singularity.

(ii) Gulliver-White [64] constructed a real analytic Riemannian manifold N and an
energy minimizing map v from M to N with an isolated singular point g € M
with the property that the convergence of u to its tangent map at xg has at most
logarithmic decay.

2.6 Integrability of Jacobi fields and its applications

In this section, we will show that the logarithmic decay in the previous section can
be improved to a positive power decay provided that Jacobi fields along minimizing
tangent maps are integrable. Applications of the integrability of Jacobi fields were
first made by Allard-Almgren [3] in the study of uniqueness of tangent cones to area
minimizing surfaces, and later were explored by Simon [183, 185, 186] in the study
of minimal submanifolds and minimizing harmonic maps. Here we follow §6 of the
article [183] closely, except that we only discuss minimizing harmonic maps and make
estimates on the punctured ball B\ {0} rather than the cylinder S™"~! x [0, +00),
similar to the treatment by Hardt-Lin-Wang [82] §10.3.

For simplicity, we assume M = B\ {0}, the punctured ball in R", or S*! C
R™ through this section. For a harmonic map ¢ € C?(M,N), recall that 1) €
C?(M,¢*TN) is called a Jacobi field along ¢ if it is a solution of the Jacobi field
equation:

Ly(¥) == d%ls:oT(cﬁs) =0in M (2.65)
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where ¢, € C' ((—1,1),C?(M,N)) is a C'-family of deformation maps of ¢ such
that

b= and < lomoby = 0.
S

Direct calculations imply that (2.65) can be written as

Ly(y) = Ay +24(9) (Vo, Vi) + V3 A(9)(¥) (V, V) = 0 in M. (2.66)

It is well-known that if ¢; € C'((—1,1),C*(M,N)) is a family of harmonic
maps, then ¢ = %\Szoqﬁs € C%(M,¢*TN) is a Jacobi field along ¢. The integrablity
of Jacobi fields says that the converse also holds. More precisely,

Definition 2.6.1 For a harmonic map ¢ € C?(M, N), we say that the Jacobi field
equation (2.66) is integrable, if for any ¢ € C2(M,¢*TN) of Lyp = 0 there exists a
C'-family of smooth harmonic maps ¢ € C* ((—1,1),C?(M, N)) such that

¢s — ¢

S

lim

lim — = 0. (2.67)

C2(M)
We need the following remark (see [183] §6.1).

Remark 2.6.2 Suppose that N C R’ is real analytic and ¢ € C?(S""!,N) is
harmonic such that the Jacobi field equation Ly = 0 is integrable. Then for
sufficiently small 6 > 0, there is a real analytic embedding

U KerLyN {h € C* (8", ¢*TN) : ||hll g2 (gn-1) < 5} — L?(s"h

with its image M a k-dimensional real analytic manifold (k = dim KerLy) contain-

ing all solutions
7 n 0
2 n—1
= N): - L
{¢€C(S N):7(9) = 02(Sn1<2}
In particular, there is dg > 0 such that for any qﬁ € Ss,
L =0 with [[¢p[c2(gn-1y <do = 3¢ € Sas, with ¢ — ¢ = + £
with  [[§llc2(gn-1y) < € ||¢H%z(sn_1) , (2.68)

where ¢ > 0 depends only on ¢,n, N. Moreover, we have

Ega-1(9) (E /Sn_1

The main theorem of this section is the following theorem (see [183] §6, Theorem
6.6).

Theorem 2.6.3 Assume that N C RY is real analytic and u € C?(B"\ {0}, N) is a
minimizing harmonic map with an isolated singular point at 0. Let ¢(x) = ¢ (ﬁ) €
C> (R™\ {0}, N) be a tangent map of u at 0 such that Ly = 0 is integrable. Then
there exist ro > 0, Cop > 0 and o € (0,1) such that

WB‘Q dH"—1> = Egn-1(¢) Vo € Ss,. (2.69)

u(z) — <‘ ’>‘<00 z|*, ¥ |z| < ro. (2.70)
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We start to indicate a proof of this theorem. First we define, for 0 < p <o <1,
the weighted C2-norm

ull,, = pi&ga (HUHLOO(E?BT) +7(Vull e (am,) + T2||v2u||L°°(8Br)) .

For any given harmonic map ¢ € C2(S" 1, N),e>0and 0 < A < %, we consider
the class

Q(p, e, \)

of all minimizing harmonic maps u : B — N such that sing(u) = {0} and
Egn-
0" 2(u,0) <E limr2_”/ \Vu]2> — Egn-1(9) u(z) — ¢ <£>
B, n ||

10 -2 7
For Q(¢, €, \), we have the extension property that corresponding to (iii) of [183]
§6.2.

<e (2.71)
1,23

Lemma 2.6.4 For any harmonic map ¢ € C2(S" 1, N), A > 0 and p > 0 there is
a positive € € (0,1) depending only on p and ¢ such that

Q(¢,6,\) C Q(p,1,uN). (2.72)

Proof. The argument was implicitly contained in the previous section. For the
convenience of readers, we sketch it.

First note that if u € Q(¢,¢,) then v(z) = u(8\%z) € Q(¢,¢é,4). Hence if
we verify that v € Q (qb, 1, %), then u € Q(¢,1,u\). Thus we may assume that
A = 1. Suppose the conclusion were false. Then there exist a harmonic map

2
¢ € C?(S"1,N), pn € (0,1) and minimizing harmonic maps u; : B — N such that

ui € Q(qb,ei,%) \Q(#1,%), withe |0,

By the monotonicity formula (2.20) and ©" %(u;,0) = L5 Egn-1(¢), we have

2/ |x|2—n
B1

2
8ui

or

_ / Va2 — " 2(u;, 0)
B1

1
= /B |Vui|2_mES”—1(¢)
1

2
T 1
< [ (u)| - gm0
< - ! 5 (Bgn1 (i) — Bgn1(6))
< Cllui — ¢y 0-5 (2.73)

where we have used the fact that

vt = [, 15 (1))

2
(since u; is energy minimizing),
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and
Egn1(u;) = Egn-1(¢) < C s = ¢ 22 (gn-1) (2.74)

since Egn-1(-) is uniformly C? in {v € C*(S"L,N): |jv— Ollc2(gn-1y < 60} for some
sufficiently small ¢g > 0.

If we define u;(0)(w) = u;j(ow) : S"' — N then by the Cauchy-Schwarz in-
equality and (2.73)

1
ou;
Hui(T)_ui(l)”L2(5"71) < [_ or L2(Sn—1) dr
. 1

(L) (L5 )
< R T
= o B, or
< fogr|* flui — @llyss < flogr|* €.

This, combined with the triangle inequality, implies that for any n > 0, if ¢ is
1

sufficiently large so that max {ei, € |log(%)‘5} < 7 then
[ui(7) = Dl p2(gn-1y < [[ui(1) = Bl p2(gn-1y + [[ui(T) = ui(1)[| 2(gn1)
INEAN | 7
< ; — < = - <7<I1. .
< g (1+ylog(4)\z) <7 forall L<r<1 (275)

Now, by the virtue of the regularity theory [171] as in the previous section, we
conclude that

[ui = @lly n < 1.

This contradicts the choices of u;. O

Now we are ready to prove the following decay lemma (cf. also [82] Lemma 10.4
or [183] §II 6.4).

Lemma 2.6.5 For any positive A < \g = X\o(n), there exists a positive € so that
if 1 € C*(S"L,N) is a harmonic map with ||¢1 = Pllz(gn-1y < € and if u €

Q(¢,€e,N\), then
ool 2ol
|| ||

for some harmonic map ¢o € C2(S"~1, N).
Proof. We prove it by contradiction. Suppose that the lemma were false for some
A < Xo. Then there exist ¢; | 0, harmonic maps {¢;} C C?(S"!,N) with ||¢; —
dlloz(sn-1) < ¢, and {u;} C Q(, €, ), but

(2.76)

1
S —
a2 1,2

- ~ ~ 1
inf {[|us = Gllaxs : € CAS" N, 7(6) =0} > Sui = dill e (277)

By Lemma 2.6.4, there is a sequence of R; | 0 so that
x

=i | — = 0. 2.78

- () (27%)

lim
L LR,
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Since [|¢; — ¢llc2(gn-1) < 1, we have by (2.69) that for i sufficiently large,

Egn-1(¢i) = Egn-1(9).
Hence by (2.73) and (2.74), we have

2

L |G < sy (B )~ s (9)
~ =gy Fsa () = Esrr(9)
< Cllui = gills 5o - (2.79)

This, combined with Lemma 2.6.4 and (2.78), implies that for any R € (0, 1)
i = dilly g < C(R) [[us — dilly x2 - (2.80)

Now we set 3; = [[u; — ¢ill1 \2, wi = B! (u; — ¢;). Then, by (2.79) and (2.80), we
have

2
|will; g < C(R) for all 0 < R <1, / |2~ <C <40 (2.81)

Owi
B 87“

for all 4. Therefore we may assume that w; — w in Clzoc(Bl \ {0}, N) with

2

L) (2.82)

|wll, p < C(R) forall 0 < R < 1, / a2 |2
’ Bi or

Since by (2.78) 3; — 0, we can check that w € C?(By \ {0}, #*TN) is a Jacobi field
along gﬁ(ﬁ) in By \ {0}. By using the polar coordinate, it is not hard to check that
w(r,w) = w(rw) satisfies

1 8 ~1 8'11) _9 .
where Ls(w) is the Jacobi field equation 2.66 along ¢ on S™1.

Since Ly is a self-adjoint, elliptic operator on S"~1 there are real eigenvalues
A <X < oo (Aj — o0 as j — o0) and corresponding eigenfunctions {¢;} C
C?(S" 1, ¢*TN) with (gbi,qzbj)Lg(Sn_l) = 0;; for all 4,7 such that any function v €
L?(S" 1, ¢*TN) can be represented as v = > i1 ¢jdj, with ¢; real and Y072, c? <
+00.

For 0 < r < 1, define w(r)(w) = w(rw) : S* ! — ¢*TN. Then we can represent

w(r) =) a;(r)¢;
j=1

and substitute it into (2.83) so that for j > 1,

" n_ll

s
aj(r) + J

aj(r) — ﬁaj(r) =0,0<r<L

r
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Solving this ODE, we get a;(r) = % with

2—n (n—2)?
M=y EV T

+ A

Hence we have

w(z) = Y cd; <‘ ,) 2 + 3 (@ +bjInfel) 6 (I%)

JjeN1 VISDES
+ Y (djcos (B Inx|) + e;sin (B;1n |z])) ¢; <| |>|;c| (2.84)
JE€J2

where a;,bj,cj,dj,e; € R and

) n—2)? : n—2)°
le{]:)\j>—( 4)}, Jzz{j:)\j<—( 4)}aﬂd5jzlm7j7

ng{j:Ajz—(";2)2}.

By the second inequality in (2.82), we conclude J, = () and b; = 0 (the coefficient
of In |z]) for j € J3 so that

w(z) =Y J¢]<‘ ’>|a:|7 —I—Za]gz5]<‘ ’>, z e By \ {0}.

JjeJ1

and

It is easy to see that Y (w) = >, ;, a;0;(w) is a Jacobi field along ¢(w) on St
Moreover, note that

2—n (n —2)2

'ij'yl: 5 + 1 + A for all j € Jq.
Hence if we define
S(x) = cio; <i> |z for 2 € By \ {0}, (2.85)
= ||
then .
151508 < ATHIS 22 < 21182 (2.86)

provided that we choose \g > 0 so that \]' = %
Since w; — w in 0120 (B1 \ {0}) and w(z) = S(x) + ¢, we conclude that for 4

sufficiently large,
x
T % T S
=) = (v + 5)

Now we apply Remark 2.6.2 to conclude that there are Jacobi fields ¢; along ¢; (i.e.
Ly, (¢;) = 0 on S"~1) such that

J i = Pllgzgny =0,

1
S e (2.87)
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and for 7 sufficiently large,
Bibi = ¢; — ¢ + o(B7)

for some harmonic maps ¢; € C%(S"~1, N). Therefore we obtain

Bi
< S + —
wd ()], = 1St
< 188l + 5 < 25
— 1,A 4 — 92
for i sufficiently large. This contradicts (2.77) and completes the proof. O

It is clear that iterations of Lemma 2.6.5 yields the following theorem.

Theorem 2.6.6 There exist positive constants \g,€q,n,C, and p depending only
on n,¢ so that if 0 < A < X, 0 < € < ¢, ¢ € C?>(S" ', N) is a harmonic
map, u € Q(¢,€,\), and Hu — ¢ (ﬁ) H)\AQ < ne, then there exists a harmonic map

¢ € C%(S" 1, N) such that

wm—é(%O

Proof. By induction on k, repeated applications of Lemma 2.6.5, we get a sequence
of harmonic maps {¢x} C C?(S"~!, N) such that

< Cnez|". (2.88)
CQ(STL*l)

z 1
u(z) — — = ,
=001 () | s <2010 =90 ()

and

[ frs1 — rllcz(sn-1)y < Cne2™F.
Hence we deduce that (i) ¢ — ¢ in C2(S"!) and (ii)

we) o ()] <omert

|33| Nk \E+2

Thus the conclusions of this theorem follow easily. O

Proof of Theorem 2.6.3:
Note, since ¢ € C°(R™\ {0}, N) is a tangent map of u at 0, that for any € > 0 there
is pg > 0 such that

|lu(po-) — ¢(')H02(B1\B%) <e

Hence, by considering u,,(x) = u(por), we may assume that there exists 0 < A\ =
A(e,n) < 1 such that

Ju— @llyxs < e. (2.89)
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Since also ©"2(u,0) = ﬁEan(qb), it follows u € Q(¢, €, A) and hence Theorem
2.6.3 follows from theorem 2.6.6. O

It seems difficult to check the integrability criterion in higher dimensions. How-
ever, Gulliver-White [64] verified the integrability condition for harmonic maps from
52 to any two dimensional Riemannian manifold N. Lemaire-Wood [115] verified
the integrability condition for harmonic maps from S? to CP2. More precisely, the
main theorem of [64] is

Theorem 2.6.7 If dim(N) = 2 and ¢ € C?(S?%, N) is a harmonic map, then the
Jacobi field equation Ly = 0 on S? is integrable. In particular, if dim(M) = 3
and u : M — N is an energy minimizing map which is singular at xo € M, then
u converges to a unique tangent mapping ug at xo at a rate controlled by a positive
power of the distance p from xg.

In their important paper [19], Brezis-Coron-Lieb have classified all minimizing
tangent maps from R3 to S2. More precisely, it was proved.

Theorem 2.6.8 Suppose ¢ € C%(S%,S?) is a harmonic map such that ¢ <ﬁ) :

R3 — 82 is a minimizing harmonic map. Then ¢ is the restriction on S? of an
orthogonal rotation 6 of R .

Combining Theorems 2.6.8, 2.6.7 with Theorem 2.6.3, we immediately obtain
the following corollary.

Corollary 2.6.9 For any bounded domain Q C R3, let u : Q — S? be a minimizing
harmonic map which is singular at xog € Q). Then there exist an orthogonal rotation
0 of R3, C >0, a € (0,1) and ro > 0 such that

u(zo+z)—0 (%) ‘ < Clx|* for all |z| < ro. (2.90)

To conclude this section, we would like to mention the very important work by
Simon [184] on the rectifiability of singular set of minimizing harmonic maps in
dimensions at least four. In dimensions > 4, higher dimensional singularities may
occur for minimizing harmonic maps, and it is a great challenge to study their struc-
ture and asymptotics. In [184, 188] L. Simon has provided results on the uniqueness
of the minimizing tangent maps where the tangent object may be independent of
some variables and have an isolated singularity with respect to other variables (i.e.,
includes a whole line of singularities). Assuming a Jacobi-field integrability con-
dition and strict minimality condition, Simon [184, 188] has been able to extend
the analysis in §2.5 and §2.6 and proved the uniqueness results for such minimiz-
ing tangent maps. Furthermore, Simon [184] has proved the following remarkable
theorem.

Theorem 2.6.10 Ifu: M — N is minimizing harmonci map with N compact and
real analytic, then for each closed ball B C M, B N sing(u) is the union of a finite
pairwise disjoint collection of locally (n — 3)-rectfiable locally compact sets.
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There are many new ideas in the proof of the above theorem in [184], and it is
beyond the scope of this book to outline them. Here we just briefly mention some
key steps. First, there is a new technical criteria for (n — 3)-rectifiability of a set
involving an alternative at each scale between being located near some (n — 3)-plane
and having fixed size gaps. Second one reduces to consider singular points a at which
a tangent map ¢ depends on three vairable and sing(¢) = R"3. The analyticity
can be used to show that ©"2(¢,0) only takes finitely many values {aq,--- ,q;}.
It was shown that

sing(u); = {x € sing(u) |O"~2 (¢,0) > o}

is locally (n — 3)-rectifiable. In the proof of this fact, Simon [184] introduced a gap
measure y which is roughly a sum of H™ 3 restricted to the subset with no big gaps
and a weighted sum of pointed masses with significant gaps. Another powerful piece

of estimate is
1
F—Q
b<C / o]
Top Tp\Tep

w:/, - al™ |(z — a) - V()2 dps(a).
sing(u),

where

Here T, is the union of balls with radius p and centered in sing(u); in which there
is an approximating (n — 3)-plane of small tilt contained in a Jp-neighborhood of
sing(u);. The proof involves energy estimates, Lojaciewicz inequality, and L? esti-
mate concerning v and its tangent map.

In a couple of special case, much can be said about the topology of the singular
set. For example, Hardt-Lin [85] have proved

Theorem 2.6.11 If u : B* — S? is a minimizing harmonic map with smooth
boundary data, then sing(u) consists of a finite set and finitely many Hélder contin-
uous closed curves with only finitely many crossings.

The proof of this theorem involves the Reifenberg topological disk lemma [159],
which involes two sides approximation of sing(u) by lines. The fact that sing(u) is
locally in a small neighborhood of some lines follows from the small energy regularity
theorem. The opposite fact that the approximating line is in a small neighborhood
of sing(u) is by a topological obstruction in the case M = B* and N = S2.

Very recently, Lin-Wang [132] have been able to extend Theorem 2.6.11 to stable-
stationary harmonic maps from B® to S3. More precisely, we have

Theorem 2.6.12 Ifu: B> — S% is a stable-stationary harmonic map with smooth
boundary data. Then sing(u) consists of a finite set and finitely many Hélder con-
tinuous closed curves with only finitely many crossings.



Chapter 3

Regularity of stationary
harmonic maps

In this chapter, we will present the regularity theorem of weakly harmonic maps
in dimension two, due to Hélein [90, 91, 92], and the partial regularity theorem of
stationary harmonic maps in higher dimensions, due to Evans [45] and Bethuel [11].
We will also present some optimal partial regularity theorems on stable-stationary
harmonic maps into spheres, due to Hong-Wang [98] and Lin-Wang [132]. The
interested readers can consult with the paper by Chang-Wang-Yang [24] for an
alternative proof of the main theorem in [45]. We would like to remark that Riviére
[161] has found a set of new conservation law for harmonic maps in dimensions
two and given a new proof of the main theorem in [92], subsequentially Riviére-
Struwe [163] have found simplifications and improvement on the regularity theory
of stationary harmonic maps by [11] in higher dimensions.

This chapter is organized as follows. In §3.1, we present the classical theorem
on weakly harmonic maps into regular balls by Hildebrandt-Kaul-Widman [95]. In
§3.2, we present the regularity of weakly harmonic maps by Hélein [90, 91, 92]. In
[93], Hélein has given a detailed account of his important works. In §3.3, we present
the partial regularity of stationary harmonic maps. In §3.4, we present some optimal
partial regularity for stable-stationary harmonic maps.

3.1 Weakly harmonic maps into regular balls

In this section, we will present the fundamental theorem, due to Hildebrandt-Kaul-
Widman [95], on the regularity of weakly harmonic maps whose images are contained
in any regular ball of N. The presentation here follows the book by Jost [102]
Chapter 4 closely. We begin with

Definition 3.1.1 For ¢ € N, let B,.(q) = {p € N : distny(p, q) < r} be the geodesic
ball in N with center ¢ and radius r, and let C(q) be the cut locus of q. We say
that B,.(q) is a regular ball in N if

(i)y/kr < 4, where kK = max {O,SupBT(q) KN},
(i) C(q) N By(q) = 0.

49
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Note that by virtue of a theorem of Hadamard (cf. [63]), if N is simply connected
and KV <0, then each ball in N is a regular ball.

The crucial property of regular balls we need is the following proposition (see
[95] or [102]).

Proposition 3.1.2 For a regular ball B.(q) C N, we have dist% (y,q) € C*(B,(q))
is a strictly convex function, and any pair of points y1,y2 € B.(q) can be connected
by a unique geodesic contained in B,(q) which contains no pair of conjugate points.

A main result of this section is the regularity theorem (cf. [95]).

Theorem 3.1.3 Let (M,g) be a compact Riemannian manifold without boundary
and Q C M be a domain. Let B,(p) C N be a regular ball and u € H(Q, B.(p)) be
a weakly harmonic map. Then for any xg € 2 and § > 0, there is p > 0 such that

0SCB (zg)U < 0,

where p depends only on 0, dist(xg,0S2), the injectivity radius of Q, M, and the
curvature bounds of N on B,.(p). In particular, u is smooth in ).

To simplify the presentation, we assume that (M,g) = (R", dz?) and Q C R"
is a bounded domain. There are two critical steps. The first step is the following
lemma.

Lemma 3.1.4 Suppose that u: Q — Y C N is a weakly harmonic map and f €
C2(Y) is a strictly convex function on u()). Then for any ¢ > 0 and 0 < Ry <
dist(xg,00), there is Ry > 0 depending only on f and Q such that for some R €
[R1, Ro], we have

RQ—"/ Vu|? <e. (3.1)
Br(zo)

Proof. Set h = f ou. By the chain rule of harmonic maps (cf. [102]), there is A > 0
depending only on f such that

Ah > \Vaul?. (3.2)
Assume g =0 € Q. Let

2— 2— Pro— 2—
e N S R ”} on B,.

go() = min { |z .

Then, since g, = 0 on 9B, and Ag, =0 in B, \ By, we have

)\/ Vul?g, < / Ahgp:—/ (Vh,Vg,)
B, B, B,\Bp
— _/ 1,99
aB\Bg)

n—2 / n—2 /
= — h— ——— h. 3.3
Pt Jas, (5t 9By (3:3)
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Denote g; = gr, for all ¢ > 0. Then we have
2%

B RO 2—n
lz|2" < <2i+1> and g; > (1 — 22 ") |z[>~™ on B};? \B;&.

Thus we have

[ee} RO 2—n
/ |$|2—n|vu|2 < 2n—2z<_i> / |vu|2
By, iz \ 2 Bro\B Ry
21 2t+1
oo
< an/ 9i|Vul
i=0 Y BRry

where ¢, depends only on n. Therefore, applying (3.3), we have

/ 2 Va2
Bp,

0

00 1-n 1-n
(W) L (),
A = 2 OB 2 OB ry
21 i +1
Cn n
<SR[ g e Mo, (34
8BR

0

Denote p; = (%)1—71 faB h for all 4 > 0. Then, since h is sub harmonic, p; > ;11

z

for all ¢ > 0. From (3.4), we have

Z = tti1) < c(n, A)[| fl[ Lo vy < +o0
=0

so that lim; oo (s — pi+1) = 0. Therefore, for any € > 0 there exists a sufficiently

large ig = ip(€) depending only on f and 2 such that Wio — MHig+1 < €. This, combined

with (3.3), implies that (3.1) holds with R; = O
Next we have

210

Lemma 3.1.5 Under the same assumptions as in Lemma 3.1.4, there exist Ry =
Ry(e) > 0 and R € [Ra(€), Ro] such that if Bag,(zo) C S, then

fuy)) < fuag,r) + 4€ = Cn/B - & —y|*"V2 f () (Vu, Vu)(z) dz,  (3.5)
R\Z0
holds for all y € Br(xo), where ¢, depends only on n, and uy, g is given by

1

T u, where Tr(xo) = Bar(zo) \ Br(zo).
I Tr(%0)| J1p(0)

Ugy,R =
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Proof. Assume xy = 0 and denote T = Tgr(xg). Let n € Lip(2) be such that
supp(n) C Bar, 0 < n < 1,n=1o0n Bg, and |Vn| < CR™'. Fixed y € Br. For

2
small § > 0, define g5 : Bop — R by

IVES = g2m it |z —y| <6

Since Au L T}, N in the distribution sense and V f(u)ngs € T, N, we have

Vs ) Vo = - [ VIS0 - [ g5V Vi)
Bar Bar Bar
+ : (u)Vn - Vgs
— s+ 11+ 115 (3.6)

It is easy to see that the left hand side of (3.6) can be estimated by

V(nf(u) - Vgs = / V(nf(u) - Vgs
Bag Bar\Bs ()

0gs
nf(u)—=—
/a(BgR\Ba(y» v

d9s
prd fu
A%@”()mw—m

= —(n—=2)t™" u
(n—2) /a o, 0
o —(n—2wnf(uly)), as 5 — 0, (3.7)

where w = H"~1(S"~1) is the volume of the sphere S™~!.
Note that since y € Br,
2

/ ngs V2 f (w)(Vu, Vu) < C’Rz_”/ Vul> < e
Tr Bar

holds for some R, R1(e) < R < Ry (= 3dist(zg, 02)), where R; (e) is given by Lemma
3.1.4. Hence we have

limIs = —lim {/ —i—/ }7795V2f(u)(Vu, Vu)
6—0 6—0 Br Tr
> = [ ke =PV ) (Vi V) - e (3.8)
Br
Since Vn = 0 outside T}, it is easy to see

lim [ 175] < gir%CR_l 95|Vu|§CR1_”/ |Vl

Tr Tr

1
C <R2‘” / \Vu]2>2 <e (3.9)
Bar

IN
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for some R chosen as in above, where we have used the fact that

2—n
gs(z) < <?> on T,

since y € Br.
2
To estimate [115, we write f(u) = f(ugr) + (f(u) — f(ugr)) and observe that

Vn-Vgs = / Vn-Vgs = / P 9s — —(n = 2)wy,
Bagr Bar\Bs(y) 0B5(y) |33 - y|

as 0 — 0. Hence we obtain

i 2105 < —(n= D (un) + [ (F) = flum) Vo~ g

Tr
< —(n—2)wyf(ug) + CR™" A |f(w) — f(ug)|
—(n = 2wy f(u <~ |R™" u — up|? :
< 0= 2o f(ur) + CIV e (B [ ju—unl)
< —(n—2w,f(ur) +C <R2_"/T |Vu|2> :
< —(n—=2)wnf(ugr) + e, (3.10)

where we have used both Hélder inequality and Poincaré inequality.
Putting together (3.6), (3.7), (3.8), (3.9) and (3.10), we obtain (3.5). O

Proof of Theorem 3.1.5:

Let
™
ho = mi -1,1
0 mm{ZT\/E ’}
and €; € (0,1) be such that
0 1
== —{(1 - ho)*r? 2>0.
hq NG {1=ho)’r*+e}? >0

Let

2h
h:min{ lﬂ\/g,ho}, and 0 < ey < 6.

Choose € in Lemma 3.1.4 by
1 €9
— “h(2 - h)mi { ,—}
€=3 ( ) min 1 €; 3
and let s be the smallest positive integer such that

1—h)> < 2
( ) <8r2
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Let’s start with Ry = %dist(xo, 0Q) and pg = p. Let ¢y be the unique geodesic from
po to ug,, and let p; be the unique point in ¢y such that

dist(p1, po) = hodist(uzy, Ry Po)-

Then for any g € B,(p), we have

dist (g, p1) < dist(g, po) + dist(p1, po) < (1+ ho)r < = ~=.
2k
Hence, by Proposition 3.1.2, dist?(g, py ) is strictly convex on B, (p). Then, by Lemma
3.1.4 and Lemma 3.1.5, we have that for any y € Bpg, (z9), with 2R; the radius
R < Ry such that (3.5) holds, (3.5) implies

dist? (u(y),p1) < dist? (uzg. Ry, 1) + 4e
< (1—ho)* sup  dist? (u(z),p1) + 4e. (3.11)

xEBQRO (zo)

Now we can iterate (3.11) as follows. Let j € N, suppose that there are p; € B, (p)
and radius R; for i < j — 1 with the property that for y € By, (z¢)

dist? (u(y),pi) < (1 —he)®  sup  dist? (u(z),p1) + € (3.12)
r€Bap, (zo)
and
dist? (u(y),pi) < (1= h)*  sup  dist® (u(z), pi—1) + 4de. (3.13)
xEBgRi(Io)
Then we want to show (3.12) and (3.13) hold for i = j and some p; € B,(p) and
radius R;.

First, by (3.12) we have
.2 ™
dist® (u(y),pj—1) < SN hy for y € Bg;_, (o).

Note that, since dist (uzO,ijl,pj_l) < ﬁ, there exists a unique geodesic cj_1 C
B,.(p) from p;_; to Ugg,R;_;- Let pj € ¢j—1 be the point such that

dist (pj, pj—1) = hdist (uze,R; 1, Pj-1) -
Then for y € Bg;_, (7o),

dist (u(y), p;)

IN

dist (u(y), pj—1) + dist (pj, pj—1)

1
((1 — h0)27'2 + 61)§ + hr
™ ™

— —h h
2\/E 1+ T<2\/E

Hence, dist (u(y), p;) is strictly convex on Bg,_, (o), and from (3.13) we have that
there is R; < Rj2_1 such that for y € Bg,(zo)

dist? (u(y), p;)

IN

IN

dist? (u(y), py 1) + de
(1 — h)?dist? (o, R;_1>Pj—1) + 4e
(1—-h)?  sup  dist? (u(z),pj_1) + 4e

CCEBQR]. (zo)

IN N IA
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Thus (3.13) holds for ¢ = j. Iterating (3.13), we obtain

. - . 4e
sup  dist? (u(y),p;j) < (1— h)2j sup dist? (u(y),po) + [SESAYL
ye B, (z0) By (20) —(1-h)
For j > 1, m +(1-h)¥ < ﬁ Thus we have
sup  dist? (u(y),p;) < (1 — h)¥r? + min {61, %2} . (3.14)

yE€BR; (wo0)

In particular, (3.12) holds for i = j. Moreover, (3.14) implies
2 ,
(OSCBRj(zO)’LL> <4(1—h)¥r? 4 %2 < e

and hence osc B, (z0)¥ < §. Since § > 0 is arbitrarily small, this implies that u is
continuous in . Then by the hole filling argument similar to Chapter 2.1, we can
show u € C*(Q, N) for some o € (0,1). Then by the bootstrap argument, we can
finally prove u € C*°(€2, N) (see also [102] Chapter 4.5). This completes the proof. O

Weakly harmonic maps from a Riemannian manifold with boundary, with smooth
Dirichlet boundary data, into regular balls are also smooth near the boundary. In
fact, we have the following theorem, due to Giaquinta-Hildebrandt [68], whose proof
can also be found in [102] Theorem 4.7.1.

Theorem 3.1.6 Suppose v : Q@ C M — B,(p) C N is a weakly harmonic map,
where By,(p) C N is a reqular ball. Suppose 98 is of class C?, and the sectional
curvature |KM| < A? on Q. For any given g(= ulsq) € C°(0, N), then for any
€ > 0 there is § > 0, depending on ¢, M, \,Q, N and the modulus of continuity of
g, such that for any xo € 082,

dist (u(y),u(zo)) < e fory € Bs(xg) NAQ. (3.15)

If g€ C*(Q,N) for some a € (0,1), then there § € (0,1) and cg > 0 depending on
a, M,A,Q, N and ||g||ce such that for any xo € 002

dist (u(y),w(z0)) < cgly — zo|” fory € Bs(wg) N Q. (3.16)
In particular, if O is of class C™ and g € C*(0Q, N), then u € C*(Q, N).

Using both theorem 3.1.3 and 3.1.6, Hildebrandt-Kaul-Widman [95] have estab-
lished the existence of smooth harmonic maps with given boundary data contained
in a regular ball that admit an extension with finite energy. More precisely,

Theorem 3.1.7 Suppose that B.(p) C N is a regular ball and Q@ C M is a bounded
domain and g : Q — B,(p) has finite energy. Then there exists a harmonic map
u € C?%(Q, N) with u|lpq = g. Moreover, at 0, u is as reqular as g and 0§ permit.

To prove this theorem, we first need the following maximum principle for mini-
mizing harmonic maps (cf. [102] Lemma 4.10.1).
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Lemma 3.1.8 Suppose that By and By, By C Bi, are closed subsets of N, and
7 : By — By is a Cl-retraction map such that

|Vr(v)| < |v| if 0#£veT,N, € By \ By.

If h : Q — By is an energy minimizing map with a given boundary value g : 9 — By,
then h(Q) C By.

Proof. Since 7|pg, is the identity map, we have (7o h)(2) C By and 7o h|pq = h|aq.
Hence the minimality of A implies

/|Vh|2 < /|V(mh)2
Q Q
- / VAP + / V(R V2
4 Qo

< / |Vh|2+/ |Vh|2:/|Vh|2
91 Qo Q

if Qo has positive Lebesgue measure, where Q0 = {x € Q | h(x) € By} and
Qy = Q\ Q. Therefore 25 must have zero Lebesgue measure and h(2) C By.
O

Proof of Theorem 3.1.7.

Let r1 € <r, ﬁ) be such that B, (p) C N is also a regular ball. Consider

minvev/ |Vv[?, where V = {v e H'(Q,B,,(p)),v|on = g} -
Q

By the direct method, there is a minimizing harmonic map v € V.

Let By = B,(p) and By = B,,(p). Then By C B;. Moreover, there exists a
Cl-retraction map 7 : By — By that is distance decreasing in B \ By. Hence the
assumptions of Lemma 3.1.8 are satisfied. Therefore u(2) C By. We claim that
u is a weakly harmonic map. In fact, since for any n € C3(,RY) (I = dim(N))
(u+tn)(Q) C By, (p) for [¢| sufficiently small, we have

d :
o [ 9l =0,

Finally we can apply Theorems 3.1.3 and 3.1.6 to deduce both the interior and
boundary regularity of u. a

Remark 3.1.9 If B.(p) C N is a regular ball, g € C°(Q2, B.(p)) N H(Q, B,(p)),
then there is a unique harmonic map u : @ — B,(p) with u|pg = ¢, which is also
a minimizing harmonic map. This is a consequence of the uniqueness theorem by
Jager-Kaul [108].
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3.2 Weakly harmonic maps in dimension two

For domain dimension n = 1, the regularity of a weakly harmonic map is immediate
from the geodesic ODE. For n = 2, the problem is much more difficult. Here
the regularity was established for energy minimizers by Morrey [145] in 1948, for
conformal harmonic maps by Griiter [75] in 1981, for stationary harmonic maps
by Schoen [166] in 1983 and finally for general weakly harmonic maps by Hélein
[90, 91, 92] in 1991. In the section, we will present a proof of Hélein’s regularity
theorem. The interested readers should also consult with [93] where many powerful
analytic techniques were presented.

Theorem 3.2.1 For a Riemannian surface M with OM = (), ifu € HY(M,N) is a
weakly harmonic map then w € C*(M,N).

Hélein [90] first discovered this theorem for a round spherical target manifold
N = 8I=1 < RE, in which he made a crucial observation that the nonlinearity
|Vul?u exhibits a Jacobian determinant structure and hence belongs to the Hardy
space H'(R?) through earlier results by Coifman-Lions-Meyers-Semmes [35], a much
better space than the usual L!(R?). More precisely,

Lemma 3.2.2 Let Q C R" be a bounded domain. If u € H'(Q,S*1) is a weakly
harmonic map, then for any 1 < i,j < L, V¥ = Vu'u) — Vuiu® € L*(Q,R"), is
divergenc free (i.e., div(V¥) = 0 in the distribution sense). Moreover, u satisfies

n
—Au' =Y "V VY, 1<i<L (3.17)
j=1
Proof. Since Au + |Vu|?u = 0, direct calculations give
div(V¥) = div(Vu'e! — Vilu') = Au'e! — Auu’
= |Vul*uw'u' — |[Vu*u'u’ = 0.

This implies V¥ is divergence free. To see (3.17), observe that since |u|? = 1, we
have Z]LZI w Vu! = 0. Therefore we have

L
AU = |Vu|2 i Zvuj . (uiVuj)
j=1

L L

= Z V' - (uiVuj — ujVui) = Z V! VY,

j=1 j=1

This completes the proof. O
Note that the right hand of (3.17) has a special structure, i.e., the product of

a curl free vector field and a div free vector field, and it belongs to H!, the Hardy
space, which we now define.
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Definition 3.2.3 A function f € L*(R") belongs to the Hardy space H!(R") if

fr(x) = sup (e % f) ()] € LH(R™), (3.18)

where n € C§°(R") is a function such that [p,n =1, n(z) = t7"n (%) for t > 0,
and

(1) @) = [

is the convolution of f by n;. We equip H!(R") with the norm

ne(z — ) (y) dy = / () f (- 1) dy

n n

I Fll# @ny = Nl Lr@ny + 1LF 1 21 ) (3.19)

The following is the Hardy space analogue of Calder6n-Zygmund LP-theory [192]
(1<p<+o0).

Theorem 3.2.4 For f € HY(R"), let ¢ € LY(R™) be a solution of
“Aé = f inR".
Then V2¢ € LY(R™) and
HV2¢HL1(Rn) < Clfllp ) - (3.20)
We also have the following theorem due to [35].

Theorem 3.2.5 For 1 < p < +oo and ¢ = ﬁ, suppose h € WHP(R™) and G €
Li(R™, R") is a divergence free vector field. Then the function f := Vh-G € H'(R").

Moreover, there exists a positive constant C,, depending only on n such that

[ £ll+@ny < Cullbllwire@e) |Gl pa@ny)- (3.21)

For the need of later development, we recall the definition of Lorentz spaces on
R™ (cf. [93, 198]).
Definition 3.2.6 Let @ C R"™ be an open subset, p € (1,4+00), ¢ € [1,+00]. The
Lorentz space L9 (Q) is the set of measurable functions f :  — R such that
1
0+°°(t%f*(t))q%) T 1< g < oo

1
tr tH if g = +
f(t) Lo | Ta=F00

Hf”L(p,q)(Q) =

is finite, where f* : [0,]2|) — R denotes the nonincreasing rearrangement of | f| such
that
Hz € Q| [f(@)] = s} = [{t € [0,]Q]) | f*(t) = s}, Vs > 0.

For any p > 1, L(P% can be viewed as a deformation of L. In fact, there holds
Lwr) = pp ) -« p0d) c [2d") c [(040) if 1 < ¢/ < ¢

Moreover, for any p € (1,400) and ¢q € [1,400] we have LT 71) is the dual of
L)

Now we have the following embedding theorem.
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Theorem 3.2.7 Forn > 2, WHL(R™) is continuously embedded in L(ﬁ’l)(R").

Proof. See [198] for more details. Here we sketch the proof from [93] (page 142-
143). Without loss of generality, assume f € C5°(R"). Let f be the nonincreasing
rearrangement of |f|. Then we have

f*(aln)r®) = f(r), a(n) = H"(By).

Hence we have

[own = [ e
:/0+OO (/Snl—g—fr"_ldH”_1> dr

+o0 £
— _Hn—l(Sn—l)/ —%7’”_1 dr
0

T

+oo
- (n— n—1/agn—1 Arrn—2 v
— (n— DH"(S™Y) /0 ey

oo n=1l ., dt
| esred
0
2 C)ISN 20 g

3=

= (n—1)a(n)
)
This proves the lemma. O

In order to present the proof of Theorem 3.2.1 for N = SE~! we need one last
theorem.

Theorem 3.2.8 If f € H'(R?) has compact support and Vf € LZD(R?), then
f € COR?).

Proof. Note that K(x) = % log |71| is the fundamental solution of the Laplacian
equation in R? i.e., —AK = dp in R? in D'(R?). Its derivative

VK(z)=———5
belongs to L(2>)(R?).
Let’s assume, in additions, f € C§°(R?). Then we have

flz) = do(r —y)f(y)dy

RQ

= = [ AKG@=)f)dy

=~ | VK@=1)- Vi) dy (3.22)
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this implies that

||f||L<>°(R2) < Su@ VK (z — ')HL(2»00)(R2) ||Vf||L(2,1)(R2)
A

< C ||Vf||L(2,1)(]R2) . (3.23)

For any f € H'(R?) with supp(f) compact and Vf € L1 (R?), by the density
theorem we have that there are {f;} C C§°(R?) with supports contained in a compact
set such that

Jim (£ = flln ey + IV = Dll e g ) =0
Hence applying (3.23) with f replaced by f; — f; we have
1fi = fillLe 2y < CIV(fi = filllLen @2y

so that {f;} € L*>(R?) is a Cauchy sequence. In particular, f is a uniform limit of
a sequence of uniformly continuous functions in R? and hence f is continuous. O

Proof of Theorem 3.2.1 for N = St—1:

Since the regularity is a local property, we assume that M = B C R? is a unit ball.
For 1 <4,j < L, let V¥ € L?(B,R?) be the divergene free vector fields given by
lemma 3.2.2. Let @& € H'(R?,R*) be an extension of u such that IVl 2gey <

C[|Vull12(p) , and Vil e L?(R%,R?) be an extension of V¥ such that

div (f/ij) —0, Hf/ij (3.24)

L2(R2) <¢ HVZ']'HLQ(R?) :

The existence of such V% can be obtained as follows. Since div(V%) = 0 on B, there
exists ¢ € H'(B) such that

y fole) 0 )
Vi —
N <8m2’ 8m1> i B.

Let ¢ € H'(R?) be an extension of ¢ such that

¥4

gy =€ VOl L2(5) -

Then Vi = (8—(13 8—‘2’) satisfies (3.24).

Oz’ - ox1

For 1 <i < L, let v* € L'(R?) be a solution of

L
—Av' ="Vl -V in R, (3.25)
j=1
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By Theorem 3.2.5 and Theorem 3.2.4, we have that V2v' € L'(R?) and

HvQUZ'

HLl(RQ) HI(RQ)

<C Z V4] oy 1V 2y < C IV ullZ2s)
j=1

< OZL:HWJ-VU

<CZHV

L2(R2?)

Hence Theorem 3.2.7 implies that Vo' € L(>1)(R?). Hence by Theorem 3.2.8 we
have v’ € C’I%C( 2).
Let w* = u — v’ : B — R. Then it is readily seen that

Aw' =01in B

so that w® € C°(B). This implies that u € C°(B, S'~!) and hence u € C*(B, S*1)
by the higher order regularity theory for harmonic maps. O

It is clear that the symmetry of S¥~! plays an important role in the proof. For
general target manifolds N without symmetry, Hélein [92] has developed a moving
frame approach to the regularity issue of harmonic maps which we will present as
follows.

Since a harmonic map u : M — N is invariant under a totally geodesic, isomet-
rically embedding ® : N — N (ie, &« = Pou: M — N is harmonic), suitably
choosing N and ® can yield that the tangent bundle TN lo(v) is trivial, so that
there exists an orthonormal tangent frame {é,} of N on ®(N). Hence €a = €4 01,
1<a<L dim(N ), is a moving frame along 4. Because of this reduction, one can
always assume that there exists an orthonormal frame {é,}, 1 < a < k = dim(N),
of w*T'N, the pull back tangent bundle of N, such that

max ([ Va2 < C IVl paqas (3.26)

By suitably rotating this frame, one then obtains a Coulomb gauge frame of u*TN.
More precisely, we have

Lemma 3.2.9 There exists an orthonormal frame {ey}, 1 < a <k, of u*TN, such
that

div((Veq,eg)) =0 in M, 1 <a,B <k, (3.27)
and
max / Veq|? < C/ Vul®. (3.28)

1<a<

Proof. Denote SO(k) C R¥** as the special orthogonal group of order k, and define

HY(M,SO(k)) = {R e HY(M,R**) | R{(z)R(z) = 1), detR =1 a.c. x} .
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For any R € HY(M,SO(k)), let e, = 22:1 R.3és, 1 < o < k, be another orthonor-
mal frame of v*T N, and define

k
BB = 3 [ [(Vea el

O‘vﬁ:l

Now we consider the minimization problem:
min {E(R) | R € H' (M,SO(k)) } (3.29)

It was prove by [9] that E(R) is sequentially lower semicontinuous with respect to
weak convergence in H'(M,SO(k)) and there exists R € H'(M,SO(k)) (see also
[93] page 173-176) such that

E(R) = min {E(R) | ke HY(M, SO(k:))} .

By a simple comparison, we have E(R) < E([j) so that

k
E(R) < /Véa2§0/ Vul?.
(R) ;Ml \ Ml |

Note that .

Ve, = Z(Vea, eg)es + (Vea)L,
B=1
where (Ve,)t € (T,N)* denotes the normal component of Ve, and can be esti-
mated by
((vea)i( < C|Vul.

Hence we obtain (3.28). Direct computation of the first variational formula of E(R)
implies (3.27). O

Now we are ready to present the elegant proof of Theorem 3.2.1 by [92].
Proof of Theorem 3.2.1 for general N:
Assume M = B? ¢ R? and
[ vk <d
B2

for some small ¢g > 0 to be determined later. Let {ey}, 1 < a < k, be the
Coulomb gauge frame of u*T'N obtained by Lemma 3.2.9. For 1 < a, 8 < k, denote
wap = (Veq,e5) as the connection of w*TN. Since div(wag) = 0 in B2, there is
bap € HY(B?) such that

- a¢a6 _a¢a6 . 2
W3 = < oy O, in B~ (3.30)

Therefore we have

Apop = <86a 86“> - <86“ 86“> in B2 (3.31)

Oz’ Oy Oz’ Omy
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Let &, be an extension of e, to R? such that

IVeall 2@z < CllVeallz2(pey -

Then by Theorem 3.2.5 we have that <g%‘j, g%‘> - <g%, g%‘;> € H'(R?). Hence if
we let 1,5 € W21(R?) solve

e, Oéy e, Oéy
A aff = 1. v 9. - a. 4. />
v A <8.731 0xa > <8a:2 0xy >
then Theorems 3.2.4 and 3.2.7 imply that V.5 € LD (R?) so that we can assume
that Voas € LY (B2) (since A(¢aps — as) = 0 in B?) and hence w,g € L1 (B?)
with
||Waﬁ||L(2,1)(B2) <C ||VUHL2(B2) < Ceo. (3.32)

Now we use the complex notations. Let

0 .0 0 0 .0

S e A Sl ER R

and set 3
Aa:<—u,ea>, 1<a<k,
0z
Oe
wg = <a—;,eﬁ>, 1<a,8<k.
Then the harmonic map Equation (1.8) for u can be written as
DAY &,
W:Zwﬁfl,lgagk. (3.33)
=1
Putting
.Al 0 w% wl}:
) w? 0 - w,%
A= : eC’, w= o ) . | €SO(k) ®C,
k Do " :
A Wl w? 0
we can write (3.33) as
O _ A B (3.34)
0z ' '

Note that by (3.32) we have that w € L1 (B2,SO(k) ® C) and extend w to C by
taking the value 0 outside B2. Then we have

||W||L(2»1)(R2) < Ceo. (3.35)
We now define a linear operator T : L>°(C, Ck**) — L>°(C, Ck**) by

1)) = () w8) ) () = [ 2B,
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Since — € LZ:>)(C), we can apply the duality between L2 (C) and L(>>)(C) to
conclude that T maps L>°(C,C**¥) continuously to itself, with the operator bound

1
mZ

1
[wll L) < Cea < 5 (3.36)

1T <
L) () 2

provided that eg is chosen to be sufficiently small.
It is easy to see that % (T'(B)) = wB. Hence any solution B of (3.34) is also a
solution of
B—T(B) =h, (3.37)

where h : C — CF** is a holomorphic function. Using a fixed point argument, we
can conclude that for h = I, the identity matrix of order k, (3.37) has a unique
solution B € L>(C,CF*F) such that

—

1B = Lell ooy < 5

[\3

In particular, B takes values in the nonsingular matrices, GL(k, C). Furthermore, it
is easy to see that B is also a solution of (3.34).

Let B~! be the inverse matrix of B. Then it follows from (3.33) and (3.34) that
we have

0

1
g( 0B 45194

1
B A) 0z 0z

B Hw—-w)A=0 in B?

where we have used the fact that

OB _ 1B

- 1
57 93 B t=_-B"1u.

Hence B~ A is holomorphic in B? and is locally bounded. This implies that A is
locally bounded in B2, i.e. u is locally Lipschitz. Therefore Au € Ly (B2) By the
LP-theory and the Sobolev embedding theorem, we then have u € C 1 5(B2) for some
0 < 0 < 1. By virture of higher order regularity theory, we have v € C*°(B2% N). O

Remark 3.2.10 For a Riemannian surface M with boundary M, the boundary
regularity of weakly harmonic maps under Dirichlet boundary data has been proved

by Qing [156].

3.3 Stationary harmonic maps in higher dimensions

Weakly harmonic maps into manifolds whose sectional curvatures are either positve
or changing signs can have wild behaviors in higher dimensions (n > 3). An example
constructed by Riviére [160] shows that there exists a weakly harmonic map from
B? to S? which is singular everywhere in B3. On the other hand, there have been
several important partial regularity theorems, due to Evans [45] and Bethuel [11], on
the class of stationary harmonic maps. In this section, we will present these results.
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Definition 3.3.1 A weakly harmonic map u € W42(M, N) is stationary harmonic
map, if it is a critical point of E' with respect to the domain variations, i.e., for any
family of differeomorphisms Fy € C1(M x [-1,1], M) with Fy(z) = x for x € M and
Fy(z) =« for any x € OM and t € [—1, 1], we have

d
Zpl=0 /M IV (uo Fy)|2 dvg = 0. (3.38)

Note that the differeomorphisms F; take the form F; = e!X, where X is a smooth
tangent vector field with compact support on M. Write E(u = E4(u) to indicate
the role of the metric g. Then it is easy to see that, by a change of variables, we
have

Eg(uo Fy) = EFt*g(u)a

where F} g is the pull-back of the metric g by F;. By direct computation, we have

Eat ey (1) = Earg) () + ¢ /M (Lxg) Sij () dvg + o(t), (3.39)

where
1 ou Ou
Sij(u) = 5 [Vul? gij — <—$ B >

is called the stress-energy tensor, and L x is the Lie derivative in the direction of X.
Since (S;;(u)) is symmetric, we have

<29ikVaLXj + LXgij> Sij(u) = 0.
Tk

Hence, by integration by parts, we obtain the following stationarity identity.

Proposition 3.3.2 A map u € Wh2(M, N) is stationary harmonic map iff S;;(u)
s covariantly divergence free, i.e.,

2 (gikskj(u)) —0, V1<j<n. (3.40)

Remark 3.3.3 (i) If M = Q C R" and g is the Euclidean metric, then, since the
covariant derivative becomes the ordinary derivative, the stationarity identity (3.40
becomes a system of n conservation laws:

3 M:Q 1<j<n
1<i<n

in the sense of distributions. Namely,

/Q {|Vu|2div(Y) — 2 (uz, uy) Yg} dr =0, forallY € CL(Q,R").  (3.41)
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(ii) if n = 2 then (S;j(u)) is trace free. Moreover, if z = x1 + izy is a local,
conformal coordinate on M, then we can identify S;;(u) with the quadratic form
S = S;j(u) dx; dr; so that

(9u 2 2 8u 8u
95 — gu gu Ly
S Re{( e | — |8 | — <8x1 8x2>>} ReH

where H is the Hopf differential of u given by

ou Ou
H = h<8 e >dz

In particular, u is a conformal map iff S = 0.

A very important property of stationary harmonic maps in dimension two is the
following fact.

Proposition 3.3.4 If u € WY2(M?, N) is a stationary harmonic map, then its
Hopf differential 'H is holomorphic and hence smooth.

Proof. For simplicity, assume (M2, g) = (2, go) with Q C R? a bounded domain and
go the Euclidean metric. For ¢ € C}(), letting Y (z,y) = (¢(z,),0) and pluging
it into (3.41), we obtain

/Q ((uyl* = o) b2 — 2 (uauy) ¢y) dady =0.

Similarly, choosing Y (x,y) = (0,9 (z,y)) for ¢ € CL(2), we get

These two identities imply that (|us|? — |uy|?) — 2i (ug, uy) satisfies the Cauchy-
Riemann equation in the distribution sense. Hence, by Weyl’s lemma [145], H is
holomorphic and hence smooth. O

Corollary 3.3.5 Ifu € W12(S% N) is a stationary harmonic map, then u is con-
formal, i.e., |uz|? — |uy|* = (ug,uy) =0 where (z,y) is a local conformal coordinate
on S2.

Proof. Let II : S? — R2 be the stereographic projection map, and v = uo II"! :
R? — N. Then v € WI2(R% N) is also a stationary harmonic map. Hence
H(2) = (Jvz|? — |vy|?) — 2i{vy,vy) € L*(R?) is holomorphic. By the Liouville theo-
rem, we conclude H = 0. This implies that v, and hence u, is a conformal map. O

For n > 3, we have the following monotonicity formula for stationary harmonic
maps derived by Price [155].
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Proposition 3.3.6 For n > 3 and Q C R”, if u € WY2(Q,N) is a stationary
harmonic map, then for x € Q and 0 < r < R < dist(z, 0N), it holds

s I T
Ba(e) B@)

2
=2/ y— o |2
Br(@)\B, ()

. 3.42

Ay — x| (342

Proof. Assume x = 0. Let n. = n(|z|) € C§°(B,) be such that n. = 1 for |z] <
(1 —€). Let Y(z) = ne(x)x, we have

T3 g

¥ (@) = ne(l)d; + nellal) 75

divY” = nne(|z]) + n.(|z])]z].
Hence by (3.41), we have

2

ou
1Vl (0= 2nellal) + 2 el)lel) =2 [ ni(laDlel 5
Sending € to 0, this implies
2 2 (9u 2
(2—n) |Vu|* +r |Vul® = 2r —1,
B, 0B, 0B, |Or
or equivalently,
4 r2_”/ Vul|? | = 2r2_”/ |@|2
dr B, OB, or
Integrating it from r to R leads to (3.42). O

Remark 3.3.7 (i) It is clear that
{ minimizing harmonic maps } ; { stationary harmonic maps }.
By [19], if g(z) = 22 : 82 ~ C2 — S? and u(z) = g(&) : R® — 52, then u is a

|z
stationary, non-minimizing harmonic map.
(ii) Any C%-harmonic map u : M — N is a stationary harmonic map.

Proof. For (ii), assume M = Q C R". For Y € C}(Q,R"), multiplying (1.8) by
Y - Vu and integrating over €2, we have by integration by parts

0 = /(Au,Y-Vu> dx
Q
— / (div(<Vu,Y - V) = (ui, wy) Y] = <ui’uji>yj) d
Q

. 2 .
= —/ (uj, u;) Y? da:—/ <ﬂ> Y7 dx
Q a\ 2 /;

1 .
:—/ |Vu|2didex—/ (ui, uj) Y7 da.
2 Jq 0
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This yields (3.41) and hence u is stationary harmonic map. O

For stationary harmonic maps, we have the following partial regularity theorem.

Theorem 3.3.8 Forn >3, ifu € WY2(M, N) is a stationary harmonic map, then
H"2(sing(u)) = 0 and u € C(M \ sing(u), N).

Remark 3.3.9 Theorem 3.3.8 was first proved by Evans [45] for N = St—1 C R
and then by Bethuel [11] for any Riemannian manifold N C R”. An alternative
simpler proof of the main theorem of [45] was found by Chang-Wang-Yang [24].
Very recently, Riviére-Struwe [163] have improved [11].

In this section, we will present the proofs by [45] and [11]. First, introduce the
Morrey space MP"™ 7P for 1 < p <n.

Definition 3.3.10 For 1 < p < n and an open subset U C €2, a function f € LP(U)
belongs to the Morrey space, MP""P(U), if

1FI iy = sup 4777 / P < oo
MpmmPO) 7 g e By (x)

It is clear that MP""P(U) equipped with the norm || - || syp.n-»(ry is @ Banach space.

Note that L*(U) = M™%(U) ¢ MP"P(U) for any 1 < p < n. On the other
hand, from the point of view of scalings a function in MP"~P(U) behaves exactly
like a function in L™(U).

We also need to introduce BMO spaces.

Definition 3.3.11 For any open subset U C R", a function f & LIOC(U) belongs to
the BMO space, BMO(U), if

Br(z)cU

[fIBMO@) = sup {r‘”/B " |f = fml} < +o0,

where fo, = |Brl(x)| fBT(x) f(y)dy is the average of f over B,(x). It is clear that
HBMO(U) is a seminorm on BMO(U).

We need the duality between H'(R") and BMO(R"), due to Fefferman-Stein [57].

Lemma 3.3.12 Suppose f € H'(R"), g € L*(R",R") with div(g) = 0, and h €
BMO(R™). Then (Vf - g)h is integrable in R™ and the following estimate holds

/n(vf : Q)h‘ <C ”foL2(R") ”9HL2(R") [h]BMO(R")- (3.43)

Proof. Since g € L?(R") is divergence free, it follows from Theorem 3.2.5 that
Vf-geH(R") and

IVf- gH’Hl(R") <C ”Vf||L2(Rn) ”9”1:2(]1&”) : (3.44)
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By Fefferman-Stein’s theorem [57], the dual space of H(R™) is BMO(R™). Hence
(3.43) follows from (3.44). O

Note that if u € H'(2, N) is stationary harmonic map, then (3.42) implies that
for any ball By, (z) C Q, Vu € M?>"~%(B,.(r)) and

2
IVull przon-2(p, (2 < C (1"2_”/ |Vu|2> :
Bay(z)

Hence, by the Poincaré inequality and Holder inequality, we have

WBMOB, @) < ClIVulapn-1s, @) < CIVUulypn-2p, @)

1

2
< c(ﬂ—n / \Vu]2> . (3.45)
Bar(x)

Proof of Theorem 3.8.8 for N = St=1
By localization, iteration and application of Lemma 2.1.10, it suffices to show the
following €g-decay lemma.

Lemma 3.3.13 There are €g = €g(n, L) > 0 and 0y € (0, 3) such that if u: By —
SL=1 s a stationary harmonic map satisfying

/ |Vu|2 do < 6%
B>
then

1
93—"/ Vul? < 5/ |Vul?. (3.46)
B By

)

Proof. First (3.45) implies that

1
2
[uBMO@B,) < C (/B |VU|2> < Ce.
2

Next by Lemma 3.2.2 we can write the harmonic map equation of u as

Av'= )" Vul VY in By, 1<i<L, (3.47)
1<G<L
for a vector field V¥ = (ij,---, W) € L%(By,R"), with div(V¥) = 0, and

IVl 228,y < ClIVullr2(s,)- o
Let @ be an extension of u to R" such that ||V z2@ny < C|Vul 12¢p,), and V¥ be
an extension of V% to R™ such that

div (f/ij) —0in R",

o

iy <€
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By Lemma 3.2.5 we have Y7, Vi/ - V& € HY(R") for 1 < i < L, and

vl - Vi < C V| g2 gny || V7
mzéLH HIRY 13%‘:SL” lz2ery ‘ L2®?)
< C ||Vu||%2(31) (< C’e%) (3.48)

We now let v : By — R” solve the Dirichlet problem
Av = O, in Bl
v = wu, ondBj.
By Lemma 3.2.5 and Lemma 3.3.12, we obtain

/B|V(u—v)|2 = Y [ v Vi)

1<ij<r’ B

CZ‘

1<ij<L

< C’eo/ |Vul? dx
By

vl - v

IN

@) lu = vllgymos)

where we have used the fact

[u = vIBMOB,) < 2[UIBMO(5,) < Ceo-

Since v is harmonic, by the standard estimate we have that for any 6 € (0,1),

02_”/ \Vol|? da
By

IN

02|V 0l i) < 092/3 Vof? da
1

IN

002/ \Vul? da.
By
Combining these estimates together, we obtain

1
62" / Vul? de < (C*"eq + 6%) / Vul?dz < 5 / |Vl dz.
By B 2 B

Therefore if we choose 6 = 6y < (40)_% and ey < %96‘_2 then we obtain (3.46). O

Proof of Theorem 38.3.8 for general N:
By utilizing the Coulomb gauge frame construction developed by [92], Bethuel [11]
has extended the argument by Evans [45] to show the partial regularity of stationary
harmonic maps into target manifolds without symmetry. Here we will outline a
slightly different proof of [11].

The crucial ingredient is the following decay lemma.

Lemma 3.3.14 Under the same assumption of Theorem 3.3.8, there exist eg > 0
and 0y € (0,3) such that if Bo,(z) C Q and

(22" / Yl < &, (3.49)
Bay ()
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then
1
HquMl’"_l(Beor(I)) S 5 HVUHML”—l(BT(x)) . (350)

We first need a Hodge decomposition of vector fields (cf. Iwaniec-Martin [101]).

Lemma 3.3.15 For any 1 < p < 400 and a ball B C R", let F € LP(B,R"™). Then
there ezist G € Wol’p(B) and vector field H € LP(B,R"™) that is divergence free such
that

F=VG+H in B, (3.51)

and
IVGllr() + 1Hl ey < ClIF | 1r(B) (3.52)

where C' > 0 depending only on n and p.
Proof. 1t is standard that there exists a unique solution G € WOl P(B) of
AG =div(F) in B, (3.53)
which satisfies the estimate
IV 105y < CIVFll o

Now set H = F — VG. It is easy to see that div(H) = 0 in the distribution sense,
and

12 oy < (IFll o) + IVGllLr(s)) < CIVF|Los)-
This completes the proof. O
Next we need a dual characterization of Vf € LP.
Lemma 3.3.16 For 1 <p < 400 and a ball B C R", let f € WOI”’(B). Then there

exists C > 0 depending on n and p such that

19 luncey <sup{ [ V19010 W B), VAl <Cb 35

where p' = =y

Proof. Note first that there exists F' € L¥ (B, R"™), with ||F||Lp/(B) = 1, such that

19l = /B Vf.F

Applying Lemma 3.3.15 yields that there are G € Wol’p,(B) and H € L (B,R")
with div(H) = 0 such that
F=VG+H in B,

VGl o5y < CIEN o (5) = C-
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Hence, by integration by parts and using div(H) = 0, we have

/BVf~F - /BVf-(VG+H)

= /BVf-VG.

This gives (3.54) and completes the proof . O

Proof of Lemma 3.3.14:

For simplicity, assume = 0, 7 = 1 and By C §2. For any ball B,(z) C B, by
Lemma 3.2.9 there is a Coulomb gauge frame {e,}, 1 < o <, of u*T'N over B,(z)
such that

I
Z IVeallz2(s,(z)) < ClIVullL2(s,(2))- (3.55)
a=1

Let n € Cg°(R™) be such that 0 <7 < 1,7 =1 on Bs,(2), n = 0 outside B,(z), and
4

|Vn| < 8p~!. Denote u,, as the average of u over B,(z). For 1 < a <, consider
the vector field ¢* = (V(n(u — u,)),€q) : By(2) — R™. Note that by the Poincaré
inequality we have

16%1 2B,y < IVUll 25,2 - (3.56)

Applying Lemma 3.3.15, we have that g® € H}(B,(z)) and h® € L?(B,(z),R") such
that div(h®) = 0 in B,(2),

¢% = Vg® + h® in B,(2), (3.57)
and
Vol L2(B, ) + 1A 228, (2)) < CllO* 2B, (2)) < ClIVUllL2(s, ).  (358)
Taking divergence of both sides of (3.57), we have
Ag* = div(¢®) in By(2),
which implies that in By (2) (using the fact that u is weakly harmonic)

Ag® = div((Vu,eq)) = (Vu, Vey)
l

- Z (Vu(Vea, eg), es) - (3.59)
5=1

Decompose g in By (z) as follows:
g% =91 +95 in Bs(2), (3.60)

and
Agy =01in By (2), g5 = ¢g“ on OB, (2). (3.61)

We estimate g (i = 1,2) and h* as follows.
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Step 1. Estimate h®:
Using (3.57) and div(h®) = 0 and integration by parts, we have

N T O B N
BP(Z) BP(Z) Bﬂ(z)
- / (V(n(u— uzp))sea) - B
Bp(z)

= - / (77(“ - Uz,p)a Vea> - h%.
Bﬂ(z)

Let é, be an extension of e, to R™ such that

HVéa”LZ(Rn) < CHV%HLQ(BQ(Z))’

and h® be an extension of h® to R” such that

div(h®) =0 in R, ||A%(|2(gn) gcnhanp(%(z)).

Then we have

l
/ |ha‘2 = _Z/ (n(u_uz,p)7Véa> -h?.
Bg(z) B=1 "
Since Vé, - h* € HY(R") and n(u — uz,,) € BMO(R"), we have

/ P < c Hvéa-ﬁ“ [(uw = uzp)IBMO@n)
Bg(2)

H1(R™)

|
L2(Rn)
C HVBQHLQ(Bg(z)) ”haHL2(B§(z)) [7(w = w2,0) I BMO &R -

IA

ClIVéall 2 @n)

[7(uw = uzp) BMO®n)

IN

Now we claim that

[n(u— UZ,p)]BMO(Rn) <C HVUHMLnfl(Bl) : (3.62)
To prove (3.62), let zp € Bs,(z) and 0 < r < £ so that B,(z) C B,(z). We first
4

have

< sup (@) —n(y)| (v — vzp) 0]
B (z0)

1
(L / = s |
P r By (z0)

Cp! / u—uzp["
Br(20)

C (p_"/ lu — uz,p|")
Bﬂ(z)

C [U]BMO(Bl) < C ||Vu||M1,n_1(Bl) 5

sup |(n(u — UZ,p))zo,r —n(u— UZ,p)ZOJn
By (z0)

IN

IA

IN

IA
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where we have used the Holder inequality in the last two steps and John-Nirenberg
inequality [109] (using the fact that u € BMO(B))), namely

(L)
Bp(2)

in the last step.
Therefore we obtain, for zg € Bs,(2) and 0 <r < £,
4

3=

< C,O_n/ lu — Uz,p‘ <C [U]BMO(BU
By(2)

/ ) = (=
20

< T_n/ nlu— UZOJ“| + sup [(n(u — UZ,p))ZO,T —n(u — UZ,p)ZO,T‘
Br(z0) Br(z0)

<o / [ = tzg o] + C IVl 101
By (20)

<C ||VUHM1,n_1(Bl) .

A similar inequality holds trivially for either zy € Bs,(z) and r > ’Z), or zg €
4
R™\ B3, (z) (since n = 0 outside Bz, (z)). Hence (3.62) follows.
4 4
Applying (3.62) and using the Holder inequality, we obtain

1
2

pl—n/ ‘ha| < p2—n/ ‘ha|2
Bg(z) Bg(z)
1
2
< C<P2_"/ |VU|2> [Vullarin-1(y)
Bﬂ(z)
< C’eo||Vu||M1,n71(Bl). (3.63)
Step 2. Estimate Vg{
Note that
k
AgY = Z (Vu(eq,ep),e3) in By (z) (3.64)
g = naBg< 2).

By Lemma 3.54, we have that for 1 < p < % there is £ € W()Lp/(Bg(Z)) with
HVSH Lo/ (B4 () < C such that

V65 (5, o)) = / Vi - VE.
2 Bp (2)
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Multiplying (3.64) by & and using integration by parts and div ((Veq,eg)) = 0, we

have
V68 1oz ) = Z /B u(Vea,eq) - V(ees).
Let 4 be an extension of u to R™ such that
[aBMO®n) < C [U]BMO(Bg(z)) (< ClIVullprin-1(ay))
and we be an extension of (Vey,eg) to R™ such that
div(weg) =0 in R",
lwasllz2@ny < O||<vea’eﬁ>||L2(Bg(z)) < C||Vull 2B, (2))-

Then we have

Vo8 lnisgn = —Z / (i wag) - V (€ep)

IA

C Z lwags - V(€es) 1 wn) [ BMO &)
B=1

IN

C Y lwasllr2@n IV (Ee) L2 @m @l BMO @n)
p=1

IN

Note that since 1 < p <

_n_
n—1"

p
embedding theorem, we have that £ € W0 ' ( 5( ) cc' (Bp( )) and

-2

€123y ) < €27 IVE Ly 2 < Co' 7

Therefore by the Holder inequality, we have

HV(fea)HLz(Rn) < [Vl L2 (Bg (2 ) T HVBBHLz (Bg(2)) HfHLoo (Bp(2))

IN

n__ n__
2 2

LAE]
s

IN

C (1 + ”VUHMQW—Q(Bl)) P < Cp

C (P F 1€ g + 07 IVl

c Z[U]BMO(Bg(z)) IVull 2B, (2)) IV (Eea) || L2 (rn)- (3.65)
p=1

we have p’ = L5 > n. Hence by the Sobolev

(3.66)
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Putting (3.66) into (3.65) and using the Holder inequality, we obtain

o / 968l < P IVGE s, o)
Bg(z) 2

1-245-1
oVl s, o Wlmos o)
n—2

cplrte )

IN

IA

€0 [U]BMO(B% (=)

IA

Ceo [U]BMO(Bg(z))
Ceo [[Vullpyprn-1(,) - (3.67)

IA

Step 3. Estimate Vg§
Since Ag§ =01in B 2 (z), by the standard estimate on harmonic functions we have

that for any 6 € (0, %),

(6p)'" / Veg| < Cop / V45|
Boy(2) By ()

< Copr / (V6| + Vg2 + |h])
Bp(z)
2

< copm /B IV =)+ Ceo I Vulon-sy
pZ

< O 0+ <o) [Vullypun-ip,) (3.68)

where we have used the Poincaré inequality, (3.67) and (3.68) in the last two in-
equalities.

Putting (3.63), (3.67) and (3.68) together gives that for any B,(z) C By and
0 €(0,3),

(9p)1—"/B TS0+ 040 7) [Vl sy (369
op(Z

Taking supremum of (3.69) over all B,(z) C By, we have
IVl prrn-1(y) < C (0 + €0 +0""€0) |Vt prn-s 3, - (3.70)

Therefore if we first choose 6y = 6 € (0, %) sufficiently small and then choose ¢
sufficiently small to ensure C (6 4 € + 6 "¢o) < 3, then (3.70) yields (3.50). The

proof of Lemma 3.3.14 is complete. o

Proof of Theorem 3.3.8:
Let x € Q and choose R > 0 such that Byr(z) C 2 and

(43)2—"/3 A
4R\T
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Then an elementary calculation yields that
(2R)*™" / |Vu|> < 27262, Yy € Byg(x).
Bar(y)
Hence (3.42) implies that for any r € (0, R),
r2_”/ |Vu|? < 277262, Yy € Bag(x).
BQT(y)
Applying Lemma 3.3.14 we deduce that there is 6y € (0, %) such that

1
VUl prn-1(B,, () < §||vu||M1»”—1(BT(y))a Vy € Bar(z).
Hence by finitely many iterations we obtain that for any y € Bog(x) and 0 < r < R,

7\ Q0
IVullsn-s, ) < € (F) 1Vullann-s (g0 (3.71)

\11<())gg;0\ € (0,1). This, combined with the Poincaré inequality, implies

that for any y € Bag(z) and 0 < r < R, we have

where o =

1

7 LT =
r\Y

so that u € C*°(Byg(z), N) and by the higher order regularity u € C*°(Byg(z), N).
O

Remark 3.3.17 When M # (), we can consider the Dirichlet boundary value prob-
lem of stationary harmonic maps with smooth boundary data ¢ € C°°(9%, N).
Wang [205] has proved a boundary partial regularity theorem: Under the additional
assumption that the corresponding boundary monotonicity inequality holds: there
exist 7o = po(OM,¢) > 0 and Cy = Cy(0M, ¢) > 0 such that for any a € OM and
0<r<R<rg,

e v [ v ron. @7
MNB;(a) MnNBg(a)

Then there exists a closed subset ¥ C M, with H"2(X) = 0, such that u €
C>®(M\ X,N).

3.4 Stable-stationary harmonic maps into spheres

In this section, we will discuss the class of stable-stationary harmonic maps that lie
between minimizing harmonic maps and stationary harmonic maps. The notion is
motived by that of minimal hyersurfaces by Schoen-Simon [170]. The theorems we
will present here extend [174] on minimizing harmonic maps into spheres. We only
consider N = 8% C Rk > 3.
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Definition 3.4.1 For k > 3, a stationary harmonic map u € W12(Q, S¥) is stable,

if in addition
d? U+t
o |7 <|u+t¢|>

It follows from §1.6 and [174] that (3.73) gives

2
>0 for all ¢ € CH(Q,RFF). (3.73)

-2
/ = kT/ |Vul>n?, for all n e C}(Q). (3.74)
Q Q

For stable-stationary harmonic maps, Hong-Wang [98] have proved the following
theorem.

Theorem 3.4.2 For k > 3, if u € Wh2(Q, S*¥) is a stable-stationary harmonic
map, then dimg(sing(u)) <n —d(k) — 1, where

3, k=3
dk) = {min{[g] +1,6}, k>4

and [t] denotes the largest integer part of t.

Remark 3.4.3 For k > 2, Schoen-Uhlenbeck [174] have proved Theorem 3.4.2 for
any minimizing harmonic maps. Since (3.74) is void for k£ = 2, it is unknown whether
Theorem 3.4.2 holds for stable-stationary harmonic maps into S2.

The crucial step to establish Theorem 3.4.2 is to establish the sequential compactness
among a family of stable-stationary harmonic maps. This is done by utlizing some
potential theory. More precisely, we have

Lemma 3.4.4 For any A > 0, let C4 consist of stationary harmonic maps u €
Wh2(Q, N) satisfying

/Q|vn|2 > A/Q |Vul?n? for all n € C§C(Q). (3.75)

Then Cy is sequentially compact in W12(Q, N).

Proof. Note first that (3.75) implies that C4 € W12(Q, N) is locally uniformly
bounded. Hence for any {u;} C Ca, we may assume that there is u € W1H2(Q, N)
such that u; — u weakly in W12(Q, N) as i — oo. Define the concentration set

Y= ﬂ {er:ligg}frz_n/B | V) 26(2)},
r>0 r ()

where €y > 0 is given by Lemma 3.3.14. Since u; satisfies (3.42), a standard covering
argument (see [166]) implies that ¥ is closed and

H"2(XNK)<oo, VKcCCQ.
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Moreover, by Lemma 3.3.14, we can assume that
wi—u in Cig N2 (Q\ T, N)

We claim that if H"2(X) = 0, then u; — u strongly in WH2(€2, N). To prove it,
we proceed as follows. Note that there exists a nonnegative Radon measure v on {2
such that

\Vug|? dz — |Vu*dz + v, as i — oo,

as convergence of Radon measures.
Denote p = |Vu|? dr + v. Then, by (3.42), we have

r? "1 (By(x)) < R* " (Br(x))
for any x € Q, 0 < r < R < dist(x,09Q). Hence

0" (u, ) = limr* ™" 11 (B ()

r—0

exists and is upper semicontinuous for any = € Q. Since v(2\ ) = 0, supp(v) C ¥.
It follows from the definition of ¥ that

€2 < 0" 2 (u,a), Ya € X.
On the other hand, we have, for any compact K CC {2,
0" 2 (u,a) < C(K,E), Yac ¥NK,

where E = sup |, |Vu;|? < co. In fact, for a € SN K and ro = tdist(a, 092), we
i

have
@”_z(u,a) < rg_"u (Byy(a)) = rg_” lim |Vu2-|2 < rg_”E.

1—00 Bro (a)

Now we have (cf. [48]) that for any compact K CC 2,
EH"2(XNK) < u(ENK)<CK,E)H" (2N K).

In particular, if H"~2(X) = 0 then p(X) = 0 and hence v(X) = 0, since 0 < v < p.

To prove H"2(X) = 0, it is sufficient to show H"“2(XNK) = 0 for any compact
K cc Q and hence we may assume that ¥ CC Q is compact. Since H"2(X) < oo,
it follows from that (cf. [48]) the 2-capacity of ¥, cap,(X) = 0. Therefore, for any
n > 0, there is ¢, € C5°(2, R) such that

S C int ({6 = 1), /Q\wnlkn.

For any a € X, there is 0 < §, < n such that (an‘BL;a (a) = % Since 3 is compact and
Y C UZBLG(a), there exists 0 < k,, < oo such that {Bs,, (ak)}l,znzl is an open cover
a€y s by
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of 3. By Vitali’s covering theorem (cf. [55, 48], there is 0 < I,, < k;, and mutually
disjoint balls {Bs,, (al)}g"zl such that
5

sc | Bs, ().

1<i<l,

By the definition of ¥, there exists a sufficiently large ¢, > 0 such that

5(1 2—n 62
<—l> / V> > -2, Vi> i, 1 <1<,
5 By, (@) 2

1
5

Hence for i > i,, we have

H)2(2) < ) 5{;1—2< Z /B |Vug)?

1<I<ls 1<i<ts ¥ Boay (ar)
25"
= 5 |Vul\2
€0 Ui<i<ty Bsg, (a1)

From (3.75), we have

/‘ Vul? < 4/ﬂvwﬁg
Ur<<i<iyBsa, (a1) Q
=5

< A_I/Q|V</>n\2§A_177.

Therefore

8. 5n—2
Hy (%) < .
" Aet
Sending n — 0, we obtain H" 2(X) = 0.
Since {u;} converges strongly to u, we conclude that u is stationary harmonic map
and also satisfies the stability inequality with the same positive constant A. The

proof is complete. O

Recently, Lin-Wang [132] have further improved Theorem 3.4.2 in the dimensions
k =4,5,6,7. More precisely, we have

Theorem 3.4.5 For k > 3, if u € W12(Q, S*) is a stable-stationary harmonic
map, then dimg(sing(u)) <n —d(k) — 1, where

3, k=3
) 4 k=4
d(k) =
5, 5<k<9
6, k
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Note that by direct calculations, we have ci(k:) > d(k)+1for 4 <k <7. The
proof of Theorem 3.4.5 is based on a new observation on a sharp improved Kato
inequality (3.78). First,we need

Lemma 3.4.6 Form >2 and k > 3, let ¢ € H*(S™, S*) be a harmonic map such
that ¢(z) = ¢(| |) R™+ — Sk is a stable harmonic map. Then

m— 1) k—2
A e - B e} 2o (3.76)

for allm e C°(S™).

Proof. Note that ¢ is homogeneous of degree zero. For any n € C®(S™), let
na(x) = n1(|$|)n(‘—£‘), where 71 € C§°(R;) satisfies

fo (n1(r)) 2 e fo (7' (r)) 2 r™dr
5 = inf 5
fo n1(r)2rm=2dr fo 7(r)2rm=2dr

(m—1°
4

| 7€ G5 ((0, +OO))}

Substituting 7 it into (3.74) and direct calculations then imply (3.76). O

Now we recall the Bochner formula for smooth harmonic maps between spheres
(cf. §1.5).

Lemma 3.4.7 For m,k > 2, if € C°(S™, S*¥) is a harmonic map, then

A(5IveR) = 907+ (- DIVoPR
— Y Vet IVesl? = (Veud, Ve, 0)*F (3.77)

1<a,B<m
where {eq}0" 4 is any local orthonormal frame of S™.

Next we need a sharp improved Kato’s inequality, which was also established by
Nakajima [149] independently when m = k = 3. For k = 1, it is a well-known fact
for harmonic functions (see Yau [214]).

Lemma 3.4.8 Let ¢ € C®(S™,S*) be a harmonic map. Then

V20| >

(3.78)

Moreover, the equality holds iff ¢ is totally geodesic.

Proof. By choosing normal coordinates at zo € S™ and ¢(zo) € S*, we have

|V2¢|2($0): Z Z (@525(330))2-

1<i<k 1<a,B<m
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On the other hand, since ¢ is a harmonic map, we have

D> Ghalzo) =0, VI <i<k

1<a<m

For any 1 < i < k, let {\}}1<a<m C R be the eigenvalues of (gzbgﬁ(xo)) such that
A < --- < |AL|. Then we have

VP = 3 Y (i

1<<i<k 1<a<m

and ‘
>N, =0, VI<i<k (3.79)

On the other hand, by the Cauchy-Schwarz inequality and (3.79), we have

2

i\2 1 i ()‘in)Q .
Z ()\a) Z m Z Aa = s 1 S (3 S k
1<a<m-—1 1<a<m-—1

so that

> 00 = )

1<a<m

By the Releigh quotient formula, we have for 1 <7 <k,

. 2
|)\ |2 Zlgagm <Zl§6§m ¢Zéﬁ($0)vﬁ>
sup )

{0£veR™} |v[?

Therefore, for 1 < i < k we have

Vo[ (00) V26 (00) = = 30 | D dhsleo)dhlan)
1<a<m \1<8<m
Taking sum of (3.4) over ¢ and applying the Cauchy-Schwarz inequality and the
Minkowski inequality, we have at xg,

2
IVOPIV2> = | D IVe P | D] IV = | ) VeIV
1<i<k 1<i<k 1<i<k

2
2\ 3

% 2| 2 | X s

1<i<k \1<a<m \1<B<m

= Y XX dheth | = IV, Vo)

1<a<m \1<i<k 1<B<m
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Since |V|Vo||? = LLLEIL  this yields (3.78).
Observe that equality in (3.4) holds at xg € S™ iff both the Cauchy-Schwarz

inequality and the Minkowski inequality are equalities. This implies

(i) ,
i i A ,
(i)
2412 2 ¢k
ST -
[Vl [V o]
(iii) V¢'(wg) is an eigenfunction of V2¢!(xg) with the eigenvalue ! | i.e.,
D dhs(ro)dl(wo) = Nl (wo), VI<i<k, 1<a<m, (3.82)
1<B<m
(iv)

D hs(r0)Ph(z0)(= A dh(70))
1<B<m
is independent of 1 <7< kand 1 <a <m.
Thus we have that V¢'(xg) = p*(1,---,1) for some p* # 0 for 1 < i < k. Note
that (i) and (ii) imply

M)’ )

(n')? (u*)?”
and (iii) implies
These two identities imply [A{| = --- = |\, |. Hence we have \i{ = 0 for all
1<a<m,1<i<k, ie V2¢(xg) = 0. This completes the proof. a

With these lemmas, we can prove the non-existence of certain stable tangent
maps, namely tangent maps at a singular point of a stable harmonic map. More
precisely,

Lemma 3.4.9 For m > 2 and k > 3, if p € C®(S™, S¥) is a stable tangent map,

(m=1)?% _ k=2
then am Z .

Proof. Direct calculations give
1
A (I70) = (901 [Vl + V1961

This, combined with (3.78), implies

4
m—1

AlVe| =

VIvol

-0 (1vel- LveP). sy

Integrating (3.83) over S™, we obtain

1 m — 2 m — 2
/Sm <|V|V¢!2|2 + %\Wﬂ) < % /Sm Vo[, (3.84)
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On the other hand, (3.76) implies
1 m— 1) k—2
L (wwettp+ P wa) 2 22 [ wep. s
Ssm Sm
Therefore combining (3.84) with (3.85) yields

k-2 (m—1)2 3
< k 4m >/Sm|v¢| =0.

(m—1)*
4m

Since ¢ is nonconstant, this implies k—f < . Hence the proof is complete. O
Proof of Theorems 3.4.2 and 3.4.5:

It follows from Lemma 3.4.4 that Federer’s dimension reduction argument is appli-
cable. This combines with Lemma 3.4.9 immediately implies the dimension estimate
of the singular set as stated in these theorems. O

Note that when m = k = 3, then Lemma 3.4.9 and Lemma 3.4.8 imply that if a
harmonic map ¢ € C*(53, $3) is such that qb(ﬁ) :R* — 83 is stable, then ¢ must
be conformal and totally geodesic and hence must be an isometry. In particular, we
have the following classification theorem (see also [149]).

Theorem 3.4.10 Suppose that ¢ € C°°(S3, 532 18 a nontrivial harmonic map such

that its homogeneous of degree zero extension ¢(z) = ¢(-%) : R* — S3 is a stable

|z|
harmonic map. Then
x

$(z) = Q) (3.86)

]

for some orthogonal rotation @ € O(3).

As a direct consequence of Theorem 3.4 is the following useful fact on stable-
stationary harmonic maps from R* to S3.

Proposition 3.4.11 For a bounded domain Q C R*, if u € HY(Q,S?) is a stable-
stationary harmonic map, then sing(u) is discrete, and for any xg € sing(u),

r—

02 (u, z9) = lir%r_Q/B( )|Vu|2 = g|s3|. (3.87)
r\Z0

If there exists ro > 0 such that fBTO (z0) |Vul?> = 3|S3|r3, then there ezists Q € O(3)
such that u(z) = Q ( =20 ) for x € By (xg).

|[x—x0|

Proof. The discreteness of sing(u) follows from Theorem 3.4.2. Moreover, it follows
from (3.42) and Lemma 3.4.4 that for any x( € sing(u) and r; — 0, there exists a
nontrivial smooth harmonic map ¢ € C°°(S3,5%) such that, after taking possible
subsequences,

lim
1—00

u($0+riaz)—¢<|i—|> =0, VR > 0.

i
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Hence ¢ (‘—io : R* — S3 is a stable harmonic map. Therefore implies ¢ = Q for

some @ € O(3) and
0% (u, z0) = /31 v <Q(|i_|)> - /Bl v <|i_|>

This implies (3.87). The second part follows from (3.42) and the first part easily. O

2 1 3
= 3(/ rdr)|S3| = |53
0 2

With Lemma 3.4.11, we can extend the corresponding theorems on the interior
energy bound on minimizing harmonic maps from B3 to S? by Hardt-Lin [84] and
Almgren-Lieb [6] to stable-stationary harmonic maps from B* to S3.

Theorem 3.4.12 Assume that v € H'(B* S3) is a stable-stationary harmonic
map. Then for any 0 < e < 1, there exist positive constants K, L. such that

(i)
2 / |Vul> < K., VB,(a) C By, (3.88)
By (a)

and (ii) the number of singularities of u in Bi_. is bounded by L..

Proof. Since u € H'(B*,S?) is a stable harmonic map so that (3.74) implies

1
[ v < g [ 19ntme o,
B4 B4

This implies, for any 0 < e < 1,

/ |Vu|? < Ce .
B1,€
1

Therefore (i) follows. To show (ii), we may assume for simplicity ¢ = 5 and prove
that the number of singular points of u inside B is uniformly bounded. This follows

2
if we can prove that there exists a universal constant dg > 0 such that the distance
between any two singular points of u inside B1 is at least dg. Suppose that there

2
were false. Then we may assume that there exists a sequence of stable-stationary
harmonic maps u; € H(B*,53) and a sequence of points x; € B1 with |x;| — 0 such
2
that {0,z;} C sing(u;). Now we claim that there exists another universal constant

01 > 0 such that
3
R <—|s3| +61) (2]
Bajay| 2

For otherwise, the rescaled maps v;(x) = w;(|z;|z) : By — S® satisfy

lim 2—2/ Vo2 = 3197
B 2

1—00

so that there exist a stable-stationary harmonic map vs, € H'(By,S?) and a point
Too € S3 such that v; — vs in HY(Ba), {0, 00} € sing(vs), and

3
2—2/ [Vose|* = 5152].
By 2
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This, combined with Proposition 3.4.11, implies voo(x) = Q(ﬁ) in By for some
Q € O(3) and sing(vs,) = {0}. We get the desired contradiction and complete the
proof. O

Remark 3.4.13 In general, it is an interesting question to find the existence of
stable-stationary harmonic maps even in lower dimensions (e.g. from B3 to S?). We
speculate that the method of relaxed energy for harmonic maps [14, 69, 70] might
be a possible approach to attack this issue.



Chapter 4

Blow up analysis of stationary
harmonic maps

In this chapter, we will study general properties of sequences of weakly convergent
stationary harmonic maps between two Riemannian manifolds (M,g) and (N, h).
More precisely, we will analyze the defect measures and energy concentration sets
associated with such weakly convergent sequences of stationary harmonic maps.
This includes (i) rectifiability of the energy concentration set, (ii) necessary and
sufficient conditions under which the set of stationary harmonic maps is compact in
H'(M,N), and (iii) both necessary and sufficient conditions for uniform interior gra-
dient estimates for stationary harmonic maps in terms of their total energy, namely,
under what conditions on the target manifold N that any stationary harmonic map
u: M — N is smooth and satisfies the estimate

lullgrary < C (M, N, k,E) for k > 1, where E = / |Vul?. (4.1)
M

The results presented here are from Lin [123].

4.1 Preliminary analysis

The first step to analyze the singular set of stationary harmonic maps is to under-
stand the behavior of a sequence of weakly convergent stationary harmonic maps.
We start with an example that illustrates the strong convergence may fail.

Example 4.1.1 Let v : S2 — S? be any nontrivial conformal map and ® : R2 — §2
be the inverse of the stereographic projection from S2? to R2. Then v = v o ® :
R? — S?% is a smooth harmonic map. For A > 0, let uy(z) = u(\r),z € R2
Then u) — constant = u(oco) weakly but not strongly in Hlloc(RQ,SQ) as A — 0,
since E(uy) = 8|deg(v)|(> 0) for any A > 0. In fact, |Vu,|?> dz — 8r|deg(v)|dp as
convergence of Radon measures, as A — 0. Now if we view u, u as smooth harmonic
maps from R™ (n > 3) to S? that are independent of variables x3,--- ,x,, then

uy — constant weakly in H'(R"),

87
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Vun|* dz — 8r|deg(v)| H"*[ ({(0,0)} x R"~?)

as convergence of Radon measures.

For simplicity, we assume throughout this chapter that M is a bounded domain
Q C R Let u € HY(Q,N) be a stationary harmonic map. Then we have the
stationarity identity (see also (3.41)):

/ > (85I Vul? = 2VuVju) Vigd =0, € € CF(QR"), (4.2)
Q.

,j=1

By choosing suitable £ as §3.3, we obtain

(n— 2)/ |Vul?> = p/ (IVul® = 2ug,|?), ae. 0 < p < dist(z,00), (4.3)
Bp(x)

By(x)
where ( )
y—x
UR,\Y) = )

) ly — |

Hence by intergration we have

R, 2
p2—"/ |Vul? — 02—"/ Vul? = 2/ U{#ﬂﬂ' (4.4)
By(z) Bo (x) By(z)\Bo (z) g

for any 0 < o < p < dist(z, 092), where R, (y) = |y — z|. In particular,

P [P
BP(I)

is monotonically non-decreasing with respect to p so that

0" 2(u,z) = lim p2_”/ |Vu)? (4.5)
pl0 B

p(r)

exists and is upper semicontinuous for all z € Q. Letting o — 0, (4.4) yields

R, 2
pz_"/ |Vu? — 0" 2(u,z) = 2/ %. (4.6)
By(2) By(r) i
This, combined with (4.3), implies
Ryup, |? 1
2/ | Ufz| < p3—n/ |Vu|2 dH™ ! — @2 (’LL,$) (47)
By 1 n—2 9B, (x)

for any B,(x) C 2.

Denote by sing(u) the singular set of u. Then the egp-regularity lemma 3.3.14
implies

z € sing(u) <= 0" %(u,x) > €& <= 0" %(u,x) > 0. (4.8)

For any A > 0, let Hp be the set of stationary harmonic maps u from Q to N
such that E(u,) < A.

Based on (4.4) and (4.8), we can modify the argument for smooth harmonic
maps by Schoen [166] to show
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Proposition 4.1.2 Any map u in the closure of Hy with respect to weak conver-
gence in HY(Q, N) is weakly harmonic and smooth outside a closed set ¥ C Q with
locally finite (n — 2)-dimensional Hausdorff measure.

Proof. Let u; € Hy be such that u; — u weakly in H'(Q, N). Consider a sequence
of Radon measures j; = |Vu;|?>dr,i = 1,2,---. Then we may assume that there is
a nonnegative Radon measure g in € such that u; — p as convergence of Radon
measures. By Fatou’s lemma, we can write

p=|Vul*dz +v

for a nonnegative Radon measure v, called defect measure.
Since each u; satisfies (4.4), p>~"u(B,(z)) is monotonically non-decreasing in p for
any x € ). Hence

0" (u, ) = lim P Bp(x))

exists and is upper semicontinuous for all € 2. Define

Y = ﬂ {:1: €| liminfr2_”/ |V |? > e%}
>0 e Br(x)
= {2€Q:0" 2 (u,2) >} (4.9)

The closeness of ¥ follows from the upper semiconutinuity of @™~ 2(y,-).
Suppose xg € Q\ 3, then there is 79 > 0 such that

1—00

lim inf rg_"/ |V * < 3.
By (z0)

Hence Lemma 3.3.14 implies that there is a subsequence {i’'} C {i} such that
Ce
sup [Vuy| < =
B%l (zo) To
for i’ sufficiently large. We may assume that uy — u in C? <B%o (x9), N ) Hence,
after passing to a subsequence, u; — u in CZ. N HE_ (Q\ Z, N).
Note that for any compact subset K CC 2, by (4.4) we have

€t <O (u,x) < 0% "u(Q), Yz € TN K, (4.10)
where 0 = dist(/,02). Therefore it is readily seen that
C(n,K
H"2(SNK) < #M(Q) < C(n, K, e A). (4.11)
€0

A simple capacity argument (see §7 below) yields that u is a weakly harmonic map
in €. O

Since u € HY(Q, N), it is well-known (see [56]) that for H" =2 a.e. z € (,

r—0

0" 2(u,z) = lim 1"2_”/ |Vul? = 0. (4.12)
By ()

As a consequenc of (4.10) and (4.12), we have
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Lemma 4.1.3 On a closed ball By, C €2,

(1) % = supp(v) U sing(u),

(2) v(z) = O(x)H" 2|2 for z € By, where ¢2 < O(x) < C(dp,n)A for H" 2 a.e.
x € M.

Proof. (1) is trivial. It follows from (4.10) that p|¥ is absolutely continuous with
respect to H" 2|%. Hence, by Radon-Nikodym theorem, we have that there exist a
measurable function © such that

plE = O(x)H" 2| 2.
This, combined with (4.12), implies
v(z) = O(z)H" 2%

for H""2? a.e. z € ¥. By the definition of ¥, one has O(x) > €2 for H" 2 a.e. z € 3.
The upper bound of © follows from both (4.11) and that for H" 2 a.e. z € ¥ (see
for example [189])

H" (XN B,(x))
—2

227" < lim sup

< 1.
10 rr -

d

To explore properties of ¥ and p, assume By C Bjis, = {). Denote by M the
set of all Radon measures i on By such that p is a weak limit of Radon measures
pi = |Vu;|? dr on Q, where {u;} C Hy for some A > 0. Also denote by F the set of
all compact subset F of By such that E C X for some ¥ defined by (4.9) associated
with {u;} C Hp for some A > 0.

From proposition 4.1.2, we know that for u € M, there are ¥ € F, a weakly
harmonic map u € H'(By, N)NC*>(B; \ ¥, N) and a nonnegative Radon measure
v on Bj such that u = |Vu|?dx + v in By.

For F€ Fand pe M, if y € By and 0 < A < 1 — |y| then we define

Eyn=A""(E—y)N B,
iy (A) = N " (y + NA), VA C By.

Then one has

Lemma 4.1.4 (i) Fory € By and 0 < A < 1—y|, if E € F and p € M, then
Ey € F and py ) € M.
(ii) For pw € M, y € By and N\, | 0, there is n € M such that, after taking
subsequences, (i, x, — 1. Moreover, ng x =n for any A > 0.
(iii) For E € F, y € By and A\ | 0, there exists F' € F such that, after taking
subsequence, Ey\, — F in the Hausdorff metric. Moreover, F' C ¥, for some X
defined as (4.9) and (34)o\ = X« for any X > 0.
(iv) M is closed with respect to the weak convergence of measures.
(v) Define a map m: M — F as follows:

() = )y if u=|Vul?dr +v and 0 # v = O(x)H" 2|2
s sing(u) if v =0 and p = |Vul|?dx.
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Then
(a) For any |y| <1 and 0 <X < 1—|y|, if p € M then

T (pyp) = AL (x(12) — ) on B,
(b) If pg, u € M satisfies py, — p, then for any € > 0 there is k(e) > 0 such that
7(pr) N By C {x € Byyg, : dist(z,m(p)) < e} for k> k(e). (4.13)
Proof. (i) is trivial. In fact, let {u;} C Hp be such that
i = |Vul? dz — p.

Then u; y () = ui(y + Azx) is defined for x € By, and

/ Vi = AQ‘"/ |V, |? < <ﬂ> A.
Bits, Bx(1+80) (¥) 0

~ n—2
This implies u;, \ € Hz, with A = (%) A. Since

2de — Hy,

[V y,

as convergence of Radon measures, we have j, x € M. The statement on £ € F
can be proved similarly.
To prove (ii), observe that for any A; | 0, one has

Jim 1, (Br) = R"20"%(u,y), VR > 0. (4.14)

Therefore we may assume that there is a nonnegative Radon measure 1 in R™ such
that p, , — 1 as convergence of Radon measures. Moreover, by a diagonal process,
there exists a subsequence {ix} C {i} such that

|Vuik7y,)\k|2 dr — 7.

Hence n| B, € M.
By (4.14), we have

R?>7"(Bg(0)) = ©" 72 (u,) for all R > 0. (4.15)

We can follow [123] (page 796-800) to show that 7 is a cone measure, i.e. (7)gx =7
for A > 0. Here we present a short proof (see also Moser [147]). Denote v* = w;, , \,
and set MI;@ = (Vqv*, Vgok) da for 1 < o, < n. Since \M’;M(Q) is uniformly
bounded, we may assume that there is (signed) Radon measure po5 on €2 such
that MI;@ — lap as k — oo as convergence of Radon measures. Moreover, since

22:1 ngza = |Vuz'k,y,>\k\2 dx, we have

n

nzz,uaa in Q.

a=1
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Since v* satisfies the monotonicity formula: for any 0 < r < R < +o00 and ¢ € R",

R2—n/ |vvk|2 _T2—n/ |V’Uk|2
Br(zo) Br(z0)

= 2 Z / |z — 20| T"(x — 20)a(® — 20)5(Var", Vgok) dz > 0,
=1 Br(0)\Br(z0)

we have, by taking k — oo,
R*™" (BR(wo)) — 727" (Br(20))

_» Z / & — o (2 — 20)a( — 20)5 djtes > 0. (4.16)

a,f=1" Br(0)\Br(0)

Taking z¢ = 0 and using (4.15), (4.16) implies

n
Z Hop anmﬁ =0.
af=1

Note that for any ¢ € C3°(R"™,R"), since

2

> [ avsinty) < Py} > [ bavsant

a,f=1

Z / maa:g d/ﬂ;ﬁ

a,f=1"Supp(

we have, by taking k — oo,

> [ rabsdas =0 (417)
a,f=1"%"

For any v € C§(B1) and A > 0, define 1 (x) = ¢(%). Since v satisfies the identity
(4.2), we have

3 [ (sl VP 2Ttk ¥t4)) V() =0
a,B=1
Taking k — oo and applying (4.17) with ¢ replaced by V(¢)), we obtain

/n ((n— 20y + Az Vlﬁ(%)) dn =2 Z / 2oV 51x djtag = 0.

76 1

Since

S0 = (e [ wa)
= )\l /Rn ((n — 2y + A - VQM;)) dn,
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we conclude that % (no,A(x)) = 0 and hence 19 » = 7 for any A > 0.

(iii) and (iv) follow from (ii) easily, and (a) of (v) is also obvious. We sketch the
proof for (b) of (v). First, by Blaschike’s selection principle [55], we may assume
that after taking possible subsequences

m(pk) — F

for some closed subset F' C B in the Hausdorff metric. Therefore for any ¢ > 0
there is k(e) > 0 such that for k£ > k(e),

() N B C {x € Biys, | dist(z, F) < €}.

It suffices to show F' C 7(u). For any x € F, there is xj € 7(ug) such that xp — x.
Note that (4.16) implies that for any y € Biis,, O" 2(ug,y) = 72 "up(Br(y)) is
monotonically nondecreasing. Hence O™ 2(ug, y) = lim,|o O (g, y) exists for any
y € Biys, and is upper semicontinuous with respect to both py and y variables. In
particular,

©"?(p, z) > limsup ©" % (pu, ;).

k—o0
On the other hand, z; € =(ug) if and only if ©" 2(ug,x,) > €. Therefore
O™ 2(u,x) > €2 and = € 7(u). The proof is complete. O

For any p € M and zg € m(u), we say n € M is a tangent measure of p at xg if
there exists A\; | 0 such that

/’Lwo ,)\k - 77

as convergence of Radon measures. Denote by T3, the set of all tangent measures
of 1 at zy9. By Lemma 4.1.4 (ii), we have that any n € T, i is a cone measure. It is
also not hard to see (4.16) implies that for any n € Ty, u,

0"%(1,0) = ©" (i, x0) = max {©"*(n,y) : y € R"}. (4.18)
Moreover, if 0 # y € R™ is such that
0" 2(n,y) = ©"%(n,0),

then 7 satisfies 7,y = n for any A > 0. In particular, as in §2.3, we have that 7 is
invariant in y-direction, i.e. 1,1 = n. Hence

Ly={yeR": 0" %(n,y) = 0"*(n,0)}

is a linear subspace of R and dim(L,) < n—2 (since ©"~2(n,0) is finite). Moreover,
if dim(L,)) = n — 2 then we may identify L, = R"™2 x {(0,0)} C R" so that
n=0""2(u,x0)H" ?[ (R"* x {(0,0)}) .
As in §2.3, we can define a stratification of ¥ = 7(u) for p € M as follows. For
Yj={reX:dim(L,) <jforallneTyu}.

Then we have
g C X1 C--CXpg=2. (419)

Moreover, the same proof of Lemma 2.3.3 gives
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Proposition 4.1.5 Let yp € M and ¥ = nw(u). Then ¥ = U?:_(?Ej, and dimg (3;) <
jforj=0,--- ,n—2.

4.2 Rectifiability of defect measures
From the previous section, we know that any u € M can be written as

p=|Vul*dz +v

where u € H'(Q, N) is a weakly harmonic map that is smooth away from the
concentration set ¥ of locally finite H" 2-measure, and v is a defect measure such
that

v(r) = O(x)H" 2%, ¢4 < O(zx) < C(u) < +oo for H" % ae. x € X.

The purpose of this section is to show that 3 is a (n — 2)-dimensional rectifiable
set and v is a H" 2rectifiable measure. First we recall (see [55, 189])

Definition 4.2.1 For [ = 0,1,--- ,n, a set £ C R" is called [-rectifiable if E C
U2y Nj, where H'(Ng) = 0 and each Nj, j =2 1, is an [-dimensional embedded Ct
submanifold of R".

Definition 4.2.2 For [ =0,1,--- ,n, if E C R" is H'-measurable and @ is a positive
locally H'-integrable function on E, then we say that a [-dimensional subspace
P C R"™ is the approximate tangent space of E at x € R™ with respect to 6, if

tm [ f0)6 + M) dH' () = 0(z) [ FdH! vF € CoRY),
ALO Equ P

or equivalently

lim)\_l/Ef()\_l(z—w))Q(z) ! (2) :0(:3)/Pdel Vf € Co(R™),

20

The following theorem characterizes the rectifiability of a set in terms of approx-
imate tangent spaces.

Theorem 4.2.3 Forl = 0,1,--- ,n, suppose E C R™ is H'-measurable. Then E
is l-rectifiable if and only if there is a positive locally H'-integrable fucntion 6 on E
with respect to which the approzimate tangent space of E exists for H' a.e. x € E.

We also recall

Definition 4.2.4 For [ = 0,1,--- ,n, a nonnegative Radon measure pu on R" is
called to be [-rectifiable if there is a [-rectifiable set 3 C R™ and a positive locally
H'-integrable function 6 on ¥ such that u = 0H'|%.

The main theorem of this section, due to Lin [123], is
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Theorem 4.2.5 For any i = |Vul?dr + v € M, the concentration set () is an
(n — 2)-rectifiable set and the defect measure v is an (n — 2)-rectifiable set.

The crucial step to prove this theorem is the following geometric Lemma.

Lemma 4.2.6 Let x € X be such that ©"%(p,y) is H"2-approzimate continuous
at x, for y € ¥. Then there exist s € (0, %) depending only on n and ry > 0 such
that for any 0 < r < r, there are (n — 2) points {1, - ,xp—2} C B.(z) NY and
e(r) > 0 with lim, o e(r) = 0 such that

(Z) @n_2(p‘7$i) = @n_Q(M7x) - E(T) fO’/“j =12, ,n-2

(i) |z1| > sr and for any k € {2,--- ,n—2}, dist(xp,x + Vi_1) > sr, where Vj_q is
the linear space spanned by {x1 —x, -+ ,xp_1 — x}.

Proof. Since ©"2(p,y) is H" 2|% approximate continuous at x, we have by the
definition that there is a positive function e(r) > 0 with lim, o €(r) = 0 such that

12 ({y € 30 B,(x) (072 y) — 0" 2(n,0)| > (r)}) < "Wy

1
< 51"”_2, (4.20)

where s(n) > 0 is a sufficiently small number to be determined later.
We want to show that there are (n — 2) points {x1, -+ ,2,_2} in the set

S(z,7) = {y € TN By(2) : [0"(p,y) — " (1, 2)| < e(r)}

that satisfies the condition (ii).

Suppose that the above statement were false. Then 3(z,7) is contained in an sr-
neighborhood of a (n — 3)-dimensional plane L, C R™ passing through = (note that
x € ¥(x,r)). In other words, for r; | 0 if y € B,,(x) N Y then one has either

0" 2(k,y) — ©" (1, 2)| > €(r)

or y belongs to the sr;-neighborhood of L; N B, (x) for some (n — 3)-dimensional
plane L; C R™ passing through x.
Now we want to estimate u (By,(z) N X). Note that for r; small,

10 (By. () NT) > %@"—2 (1, ) 2. (4.21)
On the other hand, by the upper semicontinuity of ©™~2(u,y), we have for r; small,
0" (1, y) < 20" *(u,x), Yy € By, ().
This implies
0" 2(u,y) < 20" (u,x), H" % for a.e. y € B, ()N X.

Hence
p({y € Br(z)nB: (0" 2(% ) 0" 2(p,x)| > e(ri)})
< 20" (u,x)H"~ 2({ 20" 2 (p,y) — 0" ()| = e(ri) })
< 20" ?(p, x)i”)ry 2 s(n)@”—2(u,x)ry. (4.22)

2
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Note that we may cover sr;-neighborhood of L; N B,,(x) by C(n)s*~™ balls of
radius of sr;, since L; is an (n — 3)-dimensional plane through x. Let {B,,, (yj)}é»:l,
y; € By, (z), be such a cover with [ = C(n)s*™. Then

l
w (sr; — neighborhood of L; N B, Z Bgr, (y5))

To estimate the right hand side, observe that there is r, > 0 such that
3 n—2 n—2
M(BT(T)) < 59 (/L,JI)T‘ ) Vo <r <71y

Therefore, for 0 < r; << r = r,, we have

1 (B (yy)) = (sry)"2E

A
—~
V)
o3
3

[\
7N\
=
N——
8 3
S

=

S

3

8

=
S~—

Therefore we obtain

1 (sr; — neighborhood of L; N By, (z)) < C(n)s> "2(sr;)" 20" 2(u, x)

20(n)s(n)r’ 20" %(u,x). (4.23)

|
/‘\

Combining (4.22) with (4.23), we obtain
1
(B, () NE) < 5(n) (1+2C(n) O, 2)ri ™ < SO (i, )™
if we choose s(n) < W%er) This contradicts (4.21) and complete the proof. O
By Federer’s structure theorem ([55] §3), it suffices to show that if £ C ¥ is

(n — 2)-purely unrectifiable subset (i.e. if F' C R™ is a (n — 2)-rectifiable set then
H"2(ENF) =0), then H"2(E) = 0. We divide the proof into several lemmas.

Lemma 4.2.7 For H" 2 a.e. © € ¥ and for 6 > 0 there is ry, > 0 such that if
0 < r <1y then there exists a (n — 2)-plane L = L(z,r) C R™ through = so that

v(By(z)\ Lsy) =0,

where L, is the or-neighborhood of L in R™. As a consequence, for any 1,62 € (0,1)
there are rg > 0 and Ey C X so that

(a) H"2(X\ Ep) < d1.

(b) For x € Ey and 0 < r < rq, there is a (n — 2)-plane L = L(x,r) C R™ through x
such that v(By(z) \ Ls,r) = 0.
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Proof. Note that for H" 2 ae. x € %, O" %(u,z) = 0, O" ?(u,z) > € and
0" 2(u,y) is H" 2-approximate continuous at x for y € ¥. Suppose it was false for
such a xg € . Then for some § > 0, there is r; | 0 such that

v (By,(z0) \ Lsr,) >0, Vi > 1,

for any (n — 2)-plane L C R™ through x.
Applying Lemma 4.2.6, there are (n — 2) points {zi,-- 2 ,} C ¥ N B,,(wg) such
that

@”_2(u,$;) > 0" 2(p,z0) — €, with lim ¢ =0

11— 00
foralli>1land1<j<n-—2,and
|zt | > sry, diSt(CE;-,{L’O + L;_l) >sry, 2<j<n-2
where
L:_; = span {x’l —To, ,Tg — xo} i
Let
a;i» — X0

, ' 5
§; = r. 1<j<n=2, and p; = pagr, = |Viagr,|" dz + v,

2

Then, after taking possible subsequences, we can assume that there exist {; € R" for
1 < j <n—2 and two nonnegative Radon measures p, and v, such that as ¢ — oo,

g —¢&for1<j<n—2, p— peand v; —> v,

Note that v, = p, since O™ 2(u,z0) = 0. It is also easy to see that &; € m(u.) for
1 < j <n—2. By the upper semicontinuity of ©" 2(u, z), we have

0" (s, &) = limsup ©" (g, &) = limsup O™ (1, x5) > O™ (p1, m0)

1—00 1—00

for 1 < 7 <n —2. On the other hand, since u, is a tangent measure of p at xzg, it
follows from the discussion of the previous section that u. is a cone measure and

0" 2 (1, ) < O" (s, 0) for all z € R™.
Therefore we have
Ly, (: {SE eR" | ®n_2(ﬂ*’x) = @n_2(ﬂ*’0)}) = L7,

where
L* =span{{y, -+ ,&n—2} is a (n — 2)-plane in R™.

This, combined with Lemma 4.1.4 (v), implies that there is a ¢ > 0 such that for ¢
sufficiently large

vi (Br\ (L");) = 0.
This contradicts the choice of p;. Thus the first part of Lemma 4.2.7 holds.
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The second part follows from the first part easily. In fact, for any k,1 > 1, let
>k be the subset of ¥ containing x € ¥ such that

v(Br(z)\ Lj-1,) =0, VO< 7 < k!
for some (n — 2)-plane L C R™ through z. Then we have
H™2 (2 (VR (U, ) = .
This clearly implies that there is [ = [(k) — oo so that
Jim. H" 2 (S\ Syy) =0

and hence the conclusion of the second part also holds by choosing Eo = Xy, for
k sufficiently large. O

Lemma 4.2.8 If E C w(p) is a purely (n — 2)-unrectifiable set for some p € M,
then
H"2(PL(E)) =0

for any (n — 2)-plane L C R™, where Py, is the orthogonal projection of R™ onto L.

Proof. We may assume H"%(E) > 0. For € € (0,3), by Lemma 4.2.7 there are
Ey C E and rg > 0 such that

(a) H"2(E \ Ep) < e.

(b) For x € Ep and 0 < r < rg, there is a (n — 2)-plane L C R"™ through = such that

Eo N (Br(x) \ Ler) = 0,

and
(c)
@n—Q(u’ l’) T,n—2 > 57’”_2

2 -2
Since FE is purely unrectifiable, it follows from the characterization of rectifiable sets
(cf. [55] §3.3.5) that for H" 2 a.e. © € Ey, there is y € Ey N B.(z) C (B, (z) N L)
such that

1 (EN By(z)) >

P (y - )| < Sly— <.
Therefore we have
H" 2 (Pp(B,(z) N Ey)) < H" 2 (PL(B,(z) N L)) < 4er™ 2, (4.24)
By (c) and the Vitali’s covering Lemma ([55] §2.8.15), we can almost cover Ey by
disjoint balls { B, (x;)} with z; € Ep such that both (c) and (4.24) are valid. Hence
H™2(P(B)) < Y H"2(Py(Eon B,,(x,)

J=1

[o¢] [o¢]
8e
4627«;? 2 < _%Z 1t (Eg N By, (27)) < %M(E).

IN
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On the other hand
H™2 (PL(E\ Ey)) < H"™(E\ Fy) < «.

Thus we have

2

H"(PL(E)) < ¢ <1 + 8”(E)> .
€0

This implies the conclusion, since € > 0 is arbitrary. O

Lemma 4.2.9 If p = |[Vu|?dz+v e M, 7(p) =% and E C ¥ with H"2(E) > 0,
then

sy ATPLENB @)

n—2 =
™10 LeGp_a(n)+{z} a(n - 2)7‘

1
5 for H"2 a.e. x € E. (4.25)
Proof. As in Lemma 4.2.7, let 9 € E such that ©" 2(u,z¢) = 0, " 2(u, 7) > €3,

and ©"2(y,-) is H" 2-approximate continuous at xo on E. Suppose this lemma
was false at zg. Then there exist r; | 0 such that

H"2(PL(E N By,(20)))

n—2
i

lim sup <

(4.26)
7il0 LeGp_a(n)+{z} a(n —2)r

1
5
By passing to subsequences, we assume that
Vg [ dz — 0, flagr, = fas Vagr; = Ve

Moreover, we have

o = v = 0" (u,2) H (B2 x {(0,0)}) .
For i > 1, there are sequences of stationary harmonic maps {u;; };";1 in By such that

\Vuij|> dz — iy ry + [Vtigy )2 dz as §j — oo.

Define

Then, as in the proof of Lemma 4.2.7, we can find a diagonal subsequence j = j(i)
such that
|Vul-j(l-)|2 dr — [y as i — 00.

Hence for any § > 0 there is a sufficiently large iy such that for ¢ > ig
aij(B%) <. (4.27)

Now we define F}; : (R x {(0,0)}) x (0,1) — R4 by

Fii(a,e) = /B" \Vuij|2 (a4 z)the(x1)P? (o) da (4.28)

2



100 CHAPTER 4. BLOW UP ANALYSIS OF HARMONIC MAPS

where z = (z1,22) € R"2 x R?, ¢ € C§°(B3), te(w1) = € "p(L) with 0 < ¢ €
C$°(B?) and
¢($1) d:IIl =1.
Rn—2
Direct calculations imply, for 1 < k <n — 2,

8-Fij . =2 0 8”1’]’ 8Uij 9
dar, 2 Z day ( Ox; Oxy, > (a+2)pe(@1)¢"(wz) do

2

- Ou;j Ouiy 0

Now we recall Allard’s strong constancy lemma (cf. [1]).

Lemma 4.2.10 Suppose F, f and G are smooth on B{L_2 and satisfy
VF = f + divG in B}, (4.30)

and
”f”Ll(BIl—Q) + HG‘|L1(B?_2) S 6 (431)

Then for any 61 > 0 there is 69 > 0 depending on 61 and ||F|| 11,y such that
[ F" = cllL1(p,) < 01 whenever § < do. (4.32)

Note that if we denote F'* = Fj;(a,€), the second term of (4.29) by fr (1 <k <
n —2) and

Duiy uiy
i= [ (55 s et

Then we have
VF = f+div(G) in B} 2,

and since a;j(; — 0, we have for any 6 > 0

ij (i
er”Ll(B;’—Q) + HGGHLl(Bg—Q) <4

holds for u;;(;) with @ > g sufficiently large. Therefore by Lemma 4.2.10 we conclude
that for any §; > 0
[ Fij(a€) — Cij(E)HLl(B%) <4 (4.33)

holds for ¢ sufficiently large and j = j(i) for some positive Cj;(e).
Taking € — 0, (4.33) gives that for i sufficiently large

||FZ](a) - Cij||L1(B3) < 51 (434)
2
holds for j = j(i) for some Cj; > 0, where

Fij(a) = /32 \Vuij|2 (a,29) ¢ (x2) dxs.



4.3. STRONG CONVERGENCE AND GRADIENT ESTIMATES 101
Choosing ¢ to be a cut-off function of B i, we can show that
2

lim Cjj) = O™ (1, o).

1—00

Let o; be the projection of v, ,, on R"2 x {(0,0)}. Then, by a variant of the
Fubini’s theorem on slice measures (cf. Evans [46]), we conclude that for any fixed
2

Fij(z1)dx — 05 + €(x1) dzq

as convergence of Radon measures on B{L_2 as j — oo, where

(1) = /B [Vt 21, 02) 82 (1) s,

2

Assume C; = lim;j_. Cj; exists. Then by (4.34) we have
O‘Z'(.rl) = Cidr1 — 61(33‘1) dry, + ﬁz(:vl) (4.35)

where (; is a signed Radon measure with its total mass on B 3 bounded by §. By
choosing § > 0 sufficiently small and ¢ sufficiently large, we conclude that
n—2
o:(B12) > m'
4

Hence Prn-24{(0,0)} (SUPP(Vzo, M B1)) contains at least half of B2, That is, for i
sufficiently large,

H2 (PRn72><{(070)}(E N By, (.r()))

n—2
7

>
a(n —2)r 2

This contradicts (4.26). Hence the proof is complete. O

Proof of Theorem 4.2.5: Suppose that X = 7(u), p € M, is not (n — 2)-rectifiable.
Then there exists a purely (n — 2)-unrectifiable subset £ C ¥ with H" 2(E) > 0.
But this is impossible according to Lemma 4.2.8 and Lemma 4.2.9. O

4.3 Strong convergence and interior gradient estimates

In this section, we will show the obstruction for both strong convergence in H, and
the interior gradient estimates of stationary harmonic maps.
We begin with

Definition 4.3.1 For k = 2,--- ,n — 1, a smooth map w € C*®(S*¥,N) is called a
harmonic S* if it is a nonconstant harmonic map.

The main theorem of this section is

Theorem 4.3.2 Assume that N does not admit any harmonic S* fork =2,--- ,n—
1. Let M be a n-dimensional compact Riemannian manifold without boundary and
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u € HY (M, N) be a stationary harmonic map, then u € C(M, N) and the following
gradient estimate holds:

where E = [, |Vul?.
As an immediate corollary, we have

Corollary 4.3.3 If the universal cover N of N supports a strictly convex function,
then any stationary harmonic map u € H'(M, N) is smooth and satisifes (4.36).

For any sequence {u;} C Hy, let u € H'(Q, N) be such that u; — u weakly in
HY(Q,N) and
i = |Vug|* de — p = |Vul*dz + v

as convergence of Radon measures for some defect measure v in 2. From the dis-
cussion of previous sections, we know that

u; — u strongly in Hlloc Sv=0c H" %) =0 where ¥ = 7(p). (4.37)

The following lemma is the key to prove the interior gradient estimate for sta-
tionary harmonic maps.

Lemma 4.3.4 Suppose that for some p € M, ¥ = m(p) has positive H"~2-measure.
Then there exists at least one harmonic S in N.

Proof. Since H"2(X) > 0, it follows from Proposition 1.1.5 that ¥, o\ 3, 3 # 0
and hence there exist xg € X,,_2 and a tangent measure p. € Tp,pu (C M) such that
Y. = () satisfies

Ze =R"2x {(0,0)}, p = 0" (o) H'2[Sne. (4.38)

Let {v;} € Hx (A > ©"2(y,z9) > 0) be such that v; — constant weakly in
HY(BY', N) and in C2 (B} \ (B x {(0,0)}), N),

i = |Vl dw — p.

as convergence of Radon measures in By, and

n—2
li 2 =0. 4.
i S [ Vel =0 (4.39)

Set X1 = (21, -+ ,xp—2) and Xo = (zp_1,2y). For i > 1, define f; : BZ‘Q — R by
2

n—2
) =3 [ 90l (X1, Xa) e
a=1 Bl

Then Fubini’s theorem implies

Jim ||fi||L1(B"%’2) =0.



4.3. STRONG CONVERGENCE AND GRADIENT ESTIMATES 103

Define the (local) Hardy-Littlewood maximal function (cf. [192])

M(f;)(X1) = sup 7“2_”/ fi, for X1 € 32_2.
BT(Xl) 2

0<r§%

By the partial regularity theorem of stationary harmonic maps and the weak L!-
estimate for the Hardy-Littlewood maximal functions, we conclude that there are
{Xi} € B? % such that

2

v; is smooth near {X{} x B? Vi > 1, (4.40)
2
and ‘
lim M(f;)(X}) =0. (4.41)
1—00

For i sufficiently large, there exist

0 <6 — 0, and X§ € BY with X§ — (0,0)
4

such that
52 / ok (4.42)
By~ *(X})x B3, (X3)
2 €
— max 52 / Voi[2 = 0
XzeBQ% B?i_2(X{)><B§i(X2) c(n)

where ¢(n) > 0 is a large constant to be chosen later.
To see (4.42), we observe that since u; is smooth near {X?} x B? we have that for
2

any 4 > 1 fixed,

2
, /n2 ) ) ‘VUZ| —>0
X2€B7 By~ (X1)xB§(X2)

as 0 | 0. On the other hand, for any fixed § > 0, we must have

lim g;(8) > €2.

1— 00
For, otherwise, there exists 6y > 0 such that g;(6y) < €3 for i > 1 sufficiently large.
Hence, by the small energy regularity theorem, we have

do  max V| < Cep.
By xB%LO

2 2

This contradicts |Vv;|? dz — pu.. Therefore for i sufficiently large, there is §; — 0
such that (4.42) holds.
Suppose X3 # (0,0). Then we may assume that X4 — X3 for some (0,0) # X €
B2. Then by (3.42) we have, for ro = | X8| > 0,

2

ro\ 2—n 62
(30) / ) |VU2‘|2 > %
B%l(Xi’Xg) cn
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for ¢ sufficiently large. In particular,

/ Vul? > Cleosro) > 0
By ™?x(B3,,\B%

—51)

for sufficiently large ¢. This contradicts

2rg

v; — constant in C? (B{L \ (B{L_2 X {(070)})>N) .

Now we proceed the blow-up scheme as follows. Let p; = (X1, X3), R; = (46;)71,
and ; = Bﬁf X 312%1_. Since R; — oo, €2; converges to R™. Define w; : ; — N by

wi(x) = vi(p; + 0;z), x € Q.

Then wj is a stationary harmonic map on ;. Moreover, (4.41) and (4.42) imply

n—2
lim sup {R2_” /B”_2 . Z|Vawi|2} =0, (4.43)
R X

i—00 .
TOO0<R<R; R, a=1

2 €5
/ |sz| = -9
By 2?xB? c(n)

= max / |Vw2-|2 1 Xy € 312%1-—1 , (4.44)
B} ?xB}(X2)

sup / IVw|? b < C(A)R"2, Y0 < R < R;. (4.45)
' BY 2 x B2,

1
Let ¢y € C5°(B?) be such that 0 < ¢1 < 1 and ¢y = 1 on By 2. Let ¢o € C5°(B?)
4
be such that 0 < ¢; <1 and ¢; =1 on B; Define F; : B{”_2 X 312%1-—1 — R by

@)= [, 19wl (0t 2)on (X0 (Xo) da.

Then direct calculations imply, for k=1,--- ,n — 2,
OF; - / <8wi 8wi> 0
=-2 — +a)— dy. 4.46
day, ; Br2xp2 \ Oy Oy W )3@/1 (9162) dy (4.46)

Thus (4.43) yields

OF;
8ak

— 0 uniformly for a € Bg_2 X Blzqi_l, as i — 00
for k=1,--- ,n — 2. Hence by (4.44) if we choose c(n) = 2"*3, then

22— / . \Vw;[* (Y1, Ys + b) dY1dYs < €, for all b€ B, _,. (4.47)
B3~ ?x B2
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Therefore, by Theorem 3.3.8, we may assume that there exists a smooth harmonic
map w : Bg_2 x R? — N such that

2

2

w; — w in 01200 <B’§_2 X RQ,N> as i — oo.

It follows from (4.43) that

n—2

Z/ |vazw|2 =0
B2 xR2

a=1 3
2

so that w(Y7,Y2) = w(Ys) is independent of the first (n — 2)-variables. Hence
w : R? — N is a smooth harmonic map. This and (4.44) and (4.44) imply that

2
€0 2
2n+3§/RQ\Vw| < A.

Therefore w can be lifted to be a nontrivial harmonic map from S2 to N by the re-
movability theorem of isolated singularity (see Sacks-Uhlenbeck [164] or §6 below).
This completes the proof. O

Proof of Theorem 4.3.2:

Since N doesn’t support any harmonic S?, it follows that the set Ex of stationary
harmonic maps from M to N whose energies are bounded by A is sequentially
compact in H'(M,N). In fact, if {u;} C E5 then we can assume u; — u weakly
in HY(M, N). Let ¥ be the concentration set associated with the sequence. Then
lemma 2.3.3 implies that X, 5 \ ¥,_3 = 0. Hence H"2(¥) = 0 and dimp (%) <
n — 3, and u; — u strongly in H'(M, N). Now we can apply the Federer dimension
reduction argument as in §2.3 to conclude that ¥; = () for all 0 = j,--- ,n — 3,
since there is no harmonic S* for k = 3,--- ,n — 1. Therefore ¥ = () and u; — u in
C?(M, N). In particular any stationary harmonic map from M to N is smooth. To
see the estimate (4.36), we argue by contradiction. Suppose that there are smooth
stationary harmonic maps v; : M — N such that

[Vvillcoary — 400, but sup/ |Vvi)? < C < +oo.
i Jm

Then {v;} C HY(M, N) is not compact in H!(M, N), which is impossible. The proof
is complete. O

Proof of Corollary 4.3.3:
It suffices to prove that there is no harmonic S* in N for k = 2,--- ,n — 1. Let
w € COO(Sk, N) be any harmonic map. Let II : N — N be the covering map. Then
it is well-known that there exists a smooth harmonic map @ : S*¥ — N such that
w=1Ilow.

Let p: N — R be a strictly convex function so that there is ¢y > 0 such that

V2p(y)(€,€) > en|éf? for any y € N and ¢ € T,N.
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Then by the chain rule (cf. [102]) we have
A(pod) = tr (V?p(@)(V@, V@) > en| Vo[ (4.48)

This implies that p o & is a subharmonic function on S*. Hence, by the maximum
principle, we conclude that p o @ is constant. This yields |V&| = 0 and @ is a con-
stant. Therefore w = Il o @ is also a constant. O

4.4 Boundary gradient estimates

In this section we will address the boundary gradient estimates for smooth harmonic
maps. We would like to remark that the boundary monotonicity inequality similar
to (2.42) doesn’t seem to follow from the stationary identity (3.41) in which the
variational vector field X is required to be in C§°(£2,R™). Hence if we consider the
class of stationary harmonic maps, then we need to impose the boundary mono-
tonicity inequality to analyze the boundary gradient estimate. In fact, Wang [205]
has proved a partial boundary regularity for stationary harmonic maps under the
extra assumption that the boundary monotonicity inequality (4.49) holds.

For simplicity we assume Q = B € R" and u € C*®°(Bj,N) is a smooth
harmonic map such that

E = /+ IVul> < K < 400 and u|r = ¢ with [9llc2ry < K < 400
Bl

for some K > 0, where I' = {z = (2/,2,,) € Bf | 2, = 0}.
Before we analyze the behavior of smooth harmonic maps near boundary points,
we need

Lemma 4.4.1 There is a constant A > 0 depending only on n, K such that for any
zel, 0<o<puwith Bf (z) C Bf,

2

ou
|y - x|2—n ar S E (ﬂj‘) - EU($)7 (449)
/B;f(z)\B;(x) Oy — = ’
where
By() =¥ [ vul+ Cp.
B (x)

Proof. Let ¢ be an extension of ¢|r to Bf” such that ||¢\|CQ(BI+) < K. For simplicity,

assume x = 0. For 0 < r < 1, multiply (1.8) by x - V(u — ¢)(x) and integrate over
B;f. By integration by parts, we have

ou
2_2/ Oug _2/ 2
, /8 Tt [ g2 [

ou
< 2 el
< CO(K) [/BB+ (r|Vu| + |Vul +7"\Vu|) 4—7“/8&+ |8r ]

T
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It is easy to see that this yields (4.49). O

It follows from (4.49) that E,.(z) is a monotonically increasing function with
respect to r for any x € I'. In particular,

0" 2(u,r) = lim (eArrz_”/ |Vu|2>
r]0 B+(r)

T

exists for any z € I'.

We also need the following small energy regularity at the boundary. For smooth
harmonic maps, the proof can be found in [31]. For stationary harmonic maps
satisfying (4.49), it was proved by [205].

Lemma 4.4.2 There exists eg = €(n, N, K) > 0 such that if E,(x) < € forx € T’
and r > 0, then

r max |Vu| < C (e, n,N,K). (4.50)
B (@)

We now are ready to prove the main theorem of this section (cf. [123] Page
822-824).

Theorem 4.4.3 Assume that N does not support any harmonic S*. Let u €

C'OO(B_f, N) be a harmonic map on Bi" given as above. Then there exists g =
O0(K,n,N) >0 such that

o +
— Y Y - N 1 = n = . .
|Vu|(:v)<0(nNK)f07’all:rE{x («,zn) € BT |0<z <50} (4.51)
2

Proof. We argue by contradiction. Suppose that the theorem were false. Then for
any § > 0 and K > 0, there exist {u;} C C°°(B;, N) with u;|r = ¢,

Slesy <K, [ IVuil < K,
B

but
sup |Vu;| — oo, where I'y = {a: = (z/,2p,) €Bf :0< 2, < 5} .
BTNl
2

In particular, u; — u weakly in H*(Bj, N) but not strongly in H(B;, N). Hence
there exists a nonnegative Radon measure v on I's with v(I's) > 0 such that

\Vu,|* de — p = |Vul|® de + v

as convergence of Radon measures on I's. We may assume that there is ¢ € C?(I', N)
such that ¢; — ¢ in CH*(T') for any 0 < o < 1. As in §4.1 and §4.2, we let M,
denote all Radon measures ;1 on I'; obtained as above and II(x) = 3, where X is
the energy concentration set in Bfr , associated with the sequences.

Write ¥ = $1 N 2y, with £; = ¥ NT and ¥y = ¥\ ¥4. Since v(I's N Bf) > 0,
we must have H"~2(X) > 0. On the other hand, since there is no harmonic S? in
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N, we already know that H"~2(35) = 0. Hence H"2(3;) > 0. Now we can modify
the argument in §4.1 and §4.2 to conclude that 37 C I' is a (n — 2)-rectifiable set.
Moreover, for H"2 a.e. g € X, there exists r; | 0 and a (n — 2)-dimensional plane
L C OR"} such that

Vgory — Vs, and vy, = OgH" 2 | L for some ©g > 0. (4.52)

In particular, by a diagonal process, we may assume that there are {v;} of smooth
harmonic maps in By, with v;|r — const, so that

|Vvi|? de — v, = OgH" 2| L, /B+ IV, i — 0 forall y € T. (4.53)
1

Now we can follow the blow up scheme in §4.3 to conclude that there exist either a
nonconstant harmonic map from S? to N or a harmonic map from Ri to N with
finite energy and being constant on ﬁRi. The latter is impossible by a well known
theorem of Lemaire [114]. Hence there exists at least a nontrivial harmonic S? in
N, which contradicts our assumption.

The above argument shows that u; — u strongly in H'(B]", N). Now we can
apply Federer’s dimension reduction argument to show if ¥ # (), then there would
exist a3 <1 <n—1 and a non trivial harmonic map ¢ € COO(Sﬂr, N) with ¢|asl+ =

const, where S ﬂr is the [-dimensional upper hemi sphere. But this is again impossible
by the following theorem due to Schoen-Uhlenbeck ([172] page 263). Namely,

Lemma 4.4.4 A smooth harmonic map ug : Si — N taking constant value on asg
1s itself constant for 1 > 2.

Proof. The result for | = 2 is proven by Lemaire [114]. For n > 3, one can perform
a radial deformation on S ﬂr with center at the north pole as a domain variation of
u. Since smooth harmonic maps are also critical points with respect to domain vari-
ations. Hence the first variation vanishes. On the other hand, direct computations
show that the first variation is equal to

=0 [ (= petun) (0.0).
s,
Hence e(up) = 0 and wg is constant. Applying this lemma, we then conclude that
¥ = () and hence the original convergence is C2. Thus we can obtain the uniform
boundary gradient estimate (4.51). O

Remark 4.4.5 A crucial property used in the blow-up analysis technique presented
in this Chapter is the energy monotonicity formula of the problem under considera-
tions. In particular, similar techniques have been employed by Tian in his important
work on higher dimensional Yang-Mills fileds [200].



Chapter 5

Heat flows to Riemannian
manifolds of NPC

In this chapter, we will present the classical theorem by Eells-Sampson [49] on the
existence of global smooth solutions to the heat flow of harmonic maps into compact
Riemannian manifolds with nonpositive sectional curvatures.

5.1 Motivation

Given two Riemannian manifolds (M, g) and (N, h), a fundamental problem in geo-
metric toplogy is to find harmonic maps representing any given free homotopy class
a € [M, N]. For example, one asks under what conditions, can

Cor = inf {/Me(u) dvy | we CO(M,N),[u] = a € [M, N]} (5.1)

be achieved?
The answer to these questions is delicate. For example, the following theorem,
due to Eells-Wood [52], indicates that the problem may not always have solutions.

Proposition 5.1.1 Let (M =72 =5 x Sl,g) be the flat torus, N = (S2,h) be
the standard sphere, o € [T2,Sz] be the homotopy class whose topological degree is
1. Then there doesn’t exist any harmonic map in c.

Let’s also mention two more examples that illustrate non-existence of nontrivial
harmonic maps with constant boundary values. The first one is due to Lemaire
[114].

Proposition 5.1.2 For any ball B C R?, ifu € C®(B, N) is a harmonic map such
that u|pp = constant, then u = constant.

Proof. First, by conformal transformation and conformal invariance of harmonic
maps in dimensions two, we may identify B with S2, the upper half sphere. Ex-
tending u from S2 to N by letting u(x1, 2, x3) = u(x1, 2, —x3) for 23 < 0. Then
one can verify u : S — N is harmonic map. Hence it has zero Hopf differential.
This implies u : S — N is conformal, u| ps? = constant, so u = constant. O

109
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Proposition 5.1.3 For n > 3, let B®™ C R"™ be the unit ball. Then any harmonic
map u € C*°(B", N), with u|ppn = constant, is constant.

Proof. By the monotonicity identity (3.42), we have

o
(2—n)/ |Vu|2—|—/ |VU|2:2/ 1222, (5.2)
Br aBn apn Or

Since u = constant on JB"™, this implies

—“+n-2 Vul|* = 0.
/aBn 8r| ( ) Bn| |

Hence v = constant in B™. O

These two examples indicate that for (M, g) with nonempty boundary 0M, if
we consider harmonic map representing relative free homotopy classes, then it may
have no solutions.

The direct method to attack the above homotopy problem also has its limitation,
since the topological property may not be preserved under weak convergence in
WLH2(M, N). For example, let uy(z) = Az : R =52 >R = S2 X > 0. Then
Jg2 e(uy) = 8 for A > 0, deg(uy; S2) =1, and uy — (0,0, 1) weakly in W12(52,52%),
as A — oo. Hence both the topological information and the Dirichlet energy have
lost in the limiting process.

To overcome these difficulties, Eells-Sampson in their 1964’s poineering work
[49] have proposed to study the corresponding evolution problem: for any wug €
C>®(M,N), find u: M x Ry — N that solves

Ou—Agu = A(u)(Vu,Vu) in M x (0,+00) (5.3)

’LL|t:0 = Uugp. 5.4

The basic ideas of [49] are two fold. First, a continuous deformation u(-,t) of ug
preserves the (given) homotopy class. Second, (5.3) is the negative L2-gradient flow

of the Dirichlet energy E, under which the energy is decreasing and hence one may
find critical points of E (i.e., harmonic maps) along the flow.

5.2 Existence of short time smooth solutions

Eells-Sampson [49] have established the following existence theorem on short time
smooth solutions to (5.3) and (5.4).

Theorem 5.2.1 Suppose both (M, g) and (N,h) C RY are compact without bound-
aries. Then for any uy € C*°(M,N) there exists a maximal time 0 < Tz =
Tmaz(uo, M, N) < oo such that (5.3)-(5.4) admits a unique, smooth solution u €
C*®(M x [0,Tmaz), N). Moreover, if Tmax < +00, then

lim V(1) gagan) = +00. (55)
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Proof. 1t is similar to the presentation by Ding [41]. To simplify the proof, we
assume that M = R™ and g = gy (the Euclidean metric). Let

1 ER
G(x,t) = _ ) >0
@9) (47t)2 P < 4t ) ~

be the fundamental solution to the heat equation:
(0 —A)G(z,t) = 0, z€eR", t>0
limG(x,t) = do(x), v € R".
lim G(2,1) o(z), x

For 0 < T < 0o, let u : R™ x [0,7) — R¥ be the solution of the Cauchy problem

ou—Au = f, (z,t) e R" x (0,7)

u = wup, x € R™

Then we have the representation formula (cf. [47])

u(z,t) = Gz —y,t)uo(y) dy
R

t
[ 6=yt = 9) () duds. (5.6)
0 JR™

We now recall some basic properties of (5.6) and linear parabolic equations (cf.
120, 128)).
(i) If ug € C(R™,RE) and f € L>®(R" x [0,T],RY), then u € C(R™ x [0, T],R¥) and
u(-,t) € CH*(R™) uniformly in ¢ € [¢,T] for any € > 0.
(ii) For a € (0,1), if f(-,¢t) € C*(R™) uniformly in ¢ € [¢,T] for any ¢ > 0, then
ug, Vu, V2u € C(R" x [¢, T], RE).

Note that if u € C*°(R"™ x [0,T), N) solves (5.3) and (5.4), then (5.6) implies

u(z,t) = - G(z —y,t)uo(y) dy
+ / Gz —y,t — s)A(u)(Vu, Vu)(y, s) dyds. (5.7)
0 Jrn

For € > 0, define
Xe= {’LL € CO(Rn X [076]7RL) | U(,O) = Uo, u('vt) € Cl(Rn)v 0<t< 6}>
and endow X, with the norm

lullx, = llullcognx[o,q) +t81[]£)p] IVu(, t)llcogny » Vu € Xe.
€10,¢
Define T : X, — X, by
Tu(x,t) = G(z —y,t)u(y,0) dy

R
+ / Gz —y,t — s)A(u)(Vu, Vu)(y, s) dyds, (z,t) € R"™ x [0,¢).
0 JRr
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For u € X, let

vo(x,t) = G(x —y,t)u(y,0)dy for (z,t) € R" x [0,¢).
R’I’L

For § > 0, let
— {ue X | Ju—voly, <0}

be the ball in X, with center vy and radius 9.
We want to show that for any d > 0, there exists € > 0 such that
(1) T: B(; — B(;.
(ii) There exists § € (0,1) such that

[Tu —Tvl x. < Bllu—v|y, forany u,v € B;.
Proof. For u € By, we have

ullx, < llu—wvollx, + llvollx, < Co,

and .
Tu— v = / Gz —y,t — s)A(u)(Vu, Vu)(y, s) dyds.
0o Jrr

Hence for any (z,t) € R" x [0, €), we have

t
|Tu —wvol| (z,t) < C’1/ Gz —y,t — 5)|Vul*(y, s) dyds
R

IN

C; sup HVUHCO &™) / / G(x —y,t — s)dyds

t€[0,¢]
016, (5.8)

IN

and
t
IV (Tu — vg)| (x,t) < C’g/ / IV.G|(z —y,t — 5)|Vu|*(y, s) dyds
< (Cysup HVuHCo(Rn / / |V.G|(z —y,t — s)dyds
t€[0,¢] 0 Jrn

§ 026. (5.9)

Therefore for any § > 0, there exists € > 0 such that T': Bs — Bj.
For (ii), let u,v € By, then we have

|Tu —Tv|(z,t)
< /Ot i Gz —y,t —s)|A(uw) (Vu, Vu) — A(v) (Vv, Vv)| (y, 5)
< c/ot } Gz —y,t — 8) {|Vul*lu — v| + (|Vu| + |Vv]) [V (u — v)|}
< Cellu—vly, - (5.10)
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Similarly, we can show
IV (Tu—Tv)| (z,t) < Cellu -y, , V(z,t) € R" x [0,€].

Hence (ii) holds.

It follows from (i) and (ii) that there exists a unique u € Bjs such that u = T,
namely u : R" x [0,¢) — R solves (5.3) and (5.4).

Finally, we need to show u(R™ x [0,€)) C N. For this, consider p(u) = [IIy(u) —
u|?, where Iy : N5 — N is the smooth nearest point projection map. Note that
p(u)(-,0) =0, and

De(p(w)) = Ap(u) = = |V (Lx(u) = w)]* < 0. (5.11)

Hence by the maximum principle we have p(u) = 0.
Since (5.3) is a quasi-linear parabolic system, it is well-known (cf. [128]) that if

T Vaa|| oo (g < 00,
gng || oo (mny < 00

then uw can be extended to be a smooth solution of (5.3)-(5.4) beyond e. There-
fore there exists a maximal time interval Tmax € (0, +o0c] such that u € C*°(M x
[0, Tmax), N) and Tmax satisfies (5.5). The proof is complete. O

Remark 5.2.2 The characterization (5.5) of the first finite singular time Tmax is
not optimal in higher dimensions. By employing the unique continuation theorem of
backward heat equation by Escauriaza-Seregin-Sverak [53] to rule out the existence
of a quasi-harmonic S™ whose gradient is in L™ (R™), Wang [207] has shown that for
n > 3, the first finite singular time can be characterized by

lim sup || Vu(t)|| pnar) = +o0.
1Tmax

5.3 Existence of global smooth solutions under K N <o

When the sectional curvature K is nonpositive, Eells-Sampson [49] have proved
the following theorem on the existence of global smooth solutions.

Theorem 5.3.1 Suppose (M, g) is compact without boundary and the sectional cur-
vature KN of N is non-positive. Then for any ug € C®°(M, N) the Cauchy problem
(5.3) and (5.4) admits a unique, smooth solution u € C°(M x Ry, N) which, as
t — oo suitably, converges to a harmonic map us € C*°(M, N) in C*(M, N).

In order to prove this theorem, we first need the energy inequality for (5.3).

Lemma 5.3.2 For any 0 < T < oo, if u € C®(M x [0,T),N) solves (5.3), then

E(u(t)) + /Ot /M 10yul? dvy dt = E(ug), ¥t € [0,T). (5.12)
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Proof. Since A(u)(Vu,Vu) L T,,N, whenence multiplying (5.3) by d;u and integrat-
ing over M, we obtain

[ 1o oy + B o

Integrating over [0, ¢] leads to (5.3.2). O
Next we need the Bochner identity for (5.3).

Lemma 5.3.3 Ifu € C®(M x [0,T),N) solves (5.3) and(5.4), then e(u) satisfies
(8 — Ay) e(u) = — |Vdu|® — Ric” (Vu, Vu) + RN (Vu, Vu, Vu, Vu) . (5.13)
In particular, if KN <0, then it holds
(0 — Ay) e(u) < Ce(u) (5.14)
for some C' > 0 depending only on the Ricci curvature of M.

Proof. See also Ding [41]. For zg € M, let (,) and (u’) be normal coordinates
center at xg € M and u(zg) € N respectively. Then we have

@ —Ag)e(w) = (Dptta,ua) — [tas)® — (Uas Usa,s)
= <8tu0uuoc> - ’Uaﬁ|2 - <ua7uﬂﬁ,a> - Roj\z/[ﬁ (umuﬂ)
= —|uagl® + (ua, (Ou — Agu),) — RAG (uq, up)

where we have used the Ricci identity
Ua,s = Ugga + Rafug.
On the other hand, by (5.3) we have

<ua, (Opu — Agu)a> = (Ua, (A(w)(Vu, Vu)),)
= —(Agu, A(u)(Vu, Vu))
= (A(u)(Vu,Vu), A(u)(Vu, Vu))
= (A(u)(ua,ua), A(u)(ug, ug))

where we have used
(Opu, A(u)(Vu, Vu)) =0 and (uq, A(u)(Vu, Vu)) = 0.
For uqg, similar to §1.6 we have
[uasl” = 1P()(wap)l” + |A(w) (ua, up)|* = [Vdul* + | A(u) (ua, ug)|”
Putting all these identities together, we obtain
(3 — Ay e(w) = —|Vdul* - RicM (Vu, Vu)
+ { (AW (0, 10), A() (5, 15)) = [A(w) (e ug) |



5.3. EXISTENCE OF GLOBAL SMOOTH SOLUTIONS UNDER K~ <0 115

This and the Gauss-Kodazi equation imply (5.13) and (5.14). Hence the proof is
complete. O

We now recall Moser’s Harnack inequality for subsolutions of the heat equation
(cf. [146, 120]). Let £ = 0y — A, be the heat operator on M. For zy = (x¢,tp) €
M x (0,400) and 0 < R < min{is,+/to}, denote by Pr(zy) the parabolic cylinder

Pr(z0) = {z = (z,t) € M x (0,40) | |z —xo| < R, to — R* <t <tg}.
Then we have
Lemma 5.3.4 Suppose v € C*(Pgr(z0)) is nonnegative and satisfies
Ly < Cv in Pr(z0)

for some C' > 0. Then there exists Cy > 0 such that
v(z0) < C’lR_("+2)/ vdz. (5.15)
Pr(z0)

Proof of Theorem 5.3.1.
Applying Lemma 5.3.4 to (5.14), we have for any zg = (xg,t9) € M x (0,+00)
and R > 0 small,

e(u)(20)

IN

CR-("+2) / e(u)dz
Pr(20)

to
CR-(+2) / B(u(t))dt
to—R2

CR"E(up) (5.16)

IA

IN

Hence |Vu| is uniformly bounded on M x [0, T]. Hence, by the higher order regularity
of linear parabolic equations (cf. [120]), we conclude that u € C* (M x [0, +0o0), N)
and
sup  [|[V™ullcopry < C(m, M, N,ug), Ym > 1. (5.17)
t€[0,+00)

Since by (5.3.2)
t
/ / 0yul* < E(ug) < +o0, ¥t >0,
0o Jum

t
lim/ /|8tu\2:0.
tT+oo Ji—o J M

(8 — Ay) |0pul? = — [VOu)* + RN (u) (Vu, Byu, Vau, dyu) < 0. (5.18)

we have

Moreover, by (5.23) we have

Hence, by Lemma 5.3.4 we have for any 0 < o < 1,

”&tuHCa(Mx[t—l,t]) < C(a) ||8tuHL2(M><[t—2,t]) (— 0 ast—0)
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Hence we can choose tj T 0o be such that u(-,tx) — 0 in C*(M) and u(-,tx) — Ueo
in C?(M, N). This implies that us, € C%(M, N) satisfies

Aguog + Atos) (Vitoo, Viie) = 0
so that 1 is a smooth harmonic map. O

Remark 5.3.5 When (M, g) has 9M # (0, one can consider the initial and boundary
value problem for (5.3). More precisely, for a given map ¢ € C°(M, N), consider
u: M x [0,4+00) — N:

(O —Ag)u = A(u)(Vu,Vu) in M x (0,+00) (5.19)
ult=g = ¢on M (5.20)
u(z,t) = o¢(z) z € IM,t > 0. (5.21)

Then Hamilton [77] has extended [49] and showed that if K N <0, then there is a
unique, smooth solution u € C*°(M x R, N) to (5.19), (5.20, (5.21).

Remark 5.3.6 The harmonic map uq, constructed by Theorem 5.3.1 is minimizing
energy in its homotopy class. This follows from the second variational formula for
E in §1.6: Let uj,us : M — N be two smooth maps and let ® : M x [0,1] — N
be a geodesic homotopy between u; and ue, i.e., a smooth homotopy such that
®(-,0) = u; and P(+,1) = uy and, for any fixed z € M, ®(x,-) is a geodesic, if u; is
a harmonic map, then

/da/ ds{|vdvq>|2 RN< C; V<I>,C£>}. (5.22)

Hence if K <0, then u; is an energy minimizer in its homotopy class.

The above remark plays an important role in Hartman’s paper [86] in which it was
proved that u. is independent of the choices of t5 T +o00.

Lemma 5.3.7 Suppose that N has its sectional curvature K < 0 andu € C>° (M x
[0,400), N) solves (5.3). Then E(u(t)) is a convex function of t.

Proof. Direct calculations imply

d
GE) == [ ol

and
O 0> = A, |0pu)* — |Vowul* + RN (u) (Vu, dyu, Vu, du) . (5.23)
Therefore by integration by parts we have
d? 0
GE0) = —5 [ ol == [ oo

= / (IVoul? — RN (u) (Vu, Opu, Vu, dyu)) >0
M
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This implies the convexity of E(u(t)). O

For sp > 0 and 0 < T < 400, let {p(x;s)} € C°(M % [0,s0], N) and u(x,t;s) €
C>®(M % [0,T] x [0, so], N) solve the family of (5.3):

(0r — Ag)u(z,t;s) = A(u) (Vu,Vu) (z,t;s), x € M, t >0, s €[0,s0](5.24)
u(z,0;8) = o(x,s), x € M, s €|0,sq] (5.25)

Then we have

2
Lemma 5.3.8 Suppose that KN < 0. Then for azny s €10, o, supgeum ‘%‘ (z,t;8)
is nonincreasing in t. Hence Sup,ens seo,s] ‘%‘ (z,t;8) is nonincreasing function

of t.

Proof. Direct calculations yield

Ou

(8- )| 5

2 2
ou N ou ou
— - — 1 > 0.
' R™ (u) (Vu, 88,Vu, 83) 0

Hence the conclusions follow from the maximum principle of the heat equation. O

Assume that uy,us € C*°(M.N) are homotopic, and h : M x [0,1] — N is a
smooth homotopy between h(-,0) = u; and A(-,1) = us.

Let g(z,-) : [0,1] — N be the geodesic from ui(x) to ua(z) that is homotopic to
h(-,x) and parameterized proportionally to acr length.

For € M, define d(uy(z),us(z)) to be the length of this geodesic arc g(z, ).

Corollary 5.3.9 Under the same assumptions as Lemma 5.3.8, set u(x,0;s) =
g(x,s) forx € M and s € [0,1]. Then

sup CZ(U(:E, t;0),u(z,t; 1))
zeM

is nonincreasing in t for all t € [0,T.

Proof. By construction, we have

2

0

sup d* (u(x,0;0), u(z,0; 1)) = sup d® (9(x,0),g(z,1)) = sup |7

zeM zeM €M, s€[0,1] Os
On the other hand, for ¢ € [0, 77,

2
dAz (u(x,t;()),u(:r,t; 1)) < sup |- ($7t)‘
sef0,1] 1 98

The claim then follows from Lemma 5.3.8. O

Now we can prove the uniqueness theorem by Hartman [86]
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Theorem 5.3.10 Assume that KN < 0 and ¢ € C®(M,N), let u € C®(M x
[0, +00), N) solve (5.8) with u(-,0) = ¢. Then there exists a smooth harmonic map
U € C®(M, N) homotopic to ¢ such that limyeo u(-,t) = uee in C2(M).

Proof. First by Theorem 5.3.1, there exist t; T +00 and a smooth harmonic map
Uso € C*°(M, N) homotopic to ¢ such that u(t;) converges to us in C?(M). Let
9(2,0) = u(x,t;) and g(x,1) = ux(z) for z € M. Then it is easy to see that
u(z,t; +t) and us(z) are smooth solutions of (5.3) with g(z,0) and g(z, 1) as their
initial data respectively.

By Corollary 5.3.9, we have

d (u(z, ti + 1), use(2)) < d (9(,0),g(, 1)) = d (u(z, t;), uo(2)) ,

hence for any ¢t > 0, u(t; +t) — us uniformly as i — oo. This implies that uq is
independent of any choice of t; T 4oc0. O

5.4 An extension of Eells-Sampson’s theorem

In this section, we will present a generalization of Eells-Sampson’s Theorem 5.3.1 by
Ding-Lin [42], in which the nonpositivity assumption on K N is replaced by a weaker
assumption that the universal cover N of N admits a strictly convex function of
quadratic growth.

We begin with

Definition 5.4.1 A map v € C*® (R" x (—00,0], N) is called an n-obstruction for
(N, h), if (i) it is a heat flow of harmonic map on R™ x R_.
(ii) |Vv|(0,0) > 0 and

|Vol(z,t) < |Vv|(0,0), V(z,t) e R" x R_. (5.26)

(iii) there exists Ep > 0 such that
RQ_"/ |Vo(t)|> < Ey, VR >0 and t < 0. (5.27)
Br

The following proposition illustrates that existence of an n-obstruction acts as
an obstruction to the existence of global smooth solutions to (5.3).

Proposition 5.4.2 Assume (N,h) does not admit any n-obstruction. Then (5.3)
and (5.4) has a unique smooth solution u € C*°(M x Ry, N). Moreover, we have a

priori estimate
IVu®lleoan < C (B(uo)), ¥ > 1. (5.28)

Proof. Suppose that it were false. Then u blows up at either 0 < T = T'(ug) < +o0
or T' = +oo. First, consider 0 < T' < +o00. Then there exists (z;,t;) € M x (0,T)
such that t; — T and

m; = |Vul| (z;,t;) = sup |Vu|(z,t) — +oo.
M x[0,t;]
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Assume x; — x9 € M. Let B,(zo) be the geodesic ball centered at xg with radius
p. Denote \; = mi_l and define

vi(z,t) =u (xo + Nz, to + )\?t) : Bpyp X (—m?to, O] — N.

Then v; satisfies (1) Opv; = Ti(vs) on B,y X (—=m?tp,0] — N, where 7;(v;) is the
tension field of v; with respect to (IV,h) and (B, p, gi), where g;(z) = g(x; + \ix)
for x € By,p.

(i) 1 = |[Vv;](0,0) > |Vu;|(x,t) for any (z,t) € Bp,,* (—m2to,0]. Since g; converges
to the Euclidean metric go in C2_(R"), by the higher order regularity theory of
parabolic equations we have

[villon (B (—rz.oy < C (ks R), YR >0, Vi > i(R),Yk > 1

for some constant C'(k, R) > 0 depending on k and R. Hence, by a diagonal process,
we can assume that v; — v in C2_(R™ x (—o0,0], N). It is easy to see that v satisfies
(i) and (ii).

To show v satisfies (5.27), for t € (—m?ty, 0] and R > 0, denote ; = t;+\;(t+R?),
zi = (x;,t;). We can compute

R2™™ / Vo) = (MR / [Vu(t)?
BR B/\iR(wi)X{ti-‘r)\?t}
W R / Vul? (f: — (MR))
B r(2i)

< (4m)ier Vul’ G.,

/JBAiR(fi)X{fi—()\iR)Q}
g co (U, Zis )‘ZR) )

where ®(u, z;, \;R) is given by (7.2). Set #* = L min {T,p?} > 0. By the mono-
tonicity inequality (7.4), we have

® (u,z;, iR) < €7 P (u,z;,7) + cFE(ug)
< ec’"r2_"/ IVul? + ¢FE(ug)
MX{fi—fQ}
< (TP + cF) B(ug).

This implies (5.27) and hence v is an n-obstruction. This contradicts the assumption
and hence T'= 400 and w is a global smooth solution.

Suppose that (5.28) were false. Then there exist a sequence of global smooth
solutions {u;} € C*°(M x R4, N) to (5.3) with initial data {u;o} C C°°(M, N) such
that E(ui) < Cp, but for a sequence t; > 1 [[Vu;(t;)||coary — +00. Then we can

repeat the proceeding argument, with u replaced by u;, to obtain the existence of
an n-obstruction again. This completes the proof of Proposition 5.4.2. O

Now we prove the main theorem of this section (see [42]).
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Theorem 5.4.3 Let (N, h) be the universal covering of (N,h). Suppose that N
admits a strictly convex function p € C?(N) with quadratic growth, i.e., there are
positive constants cg,c1,co such that

V%p>coh on N, (5.29)
0 < p(y) < crd%(y,y0) +c2, Vy €N (5.30)

for some yo € N, where dg 1is the distance function on (N, il) Then there exists a
unique, smooth solution u € C°(M x Ry, N) which satisfies

[Vu()llcoary < C(E(uo)), Yt > 1, (5.31)

and for suitable t — oo, u(t) converges to a smooth harmonic map us : M — N in
C?(M,N).

Proof. By Proposition 5.4.2, it suffices to show that (N, h) doesn’t admit any n-
obstruction.

Note that 71(N) acts isometrically on N via the deck transformation, hence
pa = poa, a € m(N), also satisfies (5.29) and (5.30), with yo replaced by a~!(yo),
on N. Denote by d the diameter of N. Then for any § € N, there is a € w1 (N)
such that dg (g, (y0)) < d.

Suppose that N supports an n-obstruction v. Then we can lift v into N to obtain
an obstruction @ for (N, h). Set w = p, 09 € C? <R” X (—oo,O],N). Then by the
chain rule (cf. [102]) we have

(8, — Aw = —=V?p, (V, VD) < —co | VI|? = —co| V)2 (5.32)

Note that by (5.29) and (5.30), w(x,t) = O(|z|?) as  — oo. Hence by the repre-
sentation formula for the heat equation, we have for any ¢ty < 0

1\2
tol dx

4m)2w(0,0) < |to| 2 w(x,tg)e *
R

0 _l=?
- co/ / |Vol? [t|"2e” 1 dadt.
to n

2
o|? \

// Vo2 |75 ¢ dedt < e to] 3 /w(x,to)e‘fto do. (5.33)
to n n

Now we claim that there exist tg € [-2, —1] and « € m1(NN) such that

Since w > 0, the implies

n _ ‘1"2
|t0\_2/ w(z,to)e ol dr < c3 (5.34)

for some c3 > 0 depending only on Ejy, cg, c1,c3. Assume for the moment that the
claim is true. Then we have
>/

4—(k+1)

/ \Vv|2G(070) dxdt < 05103 =4 < +00,
RTL
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where ¢4 > 0 only depends on Ej and other given universal constants. Hence for
€o > 0 given by proposition 7.1.4, there exists kg > 1 such that

4—(ko+1)
Ik’o = / / |VU|2 G(O,O) dxdt < 6%.
4—k0 Rn
Hence we have

[Vv[(0,0) < ¢c5 (5.35)

for some c5 > 0 depends only on Ejy and other universal constants.

On the other hand, it is easy to check that for any A > 0, vy(z,t) = v(\z, \%t) €
C?(R"™ x (—00,0],N) is also an n-obstruction. Moreover, applying the above argu-
ment to vy, we obtain

|Vuxrl(0,0) = A|Vv|[(0,0) — o0,

which contradicts Definition 5.4.1(ii) .

Now we return to prove the claim. First note that by the eg-estimate for (5.3),
we can find ¢y € [-2,—1], g € By, d = 6(Ep) > 0 and a = a(Ey) > 0 such that

|Vul(x,tg) < a, Vo € Bs(zo). (5.36)
Also we can choose a € 71(NN) such that
dN (17((E0,t0),ya) < d7 Ya = a_l(y())‘

Thus, by the triangle inequality, we have

d]\7 (6(x7t0)7ya) ) 0)76($07t0)) + dN (6($07t0)7ya)

x,t
x,tg),0(xo,t0)) + d.

=

(o

d
d g (0

IN A
=

This and (5.36) imply that if + = 2 + 0 for r > 0 and § € S~ 1, then

ad +d forr<é

dz (v 7t s Ya <
5(0(z,t0), Ya) {dﬁ(fi(fﬂo+T‘97t0)76($0+50’t0))+a5+d forr >4§

Since
w(z,to) < c1d% (8(x,t0), Ya) + c2,

we obtain that for some cg,c7 > 0

cr forr < ¢
CGd?v(’LN)(ZL‘o +70,tg),0(xg + 00, t9)) +¢c7 forr >4

w(z,ty) < {
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Therefore we have, for ¢ty € [-2, —1],

n _lzl? n _1zxl?
|t0|_2/ W(l‘,to)e 4t — |t0|_§ / —|-/ QU(iL‘,t())e 4ftg]
n Bs (o) R™\ Bs (o)
2

|z—x0| o
<cg+ 09/ / =

R\ Bs(x0) |6 or

[e.e] r2 T

§c8+C9/ r"e—ﬁdr/ / &

Py § Jgn—-1 or

00 2
<cg+ 610(51_”/ re” / |Vv]2 dr
5 Bs(zo)

o0 r2
<cg+ CnEo/ e T8 (1 + |2o|)" 2 dr < c19
s

(xo + s0(x), to) ds] e 8

2

dv (xo + s6,to) dOds

=3
)

where we have used (5.27) in the last steps. This proves (5.34) and hence the proof
is complete. O

Remark 5.4.4 It is well-known that if the sectional curvature of N is nonpositive
and m(N) = 0, then p = d?v(',yo) is strictly convex and the conditions (5.29)
and (5.30) of Theorem 5.4.3 are satisfied. Consequently, Theorem 5.4.3 gives an
alternative proof of Theorem 5.3.1.

As an application of Theorem 5.4.3, we can prove the existence of unstable
harmonic maps into (N, h) admitting no n-obstructions.

Theorem 5.4.5 Suppose that (N,h) does not admit any n-obstruction. Assume
that there are two different harmonic maps uy and ug from (M,g) to (N,h) in a
given homotopy class from M to N which are strictly stable in the sense that the
second variations of E at ui and ug is positive. Then there exists a harmonic map
of mountain pass type in the same homotopy class.

Proof. Since u; (i = 1,2) are strictly stable harmonic maps, it follows from §1.6 that
there exist neighborhoods U; of u; in C?(M, N), i = 1,2, such that

E(u;) < E(v), Yv € U, v # u;. (5.37)
Note that if R > 0 is sufficiently large so that Vg N U; # (), where
V= {ve C*OMN) | [ollesan < B
then there exists dz > 0 such that
E(v) > E(u;) + g, Yv € 0U; N V. (5.38)
In fact, suppose (5.38) were false. Then there exists v; € VRNOU; such that E(v;) —

E(u;) and v; — vg in C%(M, N). It follows that vy € OU; and E(vg) = E(u;), which
contradicts (5.37).
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Let m = max {E(uq), E(uz)} and
I = {y € C(0,1,CY (M, N)) | 7(0) = w1, 7(1) = ua}

Set
— inf E .
¢ = Inf max (v(s))

Let v; € I' be such that

¢j = E(7(s(4))) = max E(y;(s)) — ¢, as j — o0,
s€[0,1]
where s(j) € [0,1]. By Theorem 5.4.3, there exist global smooth solutions u;4(t) €
C®(M x R4, N) to (5.3) with initial conditions u;s(0) = v;(s). Then we have
ujs(t) € I' for any t > 0. Moreover, by the higher order regularity theory we have

luj,s (D)l osary < B = R(e) < +o0, ¥t > 1,

where R > 0 depends on the value c.
Therefore, for t > 1, u; s(t) € C([0,1], C*(M, N)) is a continuous curve in V joining
u1 and us. In particular,

¢; = max E (v;(s)) > max E (ujs(t)) > m+ 0g. (5.39)

s€[0,1] ~ s€[0,1]
Taking j — oo, we get ¢ > m+ dr > m. By a compactness argument, it is not hard
to show that for any j > 1 u;(t) = u; 4;)(t) satisfies

cj > E(u;(t)) > ¢, Vt > 0.

As w;(t) subconverges to a smooth harmonic map v; : M — N in C?(M,N) as
t — 400, we have that ¢; > E(vj) > c. Also, by the estimate on harmonic maps, we
may assume that v; converges to a smooth harmonic map v : M — N in C?(M, N).
Hence E(v) = ¢ > m and v is an unstable harmonic map. O
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Chapter 6

Bubbling analysis
in dimension two

Since the Dirichlet energy functional is conformally invariant in dimension two and
the conformal group is not compact in dimension two in general, it is well known that
the moduli space of harmonic maps in dimension two may be noncompact. Hence
it is a very important question to understand the limiting behavior of sequences of
solutions to harmonic maps and their evolutional problems in dimension two. Sacks-
Uhlenbeck [164] have made a pioneering work in this direction. More precisely, they
have developed a powerful blow up technique to the study of harmonic maps in
dimension two and discovered that the failure of strong convergence of solutions of
harmonic maps comes from the energy concentration at finitely many points. As a
consequence, they have established the existence of branched minimal immersions
of S? in Riemannian manifolds. Subsequentially, Struwe [193] has developed similar
techniques in the context of heat flow of harmonic maps in dimensions two, and
established the existence of solutions to the heat flow of harmonic maps with at most
finitely many singularities. Moreover, the singularity occurs again due to possible
energy concentration.

Bubbling analysis in dimension two is concerned with two main issues: (i)
whether the total energy loss can be counted by the sum of energies of finitely many
bubbles, i.e. nontrivial harmonic maps from S2, (i) whether attaching all possible
bubbles to the weak limit gives uniform convergence. The first issue is refereed as
energy identity and the second issue is refereed as bubble tree convergence.

For harmonic maps from surfaces, Jost [103] and Parker [152] have independently
proved both energy identity and bubble tree convergence. Qing [157], Ding-Tian [43],
Wang [206], Qing-Tian [158], and Lin-Wang [133] have studied both issues for either
heat flows of harmonic maps or approximate harmonic maps with their tension fields
bounded in L? in great lengths. However, when dealing with approximate harmonic
maps in dimension two, it turns out that the LZ-space for the tension fields is
not conformally invariant. Instead, L'-space seems to be the nature space for the
tension field. But Parker [152] has provided an example where the approximate
harmonic maps have tension fields bounded in L' but the energy identity doesn’t
hold. This prompts us to search for the most suitable condition on the tension field

125
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such that both the energy identity and bubble tree convergence hold. In this aspect,
Lin-Wang [135] have obtained an essentially optimal condition on the tension field.

This chapter is devoted to present some major ideas and results for bubbling
analysis in dimension two. It is organized as follows. In §6.1, we outline Sacks-
Uhlenbeck’s work in [164]. In §6.2, we present Struwe’s work in [193]. In §6.3, we
present the example by Chang-Ding-Ye [23] on finite time singularity of heat flow of
harmonic maps in dimension two. In §6.4, we present the proof of Lin-Wang [133]
on bubble tree convergence of heat flow of harmonic maps at time infinity. In §6.5,
we present the work by Lin-Wang [135] on approximate harmonic maps with tension
fields bounded in L? for 1 < p < 2.

6.1 Minimal immersion of spheres

In a pioneering work, Sacks-Uhlenbeck [164] have introduced the blow-up analysis of
harmonic maps in dimensions two and established the existence of branched minimal
immersion of S? into any compact Riemannian manifold without boundary. The
techniques developed by [164] have been profound in applications to many other
geometric variational problems. The goal of this section is to introduce some basic
ideas of [164].

Throughout this section, (M, g) is assumed to be a compact Riemannian surface
with or without boundary and N C R’ is a compact Riemannian manifold without
boundary. For any a > 1, Sacks-Uhlenbeck [164] have introduced

Faws= [ (+Va)"
M
over
Wh2e (M, N) = {v :M — N | Vove L™ (M,RQL)},

Note that if @ = 1, then critical points of Ei(u) = Vol(M) + E(u) are har-
monic maps. F, can be viewed as subcritical approximations of E; for @ > 1:
since dim(M) = 2, the Sobolev embedding theorem implies that W12%(M, N) C

C’l_é(M, N) and hence W12¥(M, N) is a C? separable Banach manifold. More-
over, B, : Wh2(M, N) — R, satisfies the Palais-Smale condition (C) (see Palais
[151]). Hence, by the direct method in calculus of variations we have

Lemma 6.1.1 For any a > 1 and ¢ € C*°(M,N), there exists u, € C°(M,N) in
the same homotopy class as ¢ (i.e. uq € [¢]) such that

Eq (uq) = inf {Eq(v) | v € WH(M, N), [v] = [g]} . (6.1)
Moreover, us satisfies 2a-harmonic map equation:
div ((1 + [ Vua?) wa) — (14 |Vual?) "™ Ata) (Vita, Viug) - (6.2)

Proof. Set
Co = inf {Eo(v) | v € WH*(M,N), [v] = [¢]}.
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Then N
Co < Ey(9) < <1 + max |v<z>|2> vol(M).

Let {u;} € WH2%(M, N)N[¢] be a minimizing sequence of C,. Then we can assume
that [, |Vu|?® <1+ C, for all i > 1. Since u;(M) C N, u; is uniformly bounded
for all # > 1. Therefore, after taking possible subsequences, we may assume u; —
U both in C°(M, N) and weakly in W12¥(M, N). This implies [us] = [¢] and
E.(uy) > Cy. On the other hand, by the lower semicontinuity, we have

Ey(uy) < liminf E,(u;) = Cl,.

1—00
By calculating the first variation of F,, we can easily see that u, is a weak solution

of the Euler-Lagrange equation (6.2). By the Sobolev embedding theorem, u, €

C’l_é(M, N). Hence by [145] Theorem 1.11.1, Vu, € WH2(M, N) and hence Vu, €
LP(M) for any 1 < p < 400 by Sobolev embedding theorem again. Thus we can
differentiate (6.2) and obtain

(V2uUq, Vg ) Vg
1+ |Vug|?

Aug + (o — 1) + A(uq) (Vug, Vug) = 0. (6.3)

Although this theorem is true for any o > 1, we only give a simple proof for
o — 1 small. Write u, as u. For x € M, define

kl uful)
CLIB,\/((Z:) = 5575]{;[ + (Oé— ].) m, 1 < k7l < L and 1 < ﬁ,"}/ < 2.
Then (6.3) can be written as
Yoo afuly, = —AW)F (Vu, Vu). (6.4)

1<By<2,1<ISL

Note that
‘(J,gl7 —5ﬂﬂ/5kl‘ <a-— 1, 1 Sﬂa’y < 27 1 < kvl < L.

Therefore, if (v — 1) is small, then the linear operator
1
Lo(v) =Y aff vh, : W**(M,N) — L*(M, N)
By

has an inverse map. It follows u € W*4(M, N) C Clz (M, N). We can now treat the
equation (6.4) as a linear equation in u with Holder continuous coefficients. Hence
by the Schauder theory (cf. [72]) we have u € C%°(M, N) for any 0 < § < 1. The
smoothness of u then follows from [145] Theorem 5.63. O

Since all the estimates are local, we assume M = © C R? when we discuss the
analytic estimates. A refinemet of the above argument can yield
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Lemma 6.1.2 Let D C R? be a unit ball and v : D — N be a critical point of Eq.
If (e — 1) is sufficiently small depending on 1 < p < 400, then for any smaller discs
D' c D, we have

”VUHLP(D’) <C(p,D',D, HVUHL4(D)) ”VUHL‘l(D) : (6.5)

Proof. Let ¢ € C§°(D) be such that ¢ =1 on D’, and choose a suitable coordinate
system of R” so that 1} pu = 0. Multiplying (6.3) by ¢ and putting terms from
commuting differentiation with multiplication by ¢ on the right hand side gives

(V2(¢u), Vu)Vu
1+ |Vul?

Agu) + (a —1) < [A(u)(V(gu), Vu)| + k(9) (lu] +[Vaul),

where k(¢) depends on V¢, ||Afco and [|ufl zec(pr). For all 1 < p < 400, W2P-
estimate (cf. [72]) implies

||A(¢u)||Lp(D) (a—1) ||¢u||W27P(D) + [ Al o |||V(¢“)HVU|||LP(D)

<
+ k(@) lullwirp) - (6.6)
Let ¢(p) be the operator norm of A= : LP(D) — WP N W01’2(D). Then we get

()™ — (@ = D) lDullyanpy < NAllco V@) [Vulll oy

<
+ k(@) [ullwrrp - (6.7)
Now let p = 2. For a — 1 < ¢(2)~! we get

(€@ = (@=D)leulwz2) < [Allcol V(6w 1oy IVulll o)
+k(9)lullwrz(p)-

This gives a bound on [|u||yy2.2(pry, where D" = {z € D | ¢(z) = 1}. By the Sobolev
embedding, this gives a bound on ||ul|y1»(pry for any 1 < p < +oc0. Repeat (6.7)
for any p with ¢ now having support in D”. If ¢(p)~! > (a—1), then we get a bound
on |lu|y2» in the interior of D”. O

A further refinement of the above argument yields the following apriori gradient
estimates, which plays a crucial role in the analysis.

Lemma 6.1.3 Let B C R? be a unit ball, there are eg = ¢(N) > 0 and ag > 1 such
that if u € C*°(B, N) is a critical point of Ea, Ea(u,B) < € and 1 < a < ap, then
there is an estimate uniform in 1 < a < ag

[Vullwrogzy < C (0. B B) [ Vulaqp) . V1< p < +oo (6.9

for any smaller disk B’ C B. In particular,

sup|Vul < € |Vl 2. (69)
1
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Proof. By the Sobolev embedding, (6.9) follows directly from (6.8). By Lemma 6.1.2,
we need to control ||Vul|a(gsy for any small disk B” C B. Again assume [pu =0

and apply (6.7) with p = %. By the Sobolev embedding W2’%(B) c WH4(B), we
have

IVullV(gu)lll, 4

N

IVull 2y IV (0u)l 4
ClIVull g2py [|dull

L3(B) —

IN

W23 (
Therefore we obtain
4.
() = @=0) loull oy gy < COAL=) IVl Il
k() IVl g (6.10)

If we choose ¢y > 0 such that

1)~ (@-)

2 C(lAllge)t 7
then we get an estimate on H(bu”wl%(B) and [|¢ully1,4(p) as well. This finishes the
proof. O

Another crucial ingredient in the analysis is the removability of isolated singu-
larity for harmonic maps.

Theorem 6.1.4 Ifu € C*°(B;\ {0}, N) is a harmonic map and E1(u) < 400, then
u € Coo(Bl, N)

Before proving this theorem, we need a lemma.

Lemma 6.1.5 Let u: By \ {0} — N be a smooth harmonic map and Ey(u) < +00.

Then for any 0 <r <1,
2 2 21 2
ou ou
—| (r,0)do =r* —
/0 or (r,6) " /0 o0
Proof. 1t suffices to prove (6.11) for r = 1. To do it, for € > 0 let ¢(x) = ¢c(|z|) €
C>(By) be such that ¢ = 0in B, ¢ = 1in B\ B, 0 < ¢ < 1, and |V¢| < %
Multiplying (1.8) by ¢(|x|)z - Vu and integrating on Bj, we have by an integration

by parts

do. (6.11)

0 = [ Au-(8(he-Vu)
By

= /B ((wigjus); = lalo/ (elur 2 = 6IVul? = o(la))z; (IVul?),)
= T ur2— x| (| ur2 ul?
= [ otabiel = [ (1A G+ o1

1 1
/ ol + [ (oaivul + Glelo e v
= [, (et = 51vuk )+ [ jaie ) (G100 ).
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1
lim/ 12/¢ (1)) <—|vu|2—|ur|2>‘golim/ Vul2 =
0 B 2 e—0 Bse
L,

which easily implies (6.11). O

Since

we have by taking € — 0

ou

2

1 2
el B Vul?,
87’ 2/831‘ u’

Proof of Theorem 6.1.4:
By the conformal invariance of E1, we can assume that | By |Vul? < €2, where ¢ is

given by Lemma 6.1.3. For any 0 # x € By, since By (v) C Ba, E(u, Bjy|(z)) < €2.
Hence Lemma 6.1.3 implies that

|z [Vul (z) < ClIVull 2 (g, 2)) (S Ceo) - (6.12)

We approximate u by a function g = ¢(r) that depends only on the radial coordinate
and is piecewise linear in logr. For m > 1, let ¢(27™) = % 027r w(27™,0)df. Then q
is harmonic for r € (27™,27™+1) 'm > 1. Now for 27 < 7 < 27+ the maximum
principle implies

lq(r) —u(r,0)] < 2max {|u(z) —u(y)|:
< 2_m+3max{|Vu| (x) :

C (/ |Vu|2> < Cep. (6.13)
fel<2-m2

Multiplying the equation (1.8) of u by (u — ¢) and integrating over Bj, we obtain

21 N
/B V- q) Z / )~ u(r.6)) - (ur(r.0) — ¢'(r)) |20

+ [ Au-(u—gq). (6.14)
B

<laf, |yl <27}

2 m
27 < |z <27

N

IN

The integral in 6 of the boundary term containing ¢’(r) vanishes because ¢ is the
average of u at 27™. Since u, ¢ and wu, are all continuous, the terms with u, cancel
with succeeding and preceding terms and

lim <2‘m /0 ) (w(2™",6) —q(27™) - up (277, 6) d0> =

m—00

We can also estimate

[ - q>‘ < Al [Vl 2 = @l oo,y < Ceo [Vl
1

Hence

1 1
2 2
/ IV(u—q)|* < Ceo/ |Vul? + </ lu — q|2d0> </ |ur|2d0>
Bl Bl r=1 r=1
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Since g does not depend on 0, it follows easily from Lemma 6.1.5 that

— Vul|” = — |ug|” < Viu—q)|”.
231| | Blrg\ \ Bll (u—q)|

By the Poincaré inequality, we have

1
/ u—q|* db < / |ug|? do = —/ |Vul? do.
r=1 r=1 2 r=1

Therefore, if ¢y > 0 is such that g = 2Ce¢y < 1, then

(1—50)/ \Vu]2§/ |Vu|? df.
B1 r=1

If we translate this inequality into a disk of any radius, we get for r <1,

d
(1- 50)/ |Vul? < r/ |Vu|? = r— </ |Vu|2> .
By 9By dr \J,

Integrating this inequality gives fBT |Vu|? < 1% fBl |Vul?. Applying Lemma 6.1.3
one last time, we get

1
o VuP @ <0 [ VP <Clal [ val, vo<le] < ;.
BQ\LE\

By

This implies Vu € LP(B;) for some p > 2 and v € C%(By) for some 0 < o < 1.
Hence by the higher order regularity theory, u € C*°(B, N). O

Combining these local estimates, one can prove

Theorem 6.1.6 Let u, € C°(M, N) be critical points of E,, and Ey(uy) < B for
a > 1, and uy — u weakly in WY2(M, N) as a — 1. Then there exist a subsequence
{B} C {a} and finite number of points {x1,--- ,x;} C M, where l depends on B, M
and € such that ug — w in C2 (M \ {z1, -+ ,2;},N). Moreover u € C*°(M,N) is
a smooth harmonic map.

Proof. For a > 1, define Radon measures o, = (1 + [Vug|?)*dr on M. Then
po(M) = Eo(uy) < B and we can assume that there is a nonnegative Radon
measure g on M such that p, — p, @« — 1, as convergence of Radon measures on
M. By Fatou’s lemma, p = |Vu|?dz 4 v for a nonnegative Radon measure v on
M. For €y > 0 given by Lemma 6.1.3, it is easy to see that there are a nonnegative
integer [ < % and a finite set ¥ = {x1,- -+ ,2;} C M such that inf,~o u(B.(x)) > €3
for x € X. For any z9 € M \ ¥, there is 79 > 0 such that u(B,,(z0)) < €2. This
implies that for a close to 1, pa(Br,(20)) < €2 and hence Lemma 6.1.3 implies

||ua||ck(]3%l(xo)) < C(k,€), Yk > 1.

Hence there is a subsequence {3} C {a} such that ug — u in C? (B%o (a:o),N).

Since g is arbitrary, we have ug — w in CIQOC(M \X,N)and u e C®(M\ X,N) is
harmonic map. By Theorem 6.1.4, we have uw € C*°(M, N). O
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Definition 6.1.7 A smooth map w : S? — N is called a bubble, if it is a nontrivial
harmonic map.

Now we want to show if ¥ # (3, then there exists at least one bubble. More precisely,

Theorem 6.1.8 Let uy : M — N be a sequence of critical points of E, such that
Uo — u in C*H(M\ {z1,--- , 21}, N) but not in C*(M \ {xg,-- ,3;}, N) for a — 1.
Then there exists a bubble w : S*> — N such that

w(S2) C ﬂ (Na—1 Ug<a ta (Br(z1))) -
r>0

Moreover
E(u) 4+ E(w) < ma_,lE(ua). (6.15)

Proof. Let rg > 0 be such that B,,(x1) N {zg, -, 2} = 0. Let z, € B, (1) be
such that
bo = |Vue| (x4) = max |Vug|(z).

ro\T1

Then lim,_.; b, = c0. For, otherwise,
Eo(ta, Bry(z1)) < (1 + bi)arg < 5%)

so that Lemma 6.1.3 implies v, — u in 02(3%0 (x1), N), which contradicts the

assumption. Define v, (1) = ug (7o +b512) : By, — N. Then v, is a critical point
of

Ba(v) = / (b2 + [Vol2)®,

and
|[Vve|(0) =1 and max |Vu,|(x) = 1.
roba
Note that the disks B, converges to R? and the metrics on the disks converge to
the Euclidean metric. By a diagonal process, we can assume that there is a harmonic
map v € C*(R?, N) such that v, — v in CZ_(R2, N). It follows that v is nontrivial,

loc
since |Vv|(0) = 1. Moreover, we have for any 0 < r < ro,

E(v,R*) + E (u, M \ B, (1)) limy—1 {F (v, Brp,) + E (e, M \ By(z1))}

<
< Ea_ﬂE(ua).

By taking r to zero, this implies (6.15). Since R? = 52\ {p} conformally and
0 < E(v) < 400, Theorem 6.1.4 implies that v extends to a nontrivial, smooth
harmonic map w : S — N. O

As an application of these estimates, we present a proof of the following theorem
independently by Lemaire [114], Schoen-Yau [177] and [164].

Theorem 6.1.9 If dim(M) = 2 and 72(N) = 0, then any map ¢ € C°(M,N) is
homotopic to a smooth harmonic map.
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Proof. Let uy : M — N be a minimizing map of F, in the homotopy class [¢].
By Theorem 6.1.6, there is a subsequence 3 — 1 such that ug — u in C2(M \
{z1,--- , 21}, N) with v € C*>°(M, N) being a harmonic map. We claim ug — u
in C?(M,N). Suppose it were false. Then [ > 1. For simplicity, assume [ = 1.
For a sufficiently small p > 0, we further assume that the metric g on B,(z1)
is the Euclidean metric. We perform a surgery of ug in B,(z1) as follows. Let
n € C§°(By(w1)) besuch that 0 <n <1, n=11in Bg(xl), and |Vn| < 8p~ L. Define

Vo 1 By(x1) — RE by
va(z) = n(z)u(@) + (1 — n(x)) ua(z), Vo € By(1).
Then for any § > 0 there exists ag > 1 such that for 1 < a < o, we have

max dist (v (x), N) < max Ug(x) —u(x)| < 9.
jnax (Va(z), N) Bp(x1>\35(x1>| (z) — u(z)|

Therefore we can project v, into N and get wq(z) = Hn(va(z)) for z € By(x1).
Now we define @, € C°°(M, N) by letting

o () = {wa(x) for x € B,(x1)
uq () for x € M\ B,(z1).

Since mo(N) = {0}, it is easy to see that u, and @, are homotopic. Since u, is an
energy minimizer for E, in its homotopy class, we have

Eo (ua, Bp(21)) < Eq (o, Bp(1)) -
Note also that
lim E, (0, By (1)) = B (u, By(1) < 12 [Vl 2 -

Therefore we have
2

€

Eo (ta, Bp(21)) < 702 |Vl e ) < -2,

2
provided that « is sufficiently close to 1. Hence Lemma 6.1.3 implies that u, — u
in C?(B 2(z1),N), and we get a contradiction. This completes the proof O

To conclude this section, we present a proof of another main theorem by [164]
on the existence of minimal spheres.

Theorem 6.1.10 If the universal covering space of N is not contractible, then there
ezists a nontrivial harmonic map w : S* — N.

Proof. For o | 1, since the universal covering space N of N is not contractible, we
can show that there are critical points u, : S? — N of E, with € < E,(uy) < C
for some € > 0. Then we may assume, up to a subsequence, that there are p points
{x1, -+ ,2,} C S% such that uq, — u in C1(S%\ {z1,--- ,2,}, N). By theorem 6.1.4
we have that v € C*°(52%, N) is a smooth harmonic map. If u #constant, then we are
done. Hence we may assume that u = constant. Then we would have p > 1. Then
theorem 6.1.8 implies that there exists a non constant harmonic map @ € C*(S?, N)
with @(5?) N Ug<alia(S2). Hence we again have a nontrivial harmonic map from
S2. Any such harmonic map is a conformal, branched minimal immersion. O
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6.2 Almost smooth heat flows in dimension two

In this section, we present the classical theorem by Struwe [193] on the existence
of a global, weak solution of the heat flow of harmonic maps from a Riemannian
surface into any compact Riemannian manifold, that is smooth away from finitely
many possible singular points. Our presentation follows closely from that of Struwe
[196].

More precisely, Struwe [193] has proved the following theorem.

Theorem 6.2.1 Suppose M is a compact Riemannian surface without boundary,
N c RE is a compact Riemannian manifold without boundary. Then for ug €
WL2(M, N) there exists a global weak solution u : M x [0,4+00) — N of (5.3)-(5.4)
satisfying an energy inequality:

E(u(t)) < E(ug) for allt > 0. (6.16)

Moreover, there exist an integer K > 0 depending only on M, N and E(ug) such
that u € C®(M x (0,+00) \ {(zk, tx) H |, N) for some {(zg,tr)} C M x (0,+00).
The solution is unique in this class. At each singular point (z;,t;) for 1 < j < K,
there exists a bubble w; : S2 - N, :U;"’ — ], t;‘? Tt rf 1 0 such that

ui(:p) =u (ﬂvgC + T?m,t?) : B(T;_c)—l(c R?) - N

converges to w in Wli’f(R2,N). Finally, there exists ty, T 0o such that u(-,ty) con-
verges weakly in WH2(M, N) to a smooth harmonic map us : M — N. The con-

vergence is strong away from finitely many points {xgo}ézl, where again harmonic

spheres separate in the above sense. Moreover, K + I < @, where
0
€2 = inf {Bw):w: S%2 = N s a bubble }>0 (6.17)

depends only on N.

The proof of Theorem 6.2.1 is divided into several lemmas. First, let’s establish
an energy quantization for bubbles.

Lemma 6.2.2 Let ¢y be given by (6.17). Then ey > 0 is a constant depending only
on N.

Proof. Suppose €p = 0. Then there exist a sequence of bubbles w; : $2 — N, i > 1,

such that
/ \Vwi\2 =o(1).
52

By the conformal invariance of F, we may assume
|Vw;|((0,0,1)) =1 for all 4 > 1.
On the other hand, by Lemma 6.1.3 we have
|Vwi|(2) < o(1), Vz € S2.

We get a contradiction. a
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Lemma 6.2.3 For dim(M) =2, C®(M, N) is dense in W12(M, N).

Proof. By the partition of unit, it suffices to show that for M = B(0) C R? and
u € W12(By(0),N), there is a sequence {u;} C C*°(By(0),N) such that |ju; —
ullw.2(p, (o)) — 0. For any € > 0, let ue = u* 7, be a standard e-mollification of u.
By a modified Poincaré inequality (see [172]), we have for any = € B;(0),

6—2/ uly) — ue(2)] dy < 0/ Vul(y)dy < C5 (<< 1),  (6.18)
BG(IE) Be(w)
provided that € = €(d) > 0 is chosen to be sufficiently small. Hence u.(B1(0)) C Ns
and u; = Iy (ue) € C*°(B1(0), N). Moreover
IV (ui = u)ll 2By 0y < IVU = Vel p2p, o)) + (VTN (ue) = 1) Ve 2, o)) — 0-

This finishes the proof. O
Another crucial ingredient is the following interpolation inequality (see, [127]).

Lemma 6.2.4 For any v € WH2(R?), we have v € L*(R?) and
vl agzy < Cllvll 222y IV0l12 g2y - (6.19)

Proof. Note that v € W12(R?) implies |v|> € W11(R?). Hence, by the Sobolev
embedding theorem we have

0P 2oy < CUVIOP 1 ey -

This and the Holder inequality imply (6.19). O
We now need a local energy inequality.

Lemma 6.2.5 Let u € C°(M x [0,T],N) solve (5.3) and (5.4). For xo € M and
to >0, let Ry < %min{iM, Vto}. Then for R < Ry, it holds
I

E (U(T), BR(:E())) <F (uo, BQR(ﬂfo)) + CR2

E(ug) (6.20)

for some C = C(M,N) > 0.

Proof. Let ¢ € C§°(Bagr(xg)) be such that 0 < ¢ < 1, ¢ = 1 on Bg(zp), and
Vol < %. Multiplying (5.3) by d;u¢? and integrating over M lead to

[ e+ 5 ([ cwe)

IA

C /M IVl |0yu] [V 6] 6]

IN

1

5 [ 10wl e+ c [ vl ver.
2 Jm M

Hence we have

% < /Me(u)¢2> < CR2E (u(t)) < CR™2E(ug).
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Integrating from 0 to 7T leads to (6.20). O

An immediate consequence of Lemma 6.20 is the following: for any ¢; > 0 and
ug € C*°(M, N), there exists 71 > 0 depending only on M, N and a maximal number
R; > 0 for which

sup E (ug, Bog, (2)) < € (6.21)
zeM

such that any smooth solution u of (5.3) and (5.4) satisfies

sup  E (u(t), Bg, (z)) < 263 (6.22)
20€M,0<t<Ty

Indeed, T} = C%—(Rjo) does it.
Let Ry > 0 and 77 > 0 be such that (6.21) and (6.22) hold. Then let {¢;} C C5°(M)
be a partition of unit associated with a finite cover of M by Bag, (x;) with finite
overlap, 0 < ¢; < 1, |V¢;| < 2, and Yot =1.

Then, applying (6.19) we have

[ vt = % [ vt

Csup E (u(t), Bar, (;)) ( /M IV2ul? + R1_2E(u0)>

7

IN

IA

Cey (/M (V2u|? + Rl—?E(uo)) . (6.23)

On the other hand, multiplying (5.3) by A u and integrating by parts lead

/Ot /M |Agul® + E (u(t)) < E(ug) + C/Ot /M V' (6.24)

/Ot /M Iv2ul? < ¢ </0t /M |Agul® + tE(u0)> : (6.25)

Combining (6.23) with (6.24) and (6.25), we have

/Tl/ V2u|? < Cey /T/ IV2u|? + C (1 + T1R2) E(uo). (6.26)
0 M 0 M

Thus for sufficiently small €; > 0, we have

Note that

T:
||u||$/T1 ) = C (1 + R_l%> E(ug) (6.27)
where -
1
||u||$/:r1 (M) = Sup E (u(t)) +/ / (|V2u|2 + |ut|2) . (6.28)
0<t<Ty o Jm
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Proof of Theorem 6.1.6: We outline the proof by dividing it into six steps.

Step 1. Local existence: For ug € WL2(M, N), let {uom} C C°(M, N) converge to
ug strongly in WH2(M, N). Let u,, solve (5.3) with the initial data ug,,. Then for
T1 > 0 such that (6.22) holds, we have

T
[t 37, o <C <1 + R—12> E(ug). (6.29)
1

Therefore, we can assume that wu,, — u weakly in VI1(M). It is easy to check that
u solves (5.3) with the initial data wug.

Step 2. Uniqueness: Let u,v € VT (M) solve (5.3) such that u(0) = v(0) = ug. Then
w = u — v satisfies

lwy — Agw| < C'lw| (|Vul® + |Vv]?) + C |Vw| (|Vu| + |Vv]) . (6.30)

Multiplying (6.30) by w and integrating over M leads

1 2 t 2
—/|wr +//Ww|
2 Ju o Jum
t t
c / / wl? (IVal? + [Vol?) + C / / ol Vo] (V] + Vo))
0 M 0 M

C llwl|Fa a0, (Hvu”%‘l(Mx[OJ]) + HVUH%A(MX[OJ]))
+ Cllwllzagxpog IVl zarxqo) (IVallza o) + V0l Laarxo)

Ce(t) {(/Ot /| |wr4)% +/Ot /M\lez}
< Ce(t) {?515/M Iw!2+/0t /MIVwIQ}

where €(t) — 0 as t — 0. Hence the uniqueness follows.

IN

IN

IN

Step 3. Global extension: It is clear that the first singular time T = T4 can be

characterized by

lim supE (u(t), Br(z)) > €1, YR > 0. (6.31)
0T zeM

Since yu € L2(M x [0,T]) and E(u(t)) < E(ug) for 0 < t < T, we can show that
there exists u(-,T) € WH2(M, N) such that u(-,t) — u(-,T) weakly in W2(M, N)
as t T T. In particular,

Euw(T)) < limT%anE(u(s)) < E(u(t)) forall0<t<T.

Now let v: M x [T,T + Ts) — N be the local solution of (5.3) constructed by Step
1 with v(z,T) = u(z,T), and define

w(t) = ut) 0<t<T
Cvt) T<t<T+TD.
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Then one can verify that w : M x [0,T + T) — N is a weak solution of (5.3) which
satisfies (6.16). By iteration we obtain a weak solution u on a maximal time interval
[0,T). If T < 400, then the above argument allows us to extend u beyond 7'. Hence
T = oo.

Step 4. Finitely many singular points: To see this, let Ty > 0 be the first singular
time and define S(u,Tp) by

S(u,Ty) = ﬂ {ac € M| tl%% E (u(t), Br(z)) > 61} .
R>0
Let {xj}]Kzl be any finite subset of S(u, 7). Then we have
lim |Vul? (z,t) > e, VR>0, 1 <j < K.
1170 J Bp(zy)

Therefore, if we choose R > 0 such that Bog(z;),1 < j < K, are mutually disjoint.
Then by (6.20) we have

Ka < 3 TmE(u(t), Balz;)
1<izi 170
€
< Y (B, Banle) +5)
1<i<K
K
< Bu(r) + 5+
for any 7 € [Ty — #%,To]. Therefore we have K < %ILO). This implies the

finiteness of S(u,Ty). Moreover, we have

E(u(T) = lmE [u(), M\ |J Bala))
1<G<K

< limlimFE M Bog(z;
< limlim u(t), M\ U 2r(T;5)
1<G<K
< FE —1i liminfF B ;
< B(u(t) —lim ) liminfk (u(t), Bar(z;))
1<G<K
< o . I .
< E(uo) ' limlim B (u(t), Br(z;))
1<y

< E(uw) — Key. (6.32)

Now suppose Ty < --- < Tj are j singular times and let Ko,---,K; be the

number of singular points at each singular time respectively. Let u; = %I%m(t) for

0 <i < j. Then by (6.32) we have

E(uj) < E(uj—1) — Kj_1€1 < E(ug) — Z K; | e
1<i<j
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This implies > K; < EE(IUO Hence there are at most finitely many singular points.
1<i<j

Step 5. Smoothness away from finitely many points. Let Ty > 0 be the first singular
time and z¢ € M \ S(u,Tp). Then there exists ro > 0 such that

}%—TH})E (u(t), Bary(20)) < €.

Hence there exists 0 < r; < rg such that

sup  E (u(t), By, (z0)) < €1. (6.33)
[To—r?,Tp)

Now we need

Proposition 6.2.6 Suppose u € C°(P,,(z0), N) solves (5.3). Then there exist €
and Cy > 0 depending only on n, N such that if

sup B (u(t), Bry(20)) < <o,

[to—73,t0)

then

sup  |Vu|(z) < Cy. (6.34)
zGP%l (20)

Proof. The ideas are similar to [166]. For simplicity, assume zg = (0,1) and 79 = 1.
Denote P, (zg) by P,. Let p € (0,1) be such that

(1—p)?supe(u) = max {(1 —o)%sup e(u)}

2 o€l0,1] P,
and let zg € P, satisfy

e(u)(zp) = supe(u) = eg.
P,

Then either eg(1 — p)? < 2 so that

1
(5)2511196(“) <eo(l—p)* <4
"

and hence we are done, or ey (1 — p)2 > 4. In the latter case, we consider
_1 1
v(z,t) =u (mo +ey*xz,to+eg t> , (x,t) € Py.

Then we have e(v)(0) = 1 and

_ _1eo(1—p)?
sup e(v) < eglsup e(u) < eg =~
Py 0 0 (1 - %)2

=4.

1+4
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Then by (5.3.3), v satisfies
log — Av| < C'|Vo| in Pj.

Hence Lemma 5.3.4 implies that

1= ew)0) <C [ e(w) < C sup / Vul? < Cep,
P 0<t<1J B,

which is impossible if we choose €y to be sufficiently small. O

By Proposition 6.2.6, we conclude that u € C*°(M \ S(u,Tp), N).
Step 6. Blow-up analysis near singular points. For simplicity, assume (0,0) is a
singular point of u € C*(P;(0,0) \ {(0,0)},N) solving (5.3). Then there exist
T 1 0, 2z = (xg, tg) with zp — 0, £ — 0 such that

€
E (u(tg), By, (7)) = sup E (u(t), By, (z)) = 51 (6.35)
z=(z,t)eP1,—1<t<ty

where C > 0 is a large number to be chosen. Assume t; — 47“,% > —1, define
vz, t) = u (2 + rpz, te +1it) , (2,t) € By

where P, = Prlzl converges to R? x R_. Note that

2 tr
Pk tk—T‘z M

E (vg(t)) < E(ug), —r;,> <t <0.

O
ot

Moreover, we have

sup E (vi(t), Ba(z)) < C sup E(u(t), By, (x)) < €.
(z,t)€P; (z,t)ePy
Therefore by proposition 6.2.6, we have that vy € Cl?’OC(R2 x R_, N) is uniformly
bounded for any k£ > 1. Hence we may assume v, — w in C’lloc(]R2 x R_, N). Hence
w € C®(R? x (—00,0), N) solves (5.3). Since wy = 0, w € C*°(R?, N) is a harmonic
map satisfying

€1 < / e(w) < +oo.
R2

Therefore w can be lifted to be a nontrivial harmonic map from S2?. We have now
completed the proof of Theorem 6.2.1. O

We conclude this section with a few remarks.

Remark 6.2.7 One can apply Theorem 6.2.1 to give alternative proofs of Theorems
6.1.9 and 6.1.10 in the previous section. We refer interested readers to the articles
[194, 196].
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Remark 6.2.8 Theorem 6.2.1 has been extended by Chang [36] to the heat flow of
harmonic maps from any Riemannian surface with M under the Dirichlet boundary
condition. Note that the theorem by Lemaire [114] on nonexistence of harmonic
maps with finite energy from R2, with constant value on (‘NR?H can be used to
rule out possible bubbles near the boundary. Hence the solution obtained in [36]
is smooth near the boundary. Ma [141] has extended Theorem 6.2.1 to the free
boundary problem of the heat flow of harmonic maps from Riemannian surfaces
with boundaries.

Remark 6.2.9 Freire [59, 60] has proved the uniqueness of weak solutions to the
heat flow of harmonic maps in dimensions two in the class that the energy E(u(t)) is
nonincreasing with respect to t. On the other hand, Topping [201] and Bertsch-Dal
Passo-Van der Hout [13] have independently constructed weak solutions to the heat
flow of harmonic maps in dimensions two that are different from Struwe’s solution
given by Theorem 6.2.1 by attaching reserve bubbles so that the energy E(u(t))
increase by a jump of 47 each time a bubble is attached.

6.3 Finite time singularity in dimension two

Without the curvature assumption on N, the short-time smooth solution may de-
velop singularity in finite time even in dimensions two. Here we present the well-
known example by Chang-Ding-Ye [23] on such a finite time singularity. This exam-
ple also suggests that the global, weak solution to (5.3) and (5.4) by Struwe [193] is
optimal in some sense.

Let B1(0) C R? be the unit ball with center at 0, consider equivariant maps
ug : B1(0) — S2:

ug (r,0) = <ew sin ho(r), cos ho(r)) (r,0) € [0,1] x [0, 27]

where h : [0,1] — R is such that h(0) = 0 and u((0,-) = (0,0,1) € S2. By direct
calculation, the Dirichlet energy of ug is given by

1 202
wu?=2x [ (B2 5 (6.36)
B1(0) 0 " r?
1

Let u : B1(0) x [0,T) — S? be the corresponding smooth solution of (5.3)-(5.4),
defined on a maximal time interval [0,7"). By uniqueness, u is also equivariant and
can be written as

u(r,0,t) = (ew sin h(r,t), cos h(r, t)) (r,0,t) € 0,1] x [0,27] x [0,T).

It is easy to verify that (5.3) and (5.4) can be written as

1 in 2
By — By — Sh — S0 o<1 0 (
r 2r2
h(r,0) = ho(r), 0<r<1 (6.38
h(0,t) = ho(0)(=0), t=0 (
(

h(1,t) = ho(l):=b, t > 0.
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Note that the stereographic projection from the south pole maps B1(0) to the upper
half sphere S_% is given by

sin h
—— =7
14+cosh
that is
2
h(r) = 1-— )
(r) = arccos < T T2>

Composing with a dilation r» — 1, we get a family

)\2 _ 7"2
o (r) = arccos <w> S A >0,

which solves

(D7), + % (Dr), — sini23) _ 0, 0<r<1 (6.41)

Chang-Ding-Ye [23] have proved the following theorem.
Theorem 6.3.1 For |b| > 7, the solution h to (6.37)-(6.40) blows up in finite time.

Proof. First note that (6.36) implies

/1 |h7«|2 (r,t)r dr < E(ugp). (6.42)
0

Hence by Sobolev embedding, h(-,t) is locally Hélder continuous on (0, 1] uniformly
in £, and a singularity can only develop at the origin.

Assume b > 7, the key ingredient is to construct a subsolution of (6.37)-(6.40) with
f(0,t) =0 < f < f(1,t) = b such that f,.(0,t) — oo as t — T for some T < +oc.
In fact, let ho(r) = f(r,0) and h be the corresponding solution of (4.2)-(4.5). Then
the maximum principle implies h > f on [0,1] x [0,7"). Hence h must blow up no
later than 7.

Let

frt) = o (r) + du(r'),
where € > 0, > 0 and A(¢) will be chosen suitably. Since
2 7“2+2E
b (THE) = arccos <m> — 0, as 4 — 00
uniformly in 7 € [0, 1]. Hence for any € > 0, there is u = pu(€) > 0 such that

1

o)) > 1]. 4
cos (gbu(r )) Z 1o r € [0,1] (6.43)
Set 0(r) = ¢, (r'*¢). Then one can check
1 14 €)?sin 26
6 + g, - LTSy (6.44)
r 2r2
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Now we compute the tension field of f:

1 sin 2 f

= for+-fr— 4
) = ot e (6.45)

_ sin2¢y —sin2(¢y +0) + (1 +¢€)?sin26

N 2r2

(14 €)% cos @sinf — cos(2py + 0) sin
> (1+¢)— 06;8(2@ +0) .o
r
€ .

> 2 sin 6

_ € 2MT1+E

T2 2 42t

> ar !, (6.46)

where €] = /fl’fl > 0. On the other hand, we have
2r
= ———2N(t).
fi A2+ 72 ®)
Let M (t) = =A%, § > 0 to be chosen. Solving this ODE gives
1
AMt)= (N —(1—e)dt)T. (6.47)

By direct calculation, we have

fr(0,t) = —% — 00

1—e
WhentTT:(i‘ﬂ—E)é,as ANT) = 0.
Finally, we have

20°r _1 20\r2 ¢ 1
ft_T(f)S)\2+T2_€1r6 :<)\2+T2 _61>T6 go
provided that we choose sufficiently small 6 = §(e) > 0. Here we have used Young’s
inequality:
Ar2me < Ce) (A2 +r2).

Observe that if we choose A\ sufficiently small and u sufficiently large, then | f(r,0)—
7| and |f(1,¢)—7| can be made arbitrarily small. In particular, f(r,t) is a subsolution
of (4.2)-(4.5). Hence h(r,t) > f(r,t) and ltif?h’“(o’t) = 400 so that (6.37)-(6.40)

blows up at finite time. O
Remark 6.3.2 For |b| < 7, Grayson-Hamilton [62] and Chang-Ding [22] have in-

dependently proved that (6.37)-(6.40) has a global, smooth solution. Hence in this
sense Theorem 6.3.1 is optimal.
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6.4 Bubbling phenomena for heat flows in
dimension two

From the discussion in the previous two sections, we know that in dimension two
the energy concentration leads to both the failure of strong convergence and the
formation of singularity for both harmonic maps and their heat flows. The central
question here is (i) the energy identity, which asks whether the loss of energy during
the convergence process can be recovered by a finite number of harmonic S?’s, and
(ii) the bubble tree convergence, which asks whether the sequence converges contin-
uously to the limiting map which is formed by gluing finitely many harmonic S2’s
to a weak limiting map. In the last several years, there have been many works done
in this direction. We refer the reader to the important works by Jost [103], Parker
[152] on harmonic maps from surfaces, by Parker-Wolfson [153] on pseudo holomor-
phic curves, and Qing [157], Ding-Tian [43], Wang [206] on the energy identity, and
Qing-Tian [158], and Lin-Wang [133] on bubble tree convergence for approximate
harmonic maps with tension fields bounded in L? in dimensions two.

In this section, we will analyze the behavior near a singularity of an almost
smooth heat flow of harmonic maps from a Riemannian surface obtained in Theorem
6.2.1. We will establish both bubble tree convergence at ¢t = +oo and the energy
identity at a finite time singular point for the class of heat flows obtained in Theorem
6.2.1. Our presentation here follows [133] very closely.

We start by stating two main theorems of this section. Throughout this section,
assume that v : M x Ry — N is the solution obtained by Theorem 6.2.1. Let
t, — oo be such that

Tim [|0pu(t)ll2(a) = 0 and lim |8yul? = 0. (6.48)

=00 J M X [tn—1,tn]

Theorem 6.4.1 There exist a harmonic map us, € C°(M, N) and a finite number
of bubbles {w;}™,, {at}™, C M, and {\.}™, C Ry such that

— 0, (6.49)
Lo (M)

m
u(ty) — Uoo — Zw,’l
i=1

where

Theorem 6.4.2 For 0 < Ty < 400, let u € C°(M x (0,1p), N) solve (5.8) with Tp
as its singular time. Then there exist finitely many bubbles {wi}ﬁzl such that

l
Jim E(u(t)) = Buw(Tp)) + > E (w;,S?). (6.50)
=1

There are two main ingredients in the proof of Theorem 6.4.1: (i) an almost
convexity estimate of the angular energy, and (ii) the Pohozaev type inequality that
controls the radial energy by the angular energy.
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Lemma 6.4.3 There exists ey > 0 such that if u € C*®([T1, Ty] x S, N) satisfies

Ut + Ugy = A(u) (VU, V'LL) + F, (651)
and
sup  |Vul < e.
[Tl,TQ]XSl
Then there is C' > 0 such that for t € [Ty, T3],
o [z [ o [ (652
dt? [ ol = st o st ’ '

Proof. Direct computation, integration by parts, and using (6.51) gives

d? 2 2
— = 2 2
& /S | /S g2 + /S (1 )
_ / g |? — 2 / (1106, uze)
St S1
= 2/ |u6t|2+2/ |ugg|?
St S1

- / (ugg, Alu) (Vu, Vu) + F)
Sl
= I+ I1I1+111.

We estimate I11 as follows.
1T = 2 /S (g, (A() (Y, Vis))g) — 2 /S (ugo, F)
= 2 /S1 (ug, (VA(u) (Vu, Vu) ug + 2A(u) (ugg, ug)
+ 2A(u)(upt, ur))) — 2/51 (ugg, F) .
Hence by the Cauchy-Schwarz inequality

11 < 2 TAlgegy sup [Vl [ ol

[T1,T2]x St

+ Ay [ ool o

WALy [, Tl ol el +2 [ uool 1

1
<§—|—C’e(2)>/ unl* +06 [ Juol*+ € [ Jual®+C [ 1P
S1 St St S1

Therefore if we choose € sufficiently small, then

2 2
—_ - F?.
dt?/"" —16/“"’| 6/51‘“9‘ 0/51‘ |

+

IA
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On the other hand, the Poincaré inequality on S' gives

[ tuol? < [ ool
S1 St
o [P [ oo [ e

This gives (6.52). O

Therefore

Now we analyze the solutions to the following 2nd ODE.

Pl —P = —G),T1 <t<T, 6.53
1

P (Th) = e, (6.54)
P (Ty) = e, (6.55)

where G(> 0) € L'([T1,T3]) is given, ¢; = fSlx{Tl} |u9|2, and ey = fSlx{TQ} |u9|2. In
fact, we can solve (6.53)-(6.55) explictly and get

Lemma 6.4.4 Let P, : [T1,T>2] — R be a solution to (6.53)-(6.55). Then

1"
Py(t) = Ae' + Be ' — 3 / G(s) (e —e'7%) ds, (6.56)
t
where
el2ey — el + 4 f;f G(s) (e* — e*17%) ds
- 2T _ o211 ’
B eT1+2T261 _ €2TI+T2€2 1 2T2 fT (68 _ 2T1—s) dS
- e2Ta _ 2Th —5¢ eQTQ — 2T
For Ty <t < Ty, denote P(t fslx{t} |u9| Then the maximum principle
implies
P(t) < Py(t), Vt € [T1,Tb]. (6.57)

Hence we obtain

Lemma 6.4.5 Assume that G(t) = e ' H(t) with H € L' ([T}, T3]) and 0 < T} <<
T5 < oo. Then

" p 1 51 Ty

T
1
To 2
+ (e—%—e—%) </ \H(t)]dt)
Th

< (Ve +Ve)+C </TT H(1)] dt) L (6.59)

N
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Now we derive the Pohozaev inequality for two dimensional approximate har-
monic maps in dimensions two.

Lemma 6.4.6 Let u € W22(B2, N) solve

Au+ A(u) (Vu,Vu) = h, with h € L*(B?).

/833

for any 0 < R < 1.

Then
ou

or

2
<R |u9|2—|—2/ 1| [Vl (6.59)
O0BRr Br

Proof. Multiplying both sides of the equation of v by x - Vu and integrating over
Bpr, we get

1
/ \vqu—R/ \ur|2+—/ z-v(|vu|2)=—/ (hy - V).
Br 9Bg 2 /By Br

Note that 1 1
—/ z-V (|Vul?) = —/ IVul? + —R/ IVul?.
2 /By Br 2 JoBg
Hence 1
o [ vl [ = rt [ va),
2 Jog 9Br Br
which implies (6.59), since |Vu|? = |u,|? + 5 |ug|?. 0

Lemma 6.4.7 Let u € C®(B? x [0,t), N) solve (5.8). Then for 0 <t < s < tg
and 0 < R < %,

E
/ |Vu|2(:r,s)d:v§/ Vul? (2, 1) do + C (5~ 1) 75, (6.60)
Bgr Baor
and
s E
/ |Vu|2(x,t)dx§/ |Vu]2(x,s)d:v+0// Opul® + C (s —t) =3, (6.61)
Br Bar t JB; R

where Ey = E(u(-,0)).

Proof. Let ¢ € C§°(B?) be such that 0 < ¢ < 1, ¢ = 1 on Bpg, and ¢ = 0 outside
Bsg. Multiplying (5.3) by ¢20,u gives

- (2 [ v ve 5 [ \atuﬁqs?)
B2 2 /g2
d (1
< 2 2, ¢ [1 2 .2
< [ ol 8+ (2/3%%4 ¢)

1
2 / Vul2 Ve[ + 2 / 0uf? 6.
B2 2 Jp2

IN
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Integrating these two inequalities from ¢ to s yields (6.60) and (6.61). O

Now we need a refined version of the small energy regularity estimate, which is
a consequence of Proposition 6.2.6 and Lemma 6.4.7 (see also §7 below).

Lemma 6.4.8 There exist g > 0 and C > 0 such that if u € C°(R*xR_, N) is a
solution to (5.3) satisfying

R™2 |Vul*> < €,
Pr(2)
for some z € R2 x R_. Then
R? sup |Vul?® < CR~2 / Vul, (6.62)
Pr(2) Pp(z)
T
and
RY sup |9ul? < Cle). (6.63)
Pr(2)

Proof. From the proof of Lemma 6.4.7, it is easy to see that

R2
/ [Vu(s)]> < R™? |Vu|? for all s € [t — —,1).
By (@) Pr(2) 4

Hence the condition of Proposition 6.2.6 is satisfied, and the conclusions follow. O

Proof of Theorem 6./.1:

For simplicity, we may assume M = B%. Let t, T oo be such that (6.48) holds.
Denote u, = u(ty). From the standard reduction on the number of bubbles (cf.
[157, 206]), Theorem 6.4.1 follows by dealing with a single bubble.

Assume that for § > 0 small, u, — us in H'(Bs \ {0}, N) locally but not in
HY(Bs, N). Also assume that there exists only one bubble w; such that for some
A} 0and x, — 0,

Un () = Up (T + Apx) = wp in Hlloc N Clloc(R2’N)‘
For large R > 0, denote

A, (6,R) = {z € R?* | R\, < |z — 2| < 5},
and
¥,.(0, R) = [|log |, |log RA,|] x S*.

Note that f(r,0) = (e7",0) : ¥,(5,R) — A,(X,R) is conformal provided that
¥,(0, R) is equipped with the flat metric. Let v, : ¥,(d, R) — N be defined by
Up(r,0) = unp(e™",0). Then

Avy, + A(vy)(Voy, Vo) = hy, in (0, R), (6.64)
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where hy,(r,0) = e 2"0u (7", 0,t,) satisfies

1Bl 12 ooy sty < €7 1o ta) lpagss, - (6.65)

The conformal invariance of E implies,

/ |V, |2 :/ |V, |2 (6.66)
¥n(8,R) An(4,R)
From the assumption that there exists only one bubble w;, we also have (cf. [43,
157, 206])
1
/ |V, |2 = / Vo> < Zeg, (6.67)
Bef(r72) \Bef(r+2) [T—Q,T+2]><Sl

for all r € [|logd, | log RA,|].

Now we have the following lemma.

Lemma 6.4.9 Assume u,, and v,, are as above. Then

lim lim lim [Vun|? =0, (6.68)
310 Rloon—00 [ 4 (5 R)

and

lim lim 1i n = 0. .
61&)1 RITI<1>10 Jim osca,,5,r)u 0 (6.69)

Proof. From (6.67) and (6.48), one can apply Lemma 6.4.8 to get

V| (r,0) = e [Vuy|(e™",0) < C(eo),
hy(r,0) = e 2" |Owu| (e7",0,t,) < C(ep) (6.70)

for all r € [|log 4|, |log RA,|]. Let Gy (r) = fSlx{r} | (1, 6)‘2. Then we have

|log RAn|
/| e Gy (r) dr = / |Byu(ty)|* — 0.
1

og 4| An(0,R)
Using the W2%-estimate, we get

2
HV ”"HL‘*([T—l,rJrl]xsl) < C(HVU””L“([T—ZTH]XSl)

+ Hv”nPHL4([T—2,T+2]xsl) + “Bn“L4([r—2,r+2]xsl))

1 1
< CUIVonll (s 6.0 IVVRI L2 (- r 2y sy

— 1 _ 1
+ thHzm(zn(a,R)) Hh”HZQ([r—2,r+2]><Sl)) < Ce.

for all r € [|log 4|, |log RA,|].
Therefore by the Sobolev embedding theorem, we have

Vvl Lo (s, 6,7)) < Ceo-
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Hence we can apply Lemma 6.4.5 with u, F, G, T1, Ts, replaced by v, hn, Gp,
|log d], |log R\, | respectively, to conclude

|log RAn| i
/ ( \(vn>e\2) < (/ |<vn>e|2>
| log 6] 51 S1x{|log RAnl|}
:
+ ( / |<vn>e|2>
S1x{|logd|}

1

+ Vo </35 |8tu(tn)|2> "o (6.71)

NI

Here we have used the fact that

max / |(vn)al”, / |(v)g]? » — 0, as n — oco.
S1x{|log RAn|} S1x{|logd|}

Applying Lemma 6.4.6, we get

/ (a)e? < / |(on)ol? + 267 / Byt [Vt
Stx{r} Slx{r} B,

for any r € [|logd|,|log RA,|]. In particular,

|log Ry | 3
/ ( |<vn>r|2)
[ log §| St
| log RAn| 2
< [ ( \(vn>e\2)
| log 4| St
| log RAn|
+ 2/ e /
| log 4| B

N

1
2

I3

|Oru(tn)] !Vun|>

e~ T

< o(1)+2 (/IIOZRA" e—S) . (/35 \8tu(tn)|2>‘1‘
(f, )
< o(1)+2V6 </36 |8tu(tn)\2>i </35 \vunF)‘l‘ —0.

Therefore

) |log RAn| o1 o1
[ valsen [ (( 3+ Jod >2) dr — 0,
3n(6,R) | log é| St St

This clearly implies (6.69). It is easy to see that (6.68) follows from (6.69). O

In order to prove Theorem 6.4.2, we need the following lemma.
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Lemma 6.4.10 Let u € C®(B? x (0,t9), N) solve (5.3) with (0,ty) being its only
singular point. Then there exists a constant m > 0 such that

Vul?(z, t) de — mdo + [Vul*(z, t0) da, (6.72)
fort 1 tg, as convergence of Radon measures. Here ¢ denotes the Dirac mass at 0.

Proof. For any two sequences s; T tg, t; T to, according to Lemma 6.4.7 there exist
two constants m > 0 and m’ > 0 such that, up to subsequences,

\Vu]Q(x,si)dx — méo—l—\Vu]Q(x,tO)dx
\Vul(z, t:)de — m/'6+ |Vul*(z, to) da,

as convergence of Radon measures in B?.
For any € > 0, there exists n > 0 such that fB§ |Vul|?(x,tg) < e. Therefore, we
n

have
moz [ Ve ) -
B3,
t;
> /|wﬁu@ymwﬂ&—m%—/‘/|wﬁ—e
By si J B}
> / \Vul? (z,t;) — 2 > m/ — 2.
B77
Hence m > m/. Similarly m < m/. O

Proof of Theorem 6.4.2:
Assume Ty = 0, M = B?, and (0,0) is the singular point of u. By (6.72), there exist
tp, T0 and A, | O such that

lim \Vul? (z,t,) dz = m.

n—oo [p
An

Let up(x,t) = u(A\yx,t, + A2t). Then u, satisfies (5.3) on Bi_l x [=2,0), and

2 ) tn+222 )
/ / |0, | :/ / |Oyul” — 0, asn — oo.
-2 Bi,l tn—2)2 JB2
n

Therefore, by Fubin’s theorem, there exists n, € (—1, —%) such that
[, 1o e o, [ Bpual* — 0.
B B2 x(-22)
Note also that

/|wM%mmz/\WM%myxmﬂ%zm—cyﬂﬁ
BR By
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In particular,

lim Vun|? (-, 1) > m.
R—o0 Br

In fact, by Lemma 6.72 we have

lim (V| (-, m0) = m.
R—oo Br

Hence for each R > 0 uy,(-,7,) converges weakly to v € H!(Bg,N) and v is a
constant, since we can assume |t,,| < 2A2 and have

2
/ it (-1 70) — tn (-, —ta A2 < 4 / / Bpual? — 0,
Br —2JBpg

/ IVt (s —toAZ2)2 = / Vul(-0) — 0.
Br BRAn

For each R > 0, we now apply the proof of Theorem 6.4.2 to u,(-,n,) on Bg to
conclude that there exist N bubbles {w;, R}Z-A;Rl such that

and

lim |Vun| ZE wi R, S

n—oo

Since there exists a universal ey > 0 such that any bubble w : §? — N has E(w, S?) >

€0, we have that 1 < Np < [Z]. Therefore, there are d € [1, [Z]] and a subsequence
R 1 oo such that Ng =d and
d
_ . . 2 _ . . 2
m = lim lim . [Vun|*(-;nn) = ggo;E(wz,R,S )-
Note that for ¢ = 1,---,d, {w;r} are sequences of harmonic maps from S? to
N whose energies are uniformly bounded. Hence we can apply the theorems on
harmonic maps by [103] and [152] to conclude that for ¢ = 1,--- ,d, there exist
N; € [1,[]] and N; bubbles {wm};\f;l such that
N
lim E(w; g, S =Y FE(wij,S5?).
Jim B(wir, 5%) ; (wig, S%)
Therefore we have
d N;
m= > Blwy; S,
i=1 j=1
where w; ; are bubbles for 1 <1i < d,1 < j < N;. The proof is complete. O

Remark 6.4.11 For the heat flow of harmonic maps from surfaces, it is an im-
portant question to ask whether the solution wu(t) converges at ¢ = +oo and the
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uniqueness of the locations of the bubbles of the heat flow at ¢t = +oo. Top-
ping [202, 203] has made some interesting progresses on this problem. For ex-
ample, in [203], Topping has proved that for M = N = S2, if for some ¢; T oo,
a weak limit map u. and all possible bubbles w;, 1 < j < K, of the sequence
u(t;) : S — S? are either all holomorphic or all anti-holomorphic, then u., is inde-
pendent of t; T +o0o. In this case, Topping has essentially proved the quantization
estimate: |E(u(t;) —4nk| < C’||8tu(ti)\|%2(52) for i sufficiently large. In [203], he has
obtained some further refine results along this line.

6.5 Approximate harmonic maps in dimension two

For both the energy identity and no neck formation for approximate harmonic maps
from Riemannian surfaces, the assumption that the tension field is bounded in L2
seems to be necessary for various methods developed by [157] [43] [206] [158] and
[133] mentioned in the previous section. However, this condition is not conformally
invariant. Parker [152] has constructed a sequence of approximate harmonic maps
from a Riemannian surface with L' bounded tension fields, in which the energy
identity fails. Hence a natural question to ask is whether the energy identity holds
for approximate harmonic maps with tension fields bounded in L? for 1 < p < 2 in
dimensions two. In this section, we present a result, due to Lin and Wang [135],
which gives a confirmative answer to this question. In fact, the condition on the
tension field in [135] (see Proposition 6.5.3 below) is essentially optimal.

Theorem 6.5.1 Let M be a Riemannian surface without boundary. For any p > 1,
assume that {u;} C H' (M, S*=1) are such that the tension fields:

T(uz) = Au; + |VUZ|2’LLZ

are bounded in LP(M). If u; converges to u weakly in H' (M, S*=1), then there exist

finitely many harmonic S*’s, {wj}é-zl, {ag 9:1 CcCM, {)\i 5':1 C Ry such that

l

lim ||u; —u— Z w? =0, (6.73)
o 3=t Al pes (ar)

and hence l
lim ||u; —u — ng =0, (6.74)
o =t Al

where

W) = w; ( ;jai) — w;(00).

Proof. Following the scheme by Brezis-Coron [18](see also [157] and [206]), we only
need to consider the situation where there are two bubbles at the same point by
two different scales and prove that there is no energy concentration and oscillation
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at the (neck) region between these two bubbles. More precisely, we assume that
there exist A\; — 0 and p; — 0, with ’/\L—z — 00, such that wu;(x1 + A;-) converges
to a nontrivial harmonic map w; in Hlloc(R2’ SE=1) and w;(x1 + p4) converges to
another nontrivial harmonic map wy in HIIOC(RQ \ {0}, SE=1). Moreover, for some
sufficiently small constant €y to be chosen later,

/ |Vui|? < €. (6.75)
Bru;\BRax,

We need to show

Lemma 6.5.2 Under the same notions as above, we have

lim |Vu;|* = o(r, R7Y), (6.76)

1—00
B’“gi \BaRra,

where lim, 0 gp— oo o(r, R71) = 0.

Proof. Set r; = T)‘fi *, we have r; — oo. For simplicity, assume that 1 = 0 and B,
is an Euclidean ball. Define v;(z) = w;(\jz) for x € B,,. Then v; satisfies:

7(v;) = Av; + |Vvi|?v; = by in By, (6.77)

where h;(r) = A?h;(\;x) for € B,,. By the conformal invariance of the Dirichlet
energy in dimension two, we have

/ |Du;|? < €3. (6.78)
Bri \BR

For 1 < k,l < L, consider the 1-forms dvfv! — vldvF. Then (6.77) gives
d* (dvaﬁ - védvf) = Efvﬁ - Eévf = H* in B,, \ Bg, (6.79)

hence
A (dvaﬁ - vﬁdvf’) = dHF + 2d* (dv* A dvl) in By, \ Bp. (6.80)

Now, let 7; : R? — RZ be an extension of v; from B,, \ Bg such that

/ V5| < 0/ Vo2 < Cé2. (6.81)
R?2 By, \Br
Let Ffl : R? — RE*E be an extension of H; from B, such that Ffl = 0 outside
B,,. Hence
/ o <c / P < X2 / IhalP. (6.82)
R? Br, Bkiu

By the Hodge decomposition theorem of Iwaniec-Martin [101], there are

U; € H' (R?, A2 (RPXE))  and Fy € W2P (R?, REXE)
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such that
AUM = dgk A dol, (6.83)
and "
AFF ="H;". (6.84)
Then we have
A (dv vl — oFdul — dFF — 2d*\Iffl) =01in B,, \ Bg. (6.85)

Therefore, if we define the 1-forms G; € H'(B,, \ Bg, A(RY*E)) by
AGM = 0in B,,\ Br, (6.86)
i (Gfl (doFol — vEdyl — dFH — 2d*\1/fl)) — 0, (6.87)

where i : 0 (B,, \ Br) — R? is the inclusion map and i* is the pull-back map from
one forms. Then for 1 < k,I < L,

dvfol —ofdvt — dFF — 24" ¥ = G¥ in B, \ Bg. (6.88)

For Uk we observe that the right hand side of (6.83) is in the Hardy space H!(R?)
(see Chapter 3.2 or [35]) and also in H~!(R?) by [18]. Hence ¥* € W2!(R?) and
satisfies

Hv%fl < Hd@fAd@ﬁ < 0/ VT, 2
L1(R2) H1(R2) R2
< C Vo2 < Cé2, (6.89)
Bri\BR
and
ri |2 — |2 2 2
vy <C |Vu;|” < C V| < Cep. (6.90)
R2 R2 By,\B
For Fikl, by W2P-estimate we have
Hszikl < SCHHikl
Lr(R2) Lr(R2) L?(Br,;)
9_2 22
< ON 7 ill o,y S CA 7 (6.91)
Hence, by Holder inequality we have
HVQFikl < HV2FZM rf(l_%) < HV2Fz’kl 3(1_%)
LY(Br,) LP(Br,;) LP(R?)
2(1-3) 21 -2)
< C HhiHLP(BaM) i < Cpy : (6.92)
This, combined with W1(R?) ¢ L%1(R?), yields
kl 2(1-3)
HVFz' 121(B,) <C HhiHLP(BWi) oy : (6.93)
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Moreover, using the L*>-estimate for VF; we have

IN

HVFz'kl

< H;
L2:2(R?2) (R?) < Ol .,

2(1 1)

IN

Cllhill s, < Clhill o, ) #

< O;f(l_g). (6.94)

7

Using the duality between L?! and L2’°°, we have

1
2
L2,OO(BT,L_)

kl

HVFikl i

|vr

oo |

2(1-3)
< Clhillprs,,, ) i : (6.95)

‘ L2(Br,;)

For Gfl, we can choose suitable r > 0 and R > 0 so that

kl
i

1
<C, r?
L2(0BR)

Rz GH <C

L2(8Br,) —

This implies (since G; is a harmonic 1-form)

_1
max{ua 12352\ Gl \BQR)} < CR. (6.96)

Substituting these estimates into (6.88), we have that (dvfv! — vldvF — 2d*U¥) €
L*>'n LZOO(B% \ BQR) and

|(avtet — vkanf — 20wl <cC (R } +uf(1_5)> : (6.97)
L?1(Br; \Bar)
k - N
H(dv ob — oFdvl — 2470 )‘ <C|\R 24up, 7). (6.98)
LQ’OO(B%\BQR)
Hence
k — _1 o 20=y)
Hdvv—vdv 2d\11i)‘ <C(R2+pu 7). (6.99)
L2(Br; \Bar)
2
Therefore we have
1
Hdv vl — v dul < 2 HV\I’fl +CR 2 —i—Cuz(l »)
L2(Bry \B2r) L2(R?)
2 _1 2(1-1)
< C IVu|"+CR 2 +Cp, *
Br; \Br
2
< CaolVulmmg +C [ ITul
2 Bri\B'fi
2
2 _1 2(1—1)
+C [Vu|"+CR 2+ Cp, 7.

Byr\BRr



6.5. APPROXIMATE HARMONIC MAPS IN DIMENSION TWO 157

Since

2
=2 |VU2‘|2,

L
E ‘dvf”vﬁ — ofdv!
k=1

we have by choosing ¢y sufficiently small and summing the left hand side of the
above inequality over 1 < k,1 < L,

IVollixogm < C| [ vuP+ [ vup
2 BTZ\B% BQR\BR

(1-1)

LCR™} +Cpl (6.100)

Since

/ V| = / [Vwi >+ o(i™h),
BQR\BR B2R\BR

/ Vuil? < / Ves|? + o(i™)
B \Br; B,\By

T
2

and

where lim; . o(i™!) = 0, it is clear that if we choose R sufficiently large and r suf-
ficiently small, then both terms in the right hand sides of the above two inequalities
can be arbitrarily small. This completes the proof of Lemma 6.5.2. O

The oscillation convergence in Theorem 6.5.1 also follows from Lemma 6.5.2. In
fact, it follows from the proof of Lemma 6.5.2 that

2(1-1)

Y < C/ Vil ® + C |\ hill 1o s —0, 6.101
H HLl(B%\BgR) B, \Bn | | hill Lo 1t ( )

as i — oo and R — co. Let ©; be an extension of v; to R? such that it is compactly
supported and

HV%@HLl(Rg) <C HV%nHLl(B%\BzR) ’
Since
Bl = | [t ian o
R2
_ | g
B /R2 |$_y|2VU(y)dy‘
< |L2 V| 21 g2y
|y L2, (R2)
< CHV%Z'HU(R?)
< CHV2’U1HL1(B%\B2R)’
we have

lim lim max |y (z) =0.
R—o00i—00 (EGB% \Ba2r
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This implies that there is no neck formation between any two bubbles. Hence the
proof of Theorem 6.73 is complete. O

To conclude this section, we present an essentially optimal condition on th tension
fields, that is satisfied if 7(u;) is bounded in LP(M) for any p > 1. For an bounded
domain Q C R2, denote by H!(Q2) the local Hardy space on €2 defined by Semmes
[165]. For a Riemannian surface M without boundary, we define H!(M) by using
coordinate charts.

Proposition 6.5.3 The energy identity part of Theorem 6.5.1 remains to hold if
(a) the tension field T(u;) is uniformly bounded in H'(M), and (b) 7(u;) is equi-
integrable, i.e. for any € > 0 there is 6 > 0 such that for any E C M, with |E| <0,
S5 |7 (wi)|(x)dx < € for any i > 1.

The oscillation convergence part of Theorem 6.5.1 remains to hold if T(u;) is
equi-integrable in HY(M) in the sense that for any € > 0 there is a 6 > 0 such that
for any open set E C M, with |E| <6, ||7(u;)|lq1(g) < € for any i > 1.

Proof. Tt is the same as that of Lemma 6.5.2, except that we estimate the L*! norm
of VEM in a different way. To do it, let n € C§(R% R,) be such that n = 1 in B,,,

and .
Kl Jr2 nH,; .
' Jr2 1
Then by a lemma of [165] we have that n (H — cf') € H!(R?) and

HTI (Hkl kl)HHl R2) = OHE"HHl(Bri)

< C ”hi”Hl(M) <C < 0. (6.102)
Now let F, kl and Ffé be 1-forms on R? such that
AFM = g (Hfl - cfl) (6.103)
AFS = ' (6.104)
This gives
' =FM +FY+ L7 in B,,, (6.105)

where L¥! is a harmonic 1-form on B,, so that the L?! norm of VLA can be estimated
in the same way as that of G.
For Fk1 and Ffé, we have

’szk{ L1(R2) _CHH (Hkl kl)HHl(RQ) -
and
HVQ s,y — Cri||V*F; L2(B,«)
< Crql|lcM 2):Cri2|cfl\

IN

¢ HEZ'HLI(B”)
Cllhill gy < €

IN
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From these two inequalities, we obtain a upper bound of HVQFZ-MH LBy The

smallness of ||VFF| , . follows from the equi-integrability condition of 7(u;).
7 L2 (

B;.)

%

In fact, for any € > 0, we can choose § > 0 sufficiently small so that

Hanl

L1(R2) < HEiHLI(Bri) < HhiHLl(Ba) <e.

If, in additions, h; is equi-integrable in H!(M), then the above argument implies
that HVFZMH 120(B, ) = 0(9) so that the oscillation convergence follows as well. O
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Chapter 7

Partially smooth heat flows

In this chapter, we will present the important work by Chen-Struwe [33] on the
existence of global weak solutions to the heat flow of harmonic maps in higher di-
mensions, which is smooth away from a singular set of small size. There are two
ingredients in the construction of [33]. One is the parabolic energy monotonicity
inequality first discovered by Struwe [195] for smooth heat flows of harmonic maps.
The other is the Ginzburg-Landau type approximation scheme for heat flow of har-
monic maps. We remark that monotonicity inequalities similar to [195] have also
played important roles in other geometric flows such as mean curvature flows (cf.
Huisken [76]). This chapter is organized as follows. In §7.1, we derive the mono-
tonicity formula by [195]. In §7.2, we show the existence of global smooth heat flows
for small initial data by [195]. In §7.3, we present examples on finite time singularity
of the heat flow of harmonic maps in higher dimensions by [39] and [28]. In §7.4, we
present examples on non uniqueness of the heat flow of harmonic maps by [38]. In
§7.5 and 7.6, we present the construction of partially smooth heat flows by [27] and
[33].

7.1 Monotonicity formula and a priori estimates

This section is devoted to the monotonicity formula for smooth heat flows of har-
monic maps by Struwe [195]. Main references for the presentation in this section are
from [195] and [196]. First we briefly recall the definition of the parabolic Hausdorff
measure on R™ x R. The parabolic metric § on R™ x R is given by

5 ((x,1), (y,5)) = max{\x —yl, V]t sy}, (z,%), (y,5) € R" X R.

For any 0 < o < n+ 2 and any set £ C R" x R, a-dimensional parabolic Hausdorff
measure of F is defined by

PAE) = limP§(E)

= lim inf ;B ri(zi), i € E, 1y <6
lim in {ZTZ| CLiJQZ(z) zeE, T }

7

where Q,(z0) = {z € R* x R | |x — zo| < 1, |t — to] < r?}.

161
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For simplicity we assume M = R"™ and consider a solution u € C*(R"™ x
(0,400), N) of (5.3) that satisfies the energy bound:

E(u(t)) < Ey < 400, Vt € (0,+00). (7.1)
For zg = (z9,t9) € R™ x (0, +00), let

1 < |z — z0/?
n€Xp | —
(,/47r|t—to|) Alt — to]

be the backward heat kernel on R”, and for R > 0 denote

G (z,t) = >, z € R", t < t,

Sr(to) = {(z,t) |z € R", t =1t — Rz},

Tr(to) = {(x,t) € R" x (0,+00) | tg —4R* <t <ty — R*}.

Using G, as a weight function, we define two energy quantities:

1
D, (p) =P (p5u) = —p2/ \Vul? G, dz, 0 < p < Vo, (7.2)
2 Rnx{to_pQ}

and
U, (R) =V, (R;u) = / \Vul* G, dzdt, 0 < R < Vo
Tr(to) 2

(7.3)

Then we have

Theorem 7.1.1 For any zo = (xo,t0) € R™ x (0,+00) and 0 < p < r < \/to, it
holds
Bo0(p) < Boyr). (7.4

Proof. For simplicity, assume zg = (0,0) and u € C*®(R"™ x (—00,0), N). Denote
G = G(o,0) and ®(p) = @(g,0)(p). First observe that for any R > 0,
ug(z,t) = u(Rx, R*t), (x,t) € R™ x (—00,0)

also solves (5.3). Note also that G(Rx, R*) = R™"G(x,t). Hence we have ®(p) =
®(1;u,). Direct calculations imply

d d

o) = el

= / Vu,,-v<%>edx
Rnx {1} dp

= —/ V- (GVu,) - <%> dx
Rnx{—1} dp

— = (- Vu + 2ptuy) (px,th) , VG = %G,

Since
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by using (5.3) we obtain

d 1 2
—d = — Glpz - Vu — 2p*0u z, p°t) dx
i (p) % Jari 1) p p*Oyul|” (p, p°t)
1
= — |z - Vu + 2tdul* G dz > 0. (7.5)
2p Jrrx{-p?)

This implies (7.4).

Remark 7.1.2 Integrating (7.5) over 0 < p1 < pa < v/tg, we actually get
P2 1
D, (p2) — P (p1) / / |z - Vu + 2t8tu| G dx dp. (7.6)
p1 R™ X {to—p?}

(7.6) plays a very important role in the blow up analysis of (5.3) in Chapters 8 and
9 below.

Next we have

Theorem 7.1.3 Suppose that u € C°(R"™ x (0,400), N) solves (5.3). Then for any
zp € R™ x (0,400), we have

U, (r) <V, (R), 0<r<R<\t. (7.7)

Proof. Note that

U, (R) — /t s / IVl Gy dedt
0 n

_ / ( / me@odm)@
R R"X{to—pQ} p

2R dp
- [ e

R
Hence (7.7) follows from (7.4). O

As an immediate consequence of (7.4), we can derive an apriori gradient esti-
mates for smooth solutions u of (5.3), under the smallness of ®(p).

Proposition 7.1.4 There exists eg > 0 depending only on n, N such that for any
solution u € C®(R™ x (—00,0), N) of (5.3), if ®(R) < €3 for some R > 0, then

sup (R*|Opu| + R|Vu|) < C (7.8)
Psp

for some positive constants 6 and C depending only on €g,n, N, Ey.

Proof. By scaling, we may assume R = 1. For 6 > 0, let p € [0, 4], zo = (z0,%0) € P,
be such that

(6 — p)zs}jp e(u) = max {(5 — 0)%sup e(u)} , e(u)(zg) =sup e(u) =ep. (7.9)

0<a<p Py %
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We may assume eg > ﬁ. For, otherwise, we are done. Now we rescale u and
define v(x,t) = u(xg + \/ie—o,to + %) € C*(P,N). Then we have e(v)(0,0) = 1 and

supe(v) = ey’ sup e(u) < eyt supe(u)
P P _1(20) Psip
= 2 2
< deytsupe(u) = 4. (7.10)

P

This, combined with (5.3.3), implies

<% - A> e(v) <Ce(v) in P (7.11)
Hence, by the Harnack inequality we have
| = e()(0,0) < C / e(v) dedt = Cel / e(u) dadt. (7.12)
P P

_1(20)
60 2

Let 21 = (71,t1) = 20 + (0,e5"). Then by (7.4) we have

1

2e0_§ dp
1 < C/ e(u)G, dedt <C [ | P(p)—
P 1(20) e 2 P
50 7
< C e(u)G,, dz.
R7x{-1}
Since |z1] < & and [t1| < §2, we can estimate, at t = 1,
1 j? —|z — z[?
G, —G| < 1 — ————=—|+ |exp(———) —exp(—
e ( T e ) e i)
< (9,
and hence we obtain
1<Co e(u)dr +C e(u)Gdr < C (6Eg + ®(1)). (7.13)
R x{—1} R x{—1}

By choosing both § and ¢q sufficiently small, the above inequality leads to a contra-
diction. Thus we must have eg(§ — p)? < 4 and hence

sup e(u) < 16072

Ps
To obtain a pointwise bound on Od;u, we first compute

(0, — A) |ul* = 20,u- 8, (Oyu — Au) — 2|Vul?
= 20yu- 0 (A(u)(Vu, Vu)) — 2|Vul?

200 - Vy A(u) (Vu, Vu) Opu
+48yu - A(u) (VOyu, Vu) — 2 |Voul|?
C|Vul? |8l + C |Vl |0yul | Vu| — 2|Vdul?
C|Vul? |8ul® < C|0yul*.

VANVAN
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Hence by the Harnack inequality we have

Ol < CR—<"+4>/ Vul?,

Par(2)

max |dyul® < C’R_(”+2)/
Pg(2) Pr(z)
2

where C' depends on M, N and [|[Vul| oo (py(z))- The proof is complete. O

7.2 Global smooth solutions and weak compactness

For n > 3, it is an important question to find sufficient conditions other than the
curvature condition on N to guarantee the existence of globally smooth solutions
to the heat flow of harmonic maps. As an immediate corollary of Lemma 7.1.1 and
Proposition 7.1.4, Struwe [195] has proved

Theorem 7.2.1 There exists €1 > 0 depending only n, N and |[Vug||pocrny such
that for any initial data ugp € WH2(R", N) N Lip(R™, N) if E(ug) < €1, then there
exists a unique smooth solution u € C*(R" x [0,+00), N) to (5.3), with u|;—p = ug.
Moreover,

lim u(t) = p for some point p € N.

tT+o0
Proof. Note that for n = 2, Theorem 7.2.1 follows from Theorem 6.2.1. Hence we
assume n > 3. Observe that for any such a ug, we have the Morrey space type
estimate:

|| VUO ||M2,n—2(Rn)

< inf sup Rz_”/ |Vug|?,  sup R2_”/ |Vug)?
Ro>0 | zoeR",0<R<Ro Br(xo) z0€R™,R> Ry Br(xo)

< inf {IVuo)3 ) B3 + REEo }

s b Vo7 oo (rmy Bo + By~ Eo

< inf (R2 2 4 p2n )

= A ollVuol|foe mny + B "1

< é (7.14)

provided that we choose

R €0 60
0= SO . '
2[[Vuo || Loe (rmy T IV uoll3=gen)

To proceed, we need another lemma.
Lemma 7.2.2 There exist a sequence {uf} C C®°(R™ N) such that
B(uf) < CE(u), |Vu§llp~@n) < C| Vol pe@ny for all k,

and Vuf — Vug in L*(R™).
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Proof. Let d9 > 0 be so small that the nearest point projection map Ily : N5, — N
is smooth. For 0 < e < 1, let uy = up * ¢ : R* — RL be a standard mollification of
u. Tt is well-known that u§ € C°(R", R%) and u, — u strongly in Wl’Q(R”, R%) as

loc
¢ — 0. Moreover, by a modified Poincaré inequality and (7.14), we have

dist (uf(x), N)> < CR™" ()Iuo(y)—UB(w)|2 dy
Br(z

< C’R2_”/B ( )|Vu0|2 dy < Ce%, Ve e R™
r(x

Hence v = I (uf) € C°(R™, N). Moreover, it is easy to see that
Vsl L2 (rny < ClIVUGll 2rny < ClIVuoll o (gny < Cen,
||VU(E)||Loo(Rn) <C ||VU(E)||L0<>(Rn) <C ||VU0||L0<>(Rn) )

and v — ug strongly in I/V11’2 (R™, N)). This proves the lemma. O

ocC

By considering (5.3) with initial data ug replaced by v(, we may further assume
ug € C°(R™, N). We now want to show that for e > 0 sufficiently small,

sup R |VU0|2G(IO,R2) dr < €. (7.15)
z0€R",R>0  JRn
In fact
Rz/ |VU0|2 G(zo,Rz) dr < CR2_n/ ‘VUOF dx
Rm BsRn r(%0)
+CR?> ™ exp (=|In R|2) Eyp
< CRInR|" |[Vug|7oo @)

+CR* "exp (—|In R|?) By < €

provided that we choose R < Ry(Eo, ||[Vuol|oc®ny). For R > Ry, it is easy to see
R2/ |vu0|2G(r0,R2) dx < R%_nEO < 6(2)

if Fy is chosen to be sufficiently small.

Let 0 < T < 40 be the maximal time interval such that there is a unique
smooth solution u € C*°(R™ x [0,T"), N) of (5.3) with the inital data ug. Applying
(7.4), we have

Do) (riu) < €, VYageR", 0<r<VT. (7.16)
Hence Proposition 7.1.4 implies that if T' < 400, then
|Vul (z,T) < £ (7.17)
VT

This contradicts the definition of 7. Hence T' = 4o0. In this case, there is C' > 0
such that

[Vul (x,t) < —, YVx € R" and t > 1.

Sla
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This implies that u(t) — p for some p € N, as t T +oc. O

As in [195, 196], we can prove the following weak compactness theorem.

Theorem 7.2.3 Suppose that {ur} C C>*(R"™ x (—=1,0),N) is a sequence of solu-
tions of (5.3) with E(uk(t)) < Eg < 400 uniformly in t, for k € N. Moreover,
suppose ug(—1) — u in H;OC(R",N) as k — oo and

U — U in L?OC(R” x [—1,0]),

Oyu, — Opu weaky in L?oc(Rn x [-1,0]),

Vup — Vu  weakly in L?OC(R" x [—1,0])

Then u is a weak solution of (5.3) and there exists a closed set X of locally finite
n-dimensional parabolic Hausdorff measure such that u € C*°(R"™ x (—1,0) \ X, N).
Moreover for any 0 < R < 1, we have

—R? 2
: 2t
<I>(R)+/l /n [ Vl;;' Ul G ddt < o(—1). (7.18)

Proof. For zy = (z9,t0) € R" x [—1,0], denote

q)k (’f’): q)zo(r;uk)y 1f0<7’§\/m,
ZO ‘Pz()(m; ug) otherwise.

Define the concentration set

Y= m {zER”x [—1,0] | li_mfblz“(r)ZEg},

>0 k—oo

where €y > is given by Proposition 7.1.4. Then X is a closed subset of R™ x [—1,0].
To see this, let z € ¥ and z; € ¥, with z; — Z. By the definition of X, we have

2
lim lim T—/ Vur|? G, da | > €2, Vr > 0. (7.19)
l—ook—o00 R x{t—r2}

Since G, — Gz uniformly away from z and
E(ug(t)) < Ey := E (u(—1)) < +o0o uniformly for k£ and ¢,
for any fixed r > 0 we can interchange the limiting process to get

lim ®%(r) > €2, Vr >0,

k—oo

this implies z € X.
For any zy ¢ 3, there exist 79 > 0 and a subsequence of {uy}, denoted as itself,
such that
q)ljo (ro) < 6(2).
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Proposition 7.1.4 implies that

sup  |Vug| < Crgl, vk,
P6TO(ZO)

for some positive constants § and C only depending on n, N, Fy. By the higher
order regularity, similar bounds hold for derivatives of any order. Thus, by sending
k — oo, we conclude that uy — u in C™ (P%o (20), N) for any m > 1, whence u is
a smooth solution of (5.3) away from X.

Next we want to extend u to be a weak solution in R™ x [—1,0]. To achieve this,
we first estimate n-dimensional parabolic Hausdorff measure of X.

For any compact set K C R™ x (—1,0) and pg > 0, since K N ¥ is compact,
Vitali’s covering lemma implies that there exist 1 <1 < +o0, {2;} € K NY and
0 < r; < 1o such that {Q,,(2)}_; are mutally disjoint and K N % C 1<LiJ<lQ5”(Zi)'

Denote z; = z; + (0,72). Then there exists k € N such that for any § € (0,1),

52 2
ok (6m;) < C’/ / \Vui|® G,
462 2 n

oy / V|2 dudt
Qr;(2i)

IN

S

IN

(2

' 6212
+ C6 exp( 1652>/ 522/R\Vuk\ Gs,

-n 2—n E
C()r; /QTi(zz)|VUk| +Co exp< 1662> 0

for 1 <4 <, where we have used the fact

IN

G, <0 "exp <— > Gz in R" x [ti - 4527“2-2,152- - 521"?] \ Qr;(2i),

1662

and Theorem 7.1.3 in the last two steps. By choosing § > 0 sufficiently small, we

have
2

1 €
2-n S < 0
(&) exp< 1652>E0_ 5

so that

< C |Vug|* dedt, 1<i<IL.
Q’Fz‘(zi)

Summing over 1 < i <[, we obtain

PrEns) < Y Grr<cy / Vugl? dadt
4 )

= 0/ V| dedt < CEy.
U er Zi)



7.2. GLOBAL SMOOTH SOLUTIONS AND WEAK COMPACTNESS 169

Sending ¢ to zero, this implies that the n-dimensional parabolic Hausdorff measure
of ¥ is locally finite. This also implies that there is a finite cover {Q,, (%) }1<i<J; of
3, with r; < §, such that

U Qr,(z:)] =0, as § =0,

1<i< Jg

where || is the Lebesgue measure on R™ x R.
Let ¢ € C5°(Q2(0)) be such that 0 < ¢ < 1 and ¢ =1 on Q1(0). For i > 1, let
¢i(z) = ¢(m;;“,t;2tl) € C§°(Qar,(%)). Given ¢ € C§(R"™ x (—1,0),RY), define
n =1 inf(1 — ¢;) € CL(R™ x (—1,0) \ ,RL). It is easy to see that n — ¢ a.e. as
0 — 0.

Since supp(n) C R™ x (=1,0) \ X, testing (5.3) with n gives

/ (Opu — Au — A(u) (Vu, Vu))n = 0.
R”x(—1,0)

Hence
/ (Oru — Au — A(u) (Vu, Vu)) 9
R”x(—1,0)
= / (Opu — Au — A(u) (Vu, Vu)) <1 —inf(1 — gbz))
R™x (—1,0) ¢
< c { (o + 1) 10 = a1+ 1919011 i1 - 09
R x (~1,0) i
v [ il |Vt - o))
R™x(—1,0) t
< c wulol |9 (inf(1 = 6 | + o)
R™x(—1,0) t
< C ”VUHL%LZ_JQ”(%)) (/R"x(—l,o) |V (inf(1 — ¢z’))|2> +o(1)

< o(1) (Zrﬂcgn(zm) +0(1) =0, asd — 0.

Hence u is a weak solution of (5.3). By the lower semicontinuity of ®(r;uj) under
the weak convergence and (7.4), we have

O(R;u) < lim ®(R;uy) < lim ¢(1;ui) = (L;u), VO<R<I1.
k—o0 k—o0

It is worth to mention that the above size estimate of ¥ implies that for a.e. ¢t €

(—1,0), £; = ¥ N {t} has locally finite (n — 2)-dimensional Hausdorff measure with

respect to the Euclidean metric in R™. Cheng [26] has obtained a stronger estimate.
More precisely,
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Theorem 7.2.4 For any ty € (—1,0), it holds
H"2(%y,) < +oo. (7.20)
Here we present his proof, which is based on the following lemma.

Lemma 7.2.5 For any € > 0, there exists K(e) > 0 such that for any to € (—1,0)
and R < +/1+ 1o, the following estimate holds on Tr(t):

R™, for all x € R™
€G o 0,r2) (T, 1), if [x — 20| > K(e).

G (z,t) < {

Proof. The first inequality is trivial. To prove the second inequality. For K =
K(e) > 0 to be chosen, if |x — zo| > K(€)R, then we have

G, (to—t+R2>%eX< |z — o2 _\w—xo\2>
Gt to—t P\aGo—t+ RE) ~ 4(to — 1)
n R%|z — x|?
< 5 -
= 2eXp< A(to —t + RO (tg — 1)

n K?
< bH2zexp <——> <e
80

provided that K(e) is chosen to be sufficiently large. 0

Proof of Theorem 7.2.4:
By Lemma 7.2.5, we have

to—R2
/ Vup*G., < R™" / V|2
Tr(to) to—4R? J B r(z0)

tQ—R2 9
+ 6/ / |Vuk| Gzo+(O,R2)'
to—4R? n

On the other hand,

6/ |vuk|2Gz0+(07R2) dxdt
Tr(to)

to—R2
= 26/ (R2+t0—t)_l@lzo+(0 RQ)(V R2+t0—t) dt
to—4R2 ’
to—R2

260 | g2y (Vo + R?) / (R* 4+ tg —t)~ " dt

to—4R?2
Ce(to + R*)'~% (/ \Vuk|2da:>
R”

_n 1
Cet(l) 2Ey < 560

IN

IN

IN

provided that € = €(eg, Ep, tp) > 0 is chosen to be sufficiently small.
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For 0 < R < /tg, denote

St =[] £, where £ff = {x €R" | lim |Vug|>Gy, da:dt}.
k—oo T (t
R>0 r(to)

For any compact K C R™, if zg € Ef) N K, then we have

€ < lim |Vur|* G,

k—oo Tr(to)
1

< —¢+ lim R7" |Vuk|2 :
2 k—o0 Br r(w0) X [to—4R?,to— R?]

Hence
2
R" < = lim (V|2 (7.21)

€0 k=00 J B g (x0) x [to—4R2 to— R?]

Note that, since Eﬁ N K is compact, there is a finite subfamily J1 = {Brr(z;)} of
the family J = {Bgr(zo) | o € Zf N K} such that any two balls in 71 are disjoint
and {Bsxr(z;)} covers ©ff N K. Thus

> BKR)® = =(5K)") _R"

J

2(bK)™
< (6K) lim / |V |?
60 ] k—o0 BKR($j)X[t0—4R2,t0—R2}
2(bK )™
< (5K) lim / |Vuk|2
€0 k—oo Jrnx[ty—4R2,to—R2]
< CK"Ey R’
Therefore
H" (%, NK) = }gmng*(zﬁ) NK) < C(K,e) < +o0.
Since K is arbitrary, this implies (7.20). O

We now discuss an asymptotic behavior of the short time smooth solution of
(5.3) near a type I singularity.

Definition 7.2.6 Let 0 < T < 400 be the first singular time of a smooth solution
u € C®(R" x (0,T),N) of (5.3), with an isolated singularity at (0,77). If

|Vu|(z,t) < , Ve e RM0<t < T, (7.22)

Je

then (0,7 is called to be a type I singularity.
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Definition 7.2.7 A nontrivial, smooth solution u € C*°(R" x (—00,0), N) of (5.3)
is called to be self-similar, if

x € R" and t € (—00,0).

(e, 1) = (=),

Proposition 7.2.8 For a smooth solution u € C*° (R™ x (0,T),N) of (5.3) with
(0,T) being a type I singularity. For R > 0, define

T
ug(z,t) = u(Rx, T + R*t) : R" x (—ﬁ,o) — N.

Then there exists a self-similar solution ¢ € C°(R™ x (—00,0),N) of (5.3) such
that after taking possible subsequences,

U — ¢ in C{ZC (R" X (=00,0),N) for any k>1 as R — 0.

Proof. First observe that for any R > 0, we have

T
|[Vug| (z,t) \/_ Ve e R" and t € <_ﬁ’0> .

Therefore, for any compact subset K C R™ x (—00,0), there exists a sufficiently
small Ry = Ro(K) > 0 such that

m}z{xquR\ <C(K) <400, VR> Ry.

Higher order derivatives of ur are also bounded on K. Therefore we may assume
that there exists a smooth solution ¢ € C*°(R" x (—00,0), N) of (5.3) such that
after passing to subsequences, ugp — ¢ in Cfoc(Rn X (—00,0),N) for any k > 1, as
R — 0. Since (0,7) is a singularity of u, ¢ # constant. In fact, if ¢ is a constant,
then fix some small R > 0, we would have @ 7)(R;u) = ®(1;ur) < € and hence
(0,7T) is a regular point of u. To see that ¢ is a self-similar. By (7.4), we have

) 2
/ / |2t0p + x - V| G dudt

2[t|
T 9 . 2
< lim / 2t0ur + - Vurl” o )
T-T\R? 24 . 2
= lim / (20 + @ - Vul” g — 0
R—0 T—TyR2 n 2‘t|

for any 0 < 17 < T < 4o0. It follows that
2t0p+x -V =0, Ve € R" and t € (—00,0).

That is ¢(z,t) = ¢(—%) and ¢ is self-similar. O
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7.3 Finite time singularity in dimensions at least three

In this section, we will present the examples by Coron-Ghidaglia [39] and Chen-Ding
[28] on the existence of finite time singularity for the heat flow of harmonic maps in
higher dimensions.

The ideas of [39] and [28] are based on both the eg-apriori estimate and the exis-
tence of smooth maps ¢ from M to N which has trivial energy E(¢) with nontrivial
topology. This is related to the following important theorem by White [210, 211].
Namely,

Theorem 7.3.1 For compact Riemannian manifolds M, N and ug € C*°(M,N).
Then
inf {E(u) | uwe C*(M,N),u is homotopic to ug} > 0

iff the restriction of ug to a 2-skeleton of M 1is mot homotopic to constant.

Remark 7.3.2 If one of the following three properties holds
(a) m (M) = ma(M) = {0};

(b) m(N) = ma(N) = {0};

(c) mi (M) = ma(N) = {0},

then for any ug € C*°(M,N),

inf {E(u) |ue C®(M,N),u~uy} =0.

A typical example of such a ug is the Hopf map from S2 to S?. Recall that the Hopf
map H : S C C x C — 82 C C x R is defined by

H(z,w) = (22w, |2]* — [w]?), (z,w) € CxC.

Then we have
inf {E(u) | ue C® (S, S%),u~H} =0.

The following theorem is essentially due to [28].

Theorem 7.3.3 For any T > 0 there exists a constant ¢ = ¢(M,N,T) > 0 such
that for any map ug € C°(M,N) which is not homotopic to constant but satisfies
E(ug) < €, then any smooth solution u of (5.3) with initial data uy must blow up
before 27T'.

Proof. The argument here is a simplied version of [28] given by [196]. Suppose
that u € C°(M x [0,2T], N) solves (5.3) with u(z,0) = ug(x). For z = (&,1),
T <t<2T, R?=T, we have

®:(R) < CR*"E (u(f—R?) <CR*"Ey < ¢

n—2

if e < Q, where C = C(M,N) > 0 and ¢y = ey(M,N) > 0 are given by

Proposition 7.1.4. Hence we have

C _ C(M,N,T), V= € M x [T,2T].

Vul(:) < &
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By (5.3.3), we have
(0 — Ag) e(u) < Ce(u) on M x [T,27T]

so that
max e(u) (z,27T) < CE(ug) < Ce

for some C = C(M,N,T) > 0. Thus if e = ¢(M, N, T) is chosen to be sufficiently
small, then the image of u(27") is contained in a contractible coordinate neighbor-
hood of a point p € N. Hence u(27) is homotopic to constant. This contradicts the
choice of ug. Therefore © must blow up before 27T'. O

7.4 Nonuniqueness of heat flow of harmonic maps

In this section, we will present the example by Coron [38] in which the heat flow of
harmonic maps has infinitely many weak solutions. Interested readers can also see
Bethuel-Coron-Ghidaglia-Soyeur [12] for related results.

The crucial observation in [38] is that there exists a weakly harmonic map ug :
B3 — S? such that u(z,t) = ug(x), (x,t) € B3 x (0, +00), viewed as a static solution
of (5.3), doesn’t satisfy (7.4) and hence is different from the solution constructed in
[33] (see §7.5 below).

Suppose that ug € I/Vlf)cz (R3, S?) is a weakly harmonic map that is homogeneous
of degree zero, i.e., up(z) = Uo(ﬁ)' Consider u(z,t) = ug(x). Then u weakly solves
(5.3) and

1
B:(p) = —1 |vu0|2exp<_
(4m)zp JR3

|z — 7|
4p2

>da:<oo

for any z € R3 x (0,+00) and p > 0.
Suppose that u satisfies (7.4). Then we have

1 r—Z|? 1 r — 7|2
> Jes [Vug)? exp <—| 4p2’ > < ;/RS [Vug|? exp <—| 47“2’ > (7.23)

for any 0 < p <r < +00.
We now recall a simple lemma that characterizes the stationarity of weakly har-
monic maps of homogeneous degree zero, due to Hardt [81].

Lemma 7.4.1 Suppose that ¢ € C*(S2,5%) is a harmonic map. Then qﬁ(‘—;‘) :
R3 — S? is stationary iff

g = / Vo|2(x)z dH2(z) = 0. (7.24)
SQ

Let 7 : 2\ {(0,0,1)} — R? = C be the stereographic projection from the north
pole of S2. Then the following fact is well-known (see for example [19]).

Proposition 7.4.2 ¢ : 5% — 8% is a harmonic map iff ¥(z) == 7 (¢(7(2))) :
C — C s a rational function.



7.4. NONUNIQUENESS OF HEAT FLOW OF HARMONIC MAPS 175

Remark 7.4.3 For \ € R, define g)(z) = Az : C — C. Then

@ = (o (1 (5))) = (7.25)

is a stationary harmonic map iff A = 1.

Now we have

Theorem 7.4.4 If up(x) = uy(z) : R® — S? for some X # 1, then there emist
infinitely many weak solutions u : R? x (0, +00) — S? of (5.3) with the initial data
uQ -

Proof. Denote

/ |Vu0\2exp< i m|2> , TR
o= [ ([ eaam)on(2) %

is independent of p > 0. Moreover, direct calculations imply

Vadlp.0) = [ [Vulle —ep< '4p'2>

= /OOO (/52 |Vu0|2(a)adH2(a)> -%rdr
_ ! ooexp(—r)dr : 2\vu0\2(a)adH2(a)
P \Jo S

1/ 2 2 q
= - Vu o)odH*(0) := —.
SQ| 0| ( ) ( )

Note that

Hence for 0 < p1 < pa, if £ > 0 is sufficiently small, then we have

2 2
é(p1,tq) = ao + t% +O2) > ¢(pa, tq) = ag +t|Z|2

this contradicts (7.23). On the other hand, the solution @ of (5.3) with the ini-
tial data ug constructed by [33] satisfies (7.23). Hence @ # wg. This yields non
uniqueness in the energy class of weak solutions of (5.3) with initial data ug.

Using @ and ug, one can construct infinitely many weak solutions to (5.3) as
follows. For any 1" > 0, define

(2.1) up(x) it 0<t<T
ur(x,t) =
g a(x,t)  if t>T.

It is easy to verify that up, T > 0 is a family of infinitely many weak solutions of
(5.3). O
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Remark 7.4.5 (a) The solution @ with initial data uo can’t be of the form u(z,t) =
v(‘—i‘,t). For, otherwise, v would be a weak solution of (5.3) on S2 x (0, +00). Note
that ug € C*°(S2,5?) is harmonic. Hence, by the local unique solvability theorem
of (5.3) on S? x (0,+00) for smooth initial data, we would have @ = wug. This is
proved to be impossible.

(b) It is an open problem to find the class of weak solutions of (5.3) in which the
uniqueness does hold. It is unknown whether the uniqueness holds for the class of
weak solutions satisfying the monotonicity inequality.

Dz(p) < @z(r)

for all z € R" x (0,400) and 0 < p < r < V. See Hong [96] for some related works.

7.5 Global weak heat flows into spheres

In this section, we will present the existence of global weak solutions to (5.3) for
N = 8= ¢ RE, due to Chen [27], in which the Ginzburg-Landau approximation
scheme was introduced to establish the existence of approximate weak solutions
of (5.3). The symmetry of SL=! plays a critical role in the convergence. Similar
observations have been made by Shatah [180] for wave maps and Keller-Rubinstein-
Sternberg [110] for singular perturbation problems.

The main theorem of this section is

Theorem 7.5.1 For any ug € WH2(M, S*=1), there is a weak solution u : M x
Ry — SL1, with Vu € L®(Ry, L*(M)) and dyu € LA(Ry, L*(M)), to

ou—Au = |Vul*u, in M xR, (7.26)
Ulg=o = wug, on M. (7.27)

For simplicity, we consider the case M = R" only. The Ginzburg-Landau ap-
proximation scheme is as follows. For € > 0, consider the Cauchy problem for maps
u:R™ x Ry — RE:

1

du—Au = —(1- [u’)u, in R™ xRy (7.28)
€

Ulg=0 = wup, on R". (7.29)

Note that (7.28) is the negative L?-gradient flow of the Ginzburg-Landau energy

functional ) )
_ 2 2\2
B = [ (5I90P + 20— 1P?)).

Write u(t)(z) = u(z,t) : R* — R for ¢t > 0. Then we have

Lemma 7.5.2 For0 < T < oo, ifu € C®(R"x (0,T],RE) solves (7.28) and (7.29),
then

B.(u(t)) + /Ot / Oul? dedt = B, (ug) = Eug), 0 <t <T. (7.30)

In particular, u attains its initial data continuously in W H2(R", SL_I).
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Proof. Multiplying (7.28) by 0;u and integrating over R™ x (0,t) gives (7.5.2). Since
O € L2(R™ x [0,]), it is clear that u(t) — ug weakly in WH2(R™, SL=1) as ¢ | 0.
By the lower semicontinuity, we have

E(ug) < lirlrtllg)nfE(u(t)).

On the other hand, by (7.5.2) we have

limsupE(u(t)) < limE.(u(t)) < E(up).
t]0 tl0

Thus u(t) converges to ug strongly in W12(R", St=1) as ¢ | 0. O

Next we have the L°-estimate.

Lemma 7.5.3 For0 < T < oo, ifu € C®(R"x (0,T],RE) solves (7.28) and (7.29),
then

l[ull oo (rn x 0,77y < 1-

Proof. Multiplying (7.28) by u, we obtain

9 |ul? 2, 1,09 2 _
In particular,
Q—A+3 (ju =1) <0
ot €2 -

The conclusion follows from the maximum principle, since |u(z,0)|? —1 = |ug|>—1 =
0. O
By using Galerkin’s method, one can show that for any € > 0, there is a unique
smooth solution u. € C°°((0,+00), R¥) of (7.28) and (7.29). Moreover, by Lemma
7.5.2 and 7.5.3 we have

/Om/n Byuc|* + sup E (ue(t)) < E(ug),

0<t<oo

uel <1, sup |1 = [uc(®)*]] 2(gny < 462 E(uo).
0<t<oo

Thus, up to a subsequence, we may assume that there exists v : R® x R, — RE,
with dyu € L?(R™ x Ry) and Vu € L®(R, L?(R")), such that

ue —u in L (R" xRy, RY),
Vue — Vu weak® in L™ (Ry, L*(R™)),

Oyue — Oyu weakly in L? (R™ x Ry).

In particular, |u| = 1. To show that u is a weak solution of (5.3), we need to explore
the symmetry of ST~
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Lemma 7.5.4 A map u : R® x Ry — SE71 with Vu € L®(R,,L*(R")) and
Owu € L2(R™ x Ry), is a weak solution of (7.26) iff

u Au—div(VuAu) =0 in R" xRy, (7.31)
where A denotes the wedge product in RE.

Proof. If u weakly solves (7.26), then for any ¢ € C§°(R™ x R), multiplying (7.26)
by A(u¢) and integration gives

/ (ur A (ug) + T A V() = 0,
R xRy
since |Vu|?u A (u¢) = 0. Note also that

/Ran+ Vu A V(up) = / (VuAu)-Vo.

R™ XR+

Hence u weakly solves (7.31).
If u weakly solves (7.31). Then we have

(Opu — Au) ANu = 0.
Hence there is a multiplier A : R® x Ry — R such that
Ou — Au = du (7.32)

Multiplying it by u¢ and using d;u - u = 0 and Au -u = —|Vu|?, we obtain that for
any ¢ € C3° (R™ x Ry),

[ xe- Vul?.
RnXR+ R xRy

Therefore u weakly solves (7.31). O

For ¢ € Cj°(R™ x R4), taking wedge product of (7.28) with uc¢ and integrating
over R"™ x Ry, we obtain

/ (Opue N ucp + Vue Aue - Vo) = 0.
R xRy

Since
Ostte A ue — Oy A u and Vue A ue — Vu A u weakly in LfOC(R” x Ry)

as € — 0, u weakly solves (7.31) and hence (7.26). O
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7.6 Global weak heat flows into general manifolds

In this section, we will present the work by [33] on the existence of global, weak
solutions of (5.3) for any compact Riemannian manifold N ¢ R¥. The main difficulty
comes from the fact that N doesn’t have symmetry property. A crucial observation
by [33] is that the Ginzburg-Landau approximate solutions enjoy uniform estimates
under the small condition on the normalized energy. First we need to modify the
Ginzburg-Landau energy functional F.. Let iy > 0 be such that the nearest point
projection Iy : Ngs, — N is smooth and dist2(p, N) is smooth for p € Nas, .
Throughout the discussion henceforth, let x be a smooth, monotonically increas-

ing function such that
s for s < 62
x(s) =1, N
40%  for s > 40%;.

Define F' € C*®(RY,R,) by

F(p) = x(dist*(p, N)), and f(p) = —V,F(p).

It is clear that for p € Ns,, F(p) = dist?(p, N).
For € > 0, define

E.(u) = /M ec(u) = /M (% IVl + éF(@). (7.33)

For ¢ € C*°(M, N), the Ginzburg-Landau heat flow becomes

Ou—Au = 6%f(u) in M xRy (7.34)
uli=g = ¢ on M. (7.35)

By Galerkin’s method, for any € > 0 there exists a smooth solution u. € C*°(M x
R, RY) of (7.34). As in Lemma 7.5.2, we have the following energy inequality.

Lemma 7.6.1 For e > 0, u. satisfies

o 2 1 2
/0 /M|8tu| b s Boul) < /M|v¢| . (7.36)

0<t<+4o00

We now want to show that u. satisfies an energy monotonicity inequality similar
to (7.4) and (7.7).
Let 457 > 0 be the injectivity radius of M. For xg € M, let ¢ € C§°(B;,, (o))
be such that 0 < ¢ <1, ¢ = 1 in Biy (xg). For zg = (z0,t0) € M x (0,400) and
2

0 < R < min{ip, v/to}, introduce

®(u, 29, R) = RQ/ ee(u)G20§b2 dvg,
Sr(to)

U (u, 2z, R) = / ee(1)Goyd? dvydt.
Tr(to)
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Lemma 7.6.2 Suppose that u = u. : M x Ry — RY is a smooth solution to (7.34),
with E(u(t)) < Ey. Then there exists a constant ¢ > 0 depending only on M and N
such that for any zy = (xo,tp) € M x (0,400) and 0 < R < Ry < min{iys, 1o},
there holds

®(u, 20, R) < e“Fo"Rd(u, 2, Ry) + cEy (Ro — R) , (7.37)

<
W (u, 2o, R) < o BW(u, 29, Ry) + cEy (Ry — R) . (7.38)

Proof. For simplicity, assume 2o = (0,0) and u : M x R_ — R¥ solves (7.34). For
R > 0, define up(x,t) = u(Rx, R*t). Then after scalings, we have

1 Our Oug R?

\Il(u,(O,O),R):/T (ﬁﬁR)E%JF F(uR)>-G¢2(R.)\/H(R.)dxdt.

Using VG = 5;G and %mzlu}g(:p,t) =z - Vu + 2t0;u, we compute

d _ _ T8 ap OU 1
@\Rzlﬁl(u,(O,O),R) = /Tl[< 57 Bz, Au+62f(u)> (x - Vu+ 2tosu)

+ G%F(u)]ngQ\/gdxdt
- 2/ go‘ﬁﬂa—(b (x - Vu + 2towu) Goy/g dxdt
T

Oz, Ox

+ = xT- ga,ﬂ (;gb dxd
2 /jl v () a \/_ t

+ 1 / ee(u)G¢2—\/§d:ndt
2 ) g

+ / ec(u)Gox - Vo /g dxdt
T
= Il+IQ+Ig+I4—|—I5.

I can be estimated by

2
n > / <2H\x Vu + 2tdyul* + S F(u )> G¢?\/g dxdt
/ 3] 2| |g — id| |Vul |z - Vu + 2tdu| Go?\/g dxdt
T
> / <4|t’ |z - Vu + 2tdul* + 2F( )) G¢?*\/g dxdt

- c/ lz|? |g — id|* |Vul® Gé?\/g dadt
T

- |z - Vu + 2t0pul?
4 2]

G¢? /g dxdt — ¥ (u, (0,0),1),

and the other terms can be estimated by

1/ |z - Vu + 2t0pul?
8 Jr

|I] <
t]

Go*\/gdadt +c | |Vul>?G¢?*\/g dzdt
T

1
< 511 + c¥(u, (0,0),1) + cEp.
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|I3| + |I4| <c¥ (’LL, (Oa 0)7 1) 5

1
|I5] < §\IJ(U, (0,0),1) 4 cEp.
For 0 < Ry < 1, since

d . d
d—Rlxp (u,(0,0),Ry) = R; 1@\,%:1\1/ (u, (0,0), RRy),

l9(z) —id| < cfa],

and
Ry Y2 |*G < G + ¢ on Ty,

we can control the error term in Iy:

1
/ L a2 lg — id? |Vl Gé2 /G dedt < U (u, (0,0), Ry) + .

Tg, 2lt]
The estimates for I, --- , I5 can be done in similar ways. Hence we obtain
d 1 |z - Vu + 2toul|? , 5
—v 0,0),R) > — G dxdt
dR ('LL, ( Y )7 ) — 8R TR |t| ¢ \/g €z
—cV¥ (u, (0,0),R) — cEy
This implies (7.38). O

For (7.34), we have a Bochner type inequality similar to (5.3.3).
Lemma 7.6.3 Suppose that u = u. € C*(M x Ry, REY) solves (7.84). Then
(0 — A)ec(u) < c(1+ec(u))ec(u) (7.39)
where ¢ > 0 is a constant depending only on M and N.

= u(ex,€t) :

Proof. For simplicity, assume M = R™. Since for ¢ > 0, v(x,t)
1. Using the Ricci

R™ x R, — RE satisfies (7.34) with ¢ = 1, we assume ¢ =
identity, we compute

(0y — A) (@) = V(0u— Au) - Vu — |V2ul? — Ric™ (u)(Vu, Vu)

= V(f()) - Vu—|V?u? — RicM (u)(Vu, Vu),
and

0 = A)(F(u) = —f(u)(Fu—Au) +V(f(u) - Vu
= —lfP+V(f(w)- Vu.
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Combining these two identities, we obtain
(0 — A) e(u) + |V2ul* + | f(u)]* + Ric™ (u)(Vu, V)
=2V (f(u)) - Vu
/ i fot 2
-2V <)\ (- )du (dist*(u, N)) | - Vu

2
=-2x"(") ‘C%(distQ(u,N) -Vu

d2
_2X/(')W (dist?(u, N))(Vu, Vu)

2
= —4 (X'() + " (-)dist*(u, N)) ‘d%(dist(u, N))-Vu

2

4y ()dlist (u, N) ( d

T dist(u, N)(Vu, Vu)>

d 2
< —4x"(\)dist?(u, N) o

(dist(u, N)) - Vu

2

—4x'(-)dist(u, N) <%dis‘c(u, N)(Vu, Vu)>

where we have used the fact that x/(-) > 0 in the last step. If dist(u, N) < 20y,
then

% (dist?(u, N))' = 2dist(u, N),

and
2

e (dist(u, N))' < C(N),
where C(N) depends only on the bound of the sectional curvature of N. Hence we
have

2

‘—4xl(')dist(u, N) <dd sdist(u, N)(Vu, Vu))‘ < =x/(-)3dist?(u, N) + ¢|Vul*,

DN =

and

2

9y()(dist(u, NY) %(distz(u,N))-Vu < dist?(u, N) + c|Vul.

Note also that
|R1c (Vu, Vu)| < Cyr |Vul?,

where Cjs depends on the bound of the Ricci curvature of M. Putting all these
estimates together, we obtain (7.39). O

With Lemma 7.6.2 and Lemma 7.6.3, we can obtain the following gradient esti-
mate under the smallness of renormalized energy. The proof is exactly same as that
of Proposition 7.1.4.
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Lemma 7.6.4 Suppose that ue € C°(M x Ry, RY) solves (7.34). Then there exist
positive constants eg > 0, 6g and ¢ > 0 depending only on M and N such that if for
20 = (z0,t0) € M x (0,+00), there is 0 < R < min{+/to, ins} such that

\I/(UE, 20, R) < E(2)

then
sup  ec(ue) < c¢(6oR) ™2 (7.40)

Psyr(20)
Now we prove the main theorem of this section (see [33]).

Theorem 7.6.5 For any ug € C°°(M,N) there exists a global weak solution u :
MxRy — N of (5.83) and (5.4), which is smooth away from a singular set 3 of locally
finite n-dimensional parabolic Hausdorff measure. Moreover, Oyu € L*>(M x R,)
and E(u(t)) < E(ug) for a.e. t, and X(t) = X N {t} has locally finite (n — 2)-
dimensional Hausdorff measure for all t > 0. Finally, there exists t; T +00 such
that u(t;) converges weakly in H'(M,N) to a harmonic map us : M — N, with
E(us) < E(ug) and us € C°(M \ Yoo, N), where Yoo C M is a closed set with
H"2(3) < O(E(up)).

Proof. For € > 0, let u. € C*°(M xR, R¥) solve (7.34) with initial data u.(0) = uq.
By Lemma 7.5.2 we can assume, after taking possible subsequences, that there is
u: M xRy — N with dyu € L>(M x R,) and Vu € L>®°(R,, L2(M)) such that

Vue — Vu weak® in L®(Ry, L*(M)),
Oyue — Oyu weakly in L2(M x Ry),
ue —win L3 (M x Ry).
By the lower semicontinuity and (7.6.1), we have for a.e. t € R,
E(u(t)) < limi(l)afE(uE(t)) < lim iélf Eec(ue(t)) < E(uo).
Define
Y= ﬂ {ZO = (xo,t0) € M x R4 | limionf\Il(uezo,R) > 6(2)} (7.41)
€>
R>0

where € is given by Lemma 7.6.4.

The proof of that X is closed and has locally finite n-dimensional parabolic
Hausdorff measure is as same as that of Theorem 7.2.3, except that we replace the
density 1|Vug|? by ec(u).

To see that u € C°(M x Ry \ X, N) solves (5.3), we proceed as follows. For
20 € X, we may assume that there exists 0 < Ry < min{\/o, ips} such that

U (e, 29, Rp) < 6(2), for all sufficiently small e > 0.
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By Lemma 7.6.4, we have

dist? (ue, N)

|Vu6|2 + 2 < 0(60) on P5ORO(Z0)' (742)

We claim that [UG]C%(P(;R (o)) < C(eg). In fact, let 2z = (z,t),w = (y,s) € P?O(zo)
0

and denote r = max{|x — y|, /|t — s|}. Then

[ue(2) —uc(w)] < fue(2) = (ue(t) By (@) + [te(w) = (ue()) By () |
+ | (1e(t)) By, () — (ue(s ))BQr(x

2 max |Vu|r+r2 (// |0y e ) |t—s|%
PRrg (20)
Ro
n 2
< G+t ([ o
Por(x,t)
Cleo)r +r72 / ee(ue)
P4r(.’E,t)

C(eg) + max |Vue| | r < C(eg)r,

PRO (#0)

IA

(NI

IN

IN

where (uc(t)) g, () is the average of uc(t) on Bay(x), and we have used the inequality

/ 0> < CR? e (110). (7.43)
Pr(z0) Par(z0)

Hence, after passing to another subsequence, we may assume that
uc —u in C%Psp,(20)), Ve — Vu weak® in L™(Psg,(20)). (7.44)

Hence x'(dist?(uc, N)) = 1 for e sufficiently small so that the proof of Lemma 7.6.3

gives

dist? (ue, N)
2

(0 — A) ec(ue) + <C (7.45)

in the sense of distribution on Psp,(20), with a constant C' independent of e. Choose
a nonnegative test function ¢ € C§°(Psg, (20)) and multiply (7.45) by ¢ and integrate
over Pspr,(z0). Then after integration by parts we have

2
/ dist (ue, N) | i+ Adleu) + Co < C)
Psry (20) Psro (20)

6

dist(uc,N)

uniformly in e. It follows that is uniformly bounded in Lloc(P5RO (20))-

Hence (0; — A)ue is uniformly bounded in LfOC(PgRO(zO)) and Oyuc, V2u, are also

uniformly bounded in L _(Psg,(z0)). Therefore

(Or — A)ue — (0 — A)u weakly in LfOC(P(;RO (20)), (7.46)
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and for some v € LfOC(P(;RO (20)),

dist(ue, V)

€

— v weakly in LfOC(PgRO (20))- (7.47)

()

Note also that there exists a unit vector field vy’ L T N such that

N (ue)

% (dist?(ue, N)) = 2dist(ue, N,

Therefore we have

1d
5 —— (dist®(ue, N)) - ¢ dvgdt = 0, (7.48)

lim —
€2 du

e—0 PER()(ZO)
for any vector field ¢ € LfOC(P(;RO(zO)) with ¢(2) € Ty, (;)N for a.e. z € Psp,(20).
Thus we have (0; — A)u L T, N a.e. in Psp,(z0) so that there exists a unit normal
vector field vy (u) of N along u and a multiplier function a € LfOC(P(;RO (20)) such
that

Ou — Au = avy(u) a.e. Psgy(20). (7.49)

This is equivalent to the geometric form of (5.3):
Ou— Au L T, N.

Moreover, since u € C°(Psg,(20), N), the higher order regularity theory implies that
u € C®°(Psp,(20), N). Hence u € C°(M x Ry \ X, N) solves (5.3).

The proof of that u weakly solves (5.3) in M x Ry can be done in the same way
as that of Theorem 7.2.3. The refined estimate of ¥, for ¢ € Ry is due to [26].

For the last part of this theorem, we first choose a sequence t. — oo such that
ue(te) — Uso weakly in H1(M, N), while

te
/ |Ouc(t)|> — 0 and / / |Oyue|? dvgdt — 0, as € — 0. (7.50)
M te—1JM

Define

S = (N U {o0€ M| iminf W, (wo,t), B) = 6}
R>00<r<R

where €g is given by Lemma 7.6.4.

For simplicity, assume Y., is compact. To estimate H" ?(X,), let R > 0 be
sufficiently small and {Bg, (z;)}icr,zi € £, R; < R, be an open cover of Y. By
compactness and Vitali’s covering Lemma there is a finite subfamily I’ C I such
that {Bag, (zi)}icrr are mutually disjoint and {Bigr, (x;) }ier covers Yo.

For any 0 > 0 there is a constant C'(§) > 0 such that for any ¢ € I’ there is
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ri € (0, 3)) such that

Q

G < [ G dudi
T (Izyte)

IN
S
[N}
h
E
&
N
3
oo
T
®

ec(ue) Gy, 1) 0 dvg> dt

'te)

< coxp(an)r? [ )G a6 dvg + iy
ri($i,te)
R; R \*
< cexp(c ! —m)( Z> / eEuEGzie¢2dv + cR;E
@ ")NC@) s, o L ’
(%)
< COR™ / (1) dvy + (5 + CR) Eo (7.51)
Br, (2:) x{te—(ky)?}

where we have applied (7.37) and

Gz, <0 on <SC% (@iyte) \ Bm(ﬂ)) X {te - (O]?g))Q}-

2 2
By choosing § = ?,ETOO and R < 3060—0}30, we then have that for any ¢ € I’ and €
sufficiently small,

egRZﬂ_2 <C . ec(ue) dvg.
Br, (@) x{te—(55)%}

We now need another local energy inequality.

Lemma 7.6.6 Suppose that u. € C*°(M x R, RY) solves (7.34). For xg € M, let
O0<R<H and0< S <T < +o0 be given. Then

T
/ ec(ue) > c/ ee(ue)—/ / \8tu6|2
Bar(z0)x{T} Br(wo)x{S} S JM
1
T-S,_ (" 2\’
—cC <TEO/9 /M|8tu6\ > (752)

where Ey = E(ug) and ¢ depends only on M and N.

Proof. Let ¢ € C§°(Bag(z0)) with ¢ = 1 on Bg(wg) and |[V¢| < CR™!. Multiplying
(7.34) by ¢?0su. and integrating over M x [S, T], we obtain

/j%(/ () ¢2> / | ol
_/ST/M|Vu6||V<Z>| |Oyue|

S f ) ([ ey
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(7.52) now follows by using the estimate

T
/ / |Vue> < (T = 8) sup Ee(u.) < (T — S)Ej.
S JM

S<t<T

d

Applying (7.52) with R = R;, S = t. — (C%))2 and T = t., we obtain that for

any 7 € I' and e sufficiently small,

@GR < (] ee(ue)
Bag, (z:)x{te}
+ (1 + |0pucll L2 arte—1.6)) 10¢tiell L2(arxr—1,2.])]
< C eec(ue) + o(1).
BQRi(Ii)X{te}

Therefore we have

Higg (Yoc)

IN

D (10R)" 2 =10""2) R'?

el iel’

92 /
= 060 </UieﬂBzRi (z4) eE(uE(tE)) i |I |0(1)
< Cleg)Eu(uc(t)) + o(1) < CEy + o(1).

Taking R and € into zero, we obtain H"?(3,) < C(Ey).
For xg ¢ Y, there exists Ry > 0 such that for subsequences €, — 0 of ¢ and
ty = te, — 00 we have

[ ealu)Grgd? o, < &
Tro (zo,t)

Hence, by Lemma 7.6.4 we have

dist?(ue, , N
Ve, |, M < C uniformly on Pj, g, (zo, k).
€k
Moreover, since
Oy, (ty) — 0 in 112(]\4)7

we have u,, — U uniformly on Bgs,g, (7o) and weakly in W22(Bs, g, (z0), N).
Therefore 1y, € C°(M \ L, N) is a smooth harmonic map. Since uy, € H*(M, N)
and H"2(3) < 400, Us is also a weakly harmonic map on M. O

Remark 7.6.7 Theorem 7.2.3 remains to be true for M = R"”. In this case, uy, is
constant for n > 3.
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Proof. Note that by (7.7) we have that for ¢y > 0 and Ry = @,

3tp
4 2—n
/ ee(ue)Gy < / ! / ec(u)Goy < Cty? Fo < 3, (7.53)
TRO(ZO) 0 n
2

uniformly in €, if tg > C (%)m Therefore we have
0

C
[Vue*(z,t) < " (7.54)
for large ¢t and hence u(t) — uo = constant as t — oo. O

When OM # (), we can consider the Dirichlet boundary value problem of the
heat flow of harmonic maps u : M x R, — N

Ou—Au = A(u)(Vu,Vu), (z,t) € M x Ry (7.55)
u(xz,0) = wp(z), xeM (7.56)
u(z,t) = wo(z), (r,t) € OM xRy, (7.57)

where ug : M — N is given. Without any curvature assumption on N, Chen-Lin
[31] have extended the main result by Chen-Struwe [33] and obtained the following
theorem.

Theorem 7.6.8 There is a global weak solution u: M x Ry — N to (7.55)-(7.57)
with Opu € L>(M xR ) and Vu € L®(R,, L?(M)) such that u € C°(M xR, \X, N),
where ¥ C M x Ry is a closed subset which has a locally finite n-dimensional
parabolic Hausdorff measure. Moreover, as t — +oo suitably, u(t) converges weakly
in HY (M, N) to a weakly harmonic map ueo : M — N with uss|onr = uolonr, which
is smooth away from a closed Yoo C M with H" %(X4) bounced by |uollc2 (o) and
E(UO)

Remark 7.6.9 When 00 # (), we can also consider the free boundary value problem
of the heat flow of harmonic maps, namely (7.55), (7.57), and (7.56) replaced by
%(w,t} =0 for x € OM and t > 0. We refer the readers to Ma [141], Struwe [197],
and Chen-Lin [32] for some interesting works in this direction.



Chapter 8

Blow up analysis on heat flows

From both Chapter 2 and Chapter 4, we see that the main obstruction to smooth-
ness of harmonic maps from (M, g) to (N, h) is the existence of nontrivial smooth
harmonic maps from S* to N, called harmonic S¥’s, 2 < k <n —1 (n = dimM).
More precisely, it is proved in Chapter 2 that if (/V,h) does not admit harmonic
Sk’s for 2 < k < n — 1, then any energy minimizing harmonic map u € H'(M, N)
is smooth and satisfies the following estimate

The above theorem was then proved by Lin [123] for the class of stationary
harmonic maps (see Chapter 4). By the maximum principle, it is well known that
any (N, h) does not support any harmonic S* for 2 < k < n — 1, if either (N, h) has
nonpositive sectional curvature and 71 (N) = 0 or supports a strictly convex function.
Therefore, the above theorem extends the classical theorems by Eells-Sampson [49]
(see also Chapter 5) (in the steady case) and by Hildebrandt-Kaul-Widman [95] (see
also §3.1).

In this chapter, we consider the heat flow of harmonic maps to general Rieman-
nian manifolds:

ou = Agu+ A(u)(Vu,Vu) in M x (0,+00), (8.2)
u’t:O = ¢7 on M7

where ¢ € C>®(M,N) is a given map. It is well known (see Chapter 5) that if
KN <0 then (8.2) and (8.3) has a unique smooth solution u € C*®(M x R, N),

which satisfies
sup HVu(t)HCO(M) < C(to, E(9)), Vto > 0. (8.4)

t>to

For a short time smooth solution u to (8.2), there exist £y > 0 and Cy > 0 depending
on M, N and [|¢[|c2(ar) such that

||Vu(t)|\CO(M) < C(), for 0 <t < tg. (8.5)

Note that the validity of (8.5) is local, since u may develop finite time singularity (see
§7.3). Motivated by the corresponding study on harmonic maps, a natural question

189
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is to find all possible obstructions to the existence of global smooth solutions to (8.2)
satisfying (8.4) or the global validity of (8.5).

In this chapter, we will present some of the main theorems by Lin and Wang
[134], in which we have obtained both necessary and sufficient conditions on (N, h),
other than the curvature condition of N or the image of u, such that (8.4) holds for
u.

The organization of this chapter is as follows. In §8.1, we state the main theorems
of this chapter. In §8.2, we provide some basic estimates on the heat flow of harmonic
maps or the Ginzburg-Landau heat flow established in §7. In §8.3, we present a
stratification result for the heat flow of harmonic maps by Lin-Wang [136], analogous
to that of the singular set of minimizing harmonic maps in §2.3 and stationary
harmonic maps in §4.2. In §8.4, we perform the blow-up analysis and prove the
main theorems in dimensions two. In §8.5, we perform the blow-up analysis in
higher dimensions and complete the proof of the main theorems.

8.1 Obstruction to strong convergence

From the discussion in §6, it is clear that the existence of harmonic S?’s in (N, h)
acts as the sole obstruction to the regularity for the heat flow of harmonic maps
from Riemannian surfaces.

As a matter of fact, Lin-Wang [134] have proved that harmonic S? is the obstruc-
tion to strong convergence of sequences of weakly convergent heat flows of harmonic
maps in dimensions at least two. More precisely, we have

Theorem 8.1.1 Assume (N,h) does not admit any harmonic S%. For 0 < T <
+00, suppose that {u;} C C>°(M x [0,T],N) satisfies (8.2), with

sup/ |0yui|* + |[Vui|* = K < 400 (8.6)
i JMx[0,T]

If u; — v weakly in HY(M x [0,T], N), then u; — u strongly in Hlloc(M x [0,T],N).

Hence u is a suitable weak solution of (8.2) with P"(sing(u)) = 0. Moreover, u
satisfies both the energy equality: for any ¢ € C§°(M) and a.e. t > 0,

d
E/M Vul2p? = —2/M (100> 6 + (Vs ) V67 (8.7)

and the energy monotonicity formula (7.4) and (7.7).

It turns out that the idea to approach Theorem 8.1.1 is flexible enough to cover
the issue of convergence for the Ginzburg-Landau (approximate) heat flows. More
precisely, using the same notations as §7.6, we are considering that u, € C*°(M x
[0,T),RL), € > 0, solves

Opue — Aue — izf(ue) =0, in M x (0,T), (8.8)
€

with the same initial condition (8.3). Let

ceu = (31vud? + 4)
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be the Ginzburg-Landau energy density function. Then we have

Theorem 8.1.2 Assume that (N,h) does not admit any harmonic S?. For 0 <
T < 4o fized, let €; | 0 and u, € C°(M x [0,T),RE) be a sequence of solutions to
(8.8) with

%

sup/ (|8tu€i|2 + e¢, (ug,)) = K < +00. (8.9)
Mx[0,T]
If ue, — u weakly in H'(M x (0,T),RE). Then
1
e, (ue,;) dx dt — §|Vu|2 dxdt, (8.10)

as convergence of Radon measures on M x [0,T] and hence ue, — u strongly in

Hlloc(Mx 0, T],RE). Thus u is a suitable weak solution of (8.2), with P"(sing(u)) =

0, and satisfies (8.7) and (7.4) and (7.7).

Once we have the strong convergence, we can employ a parabolic version of
Federer dimension reduction argument to find all possible obstruction to C'! conver-
gence. In order to state the result, we introduce the definition of quasi-harmonic
spheres.

Definition 8.1.3 For [ > 3, a map ¢ € C®°(R!, N) is called quasi-harmonic S, if
1 is a smooth map from R’ to N such that (i)

2
0 < E,(¢) = / Vo 2e % dy < +oo,
R!

(ii) v is a critical point of Ey, i.e., 9 satisfies the quasi harmonic sphere equation:

A+ AW)(VY, V) = 2y - Vi, y € B (3.11)

Quasi-harmonic spheres are closely related to nontrivial, self-similar solutions to
(8.2). In fact, we have

Remark 8.1.4 ¢ : Rl — N is a quasi harmonic S, I > 3, iff v(z,t) = ¥(
C>®(R! x (—00,0), N) is a solution of (8.2), and

) €

0< yty/ Vo2, )G 00y (1) dz = — - B, () < +oo, ¥t < 0.
]Rl

(477

It is not hard to check that for any Riemannian manifold N, there doesn’t exist
quasi-harmonic S? in N.
For a sequence of heat flows of harmonic maps, we have

Corollary 8.1.5 Assume that (N,h) supports neither harmonic S* for 2 < k <
n — 1 nor quasi-harmonic S' for 3 <1 < n. Suppose that {u;} C C>(M x (0,T), N)
is a sequence of solutions of (8.2) and u; — u weakly in H'(M x [0,T],N). Then
U; — U in C?OC(M x (0,T],N) and w € C*(M x (0,T],N) is a smooth solution of
(8.2) satisfying (8.5) with to =T.
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For a sequence of solutions to the Ginzburg-Landau heat flow, we have

Corollary 8.1.6 Assume that (N, h) admits neither harmonic S* for2 <k <n-—1
nor quasi-harmonic S' for 3 <1 <mn. Fore; | 0, let u., € C®°(M x (0,2),RL) solve
(8.8) such that u., — u weakly in H*(M x [0,T],RL). Then u., converges to u in
C’%OC(M x (0, T],RY). In particular, u € C°(M x (0, T], N) solves (8.2) and satisfies
(85) with to =T.

As another consequence, we can prove

Theorem 8.1.7 For any ¢ € C°(M,N), either (8.2)-(8.3) has a unique smooth
solution u € C°(M xRy, N) which satisfies (8.4), or (N, h) admits either harmonic
Sk for some 2 < k <n —1 or quasi-harmonic Sl for some 3 <1 <n.

8.2 Basic estimates

In thise section, we collect some basic estimates and preliminary facts for (8.2) and
(8.8), most of which have been established in §7.
To simplify our presentation, we choose to collect these facts on (8.8) and leave the
readers for those ones for (8.2).

For € > 0, let u. € C°(M x Ry, R¥) solve (8.8). Write e(u.) for e.(uc). We
begin with the energy equality for wu..

Lemma 8.2.1 For any ¢ € C&(M, Ry) and 0 <t; <t9 < o0,

| twtto= [ etttz
= /tt /M o(x) |Oruc]® + /tt /M Vo(z) - (Vue - Opuc) - (8.12)

[ etutin) - [ etuate) = / [ o (813)

We next recall the energy monotonicity inequality for w..

In particular,

Lemma 8.2.2 Let u. € C°(M x R, R"Y) solve (8.8). Then

R q — 10) - 2t — 2 F
/( )<n2l(w 20) - Vue + 2(t — to)Orue| b (ue)>GZO
r{Z0

C —
R T to — t| €2
< CR2—F)y (ue, 20, R2) — W (ue, 20, R1) + CEy (R2 — Ry) (8.14)
and
D (e, 20, R1) < CH2—F1) g (ue, 20, R2) + CEy (Ry — Ry) (8.15)

forzo € M xRy and 0 < Ry < Ry < min{@, ir}. Here ¢,C > 0 depend only on
M,m,N, and Eg = 3 [,,|Vuo|*.

We also recall the eg-apriori estimate for wu..
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Lemma 8.2.3 There exist €g,00,Co > 0 such that if for 0 < R < mln{ 0 im},
U (ue, 20, R) < €3, then

sup  e(ue)(z) < Co(6oR) ™2 (8.16)

2€Ps,r(20)

For ¢; | 0, assume that u; = u., — u weakly in Hlloc(M x R, ,RY). Then there
exist two nonnegative Radon measures v, n on M x R, such that

1
e(u;)(z,t) dedt — §|Vu|2(x,t) dzdt +v = p,

Oy |* (,t) dedt — |Opul(x,t) dedt + 1,

as convergence of Radon measures on M x R;. As in §7.6, define the concentration
set

x= | {z € M xRy : lim n(z)e(u;)G, > eg} (8.17)
0<R<ro 700 ) Tg(2)

with ¢y > 0 given by Lemma 8.2.3. Then by summarizing the main theorems from

§7.6, we have

Lemma 8.2.4 (i) ¥ is closed and P" (XN Pr) < Cr < oo for any R < co.

(ii) for any t > 0, ¥y = L N {t} has H" 2($; N K) < Ck < oo, for any compact
KcM.

(iii) u € C°(M x Ry \ ¥, N) is a weak solution of (8.2) on M x Ry.

(iv) u; — u strongly in Hloc N C’}OC(M x Ry \ 3, RE).

Moreover, we have

Lemma 8.2.5 For any z € M x (0,400), fT G.(x,t)du(z,t) is monoton-
ically increasing with respect to R. Hence
0"(1,2) =lim [ 1P(2)Ga(w,t) du(s, )
RO JTg(2)

exists and is upper-semicontinuous for all z € M x Ry. In particular,
S={zeMxRy | e%ﬁ@”(u,z)<oo}. (8.18)

Proof. Taking i to oo in the monotonicity inequality (8.14) of u;, we have that for
0 < R < Ry,

| G.dns [ pGldu+ CEGR - R,
Tr(2) TRy (2)

this implies ©"(u, z) exists and is upper semicontinuous for all z € M x (0, +o0). It
is easy to see that (8.17) then implies (8.18). O

Lemma 8.2.6 For P" a.e. z € X,

0" (u, z) = lim R_”/ |Vu|?(z,t)dzdt =0 and O™ (v,z) = O (i, 2). (8.19)
RlO Pr(z)
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Proof. The first fact is a consequence of the well-known fact by Federer-Ziemer [56].
The second fact follows from the first fact and Lemma 8.2.5. g

Lemma 8.2.7 (i) ¥ = sing(u) | supp(v) and supp(n) C .
(ii) u; doesn’t converge to u strongly in Hlloc(M x Ry, RE) iff P*(Z) > 0 and
y(M x Ry) > 0.

Proof. First we want to show
1 2
e(u;) dedt — §\Vu] dxdt

as convergence of Radon measures on M x (0,400) \ 2. For this, it suffices to prove
that v(Pr(zp)) = 0 for any Pr(z9) CC M x (0,+00) \ X.
For zp € X, let 79 > 0 be such that P, (z0) N X = (). Hence, by Lemma 8.2.2 we

have that if 0 < R < Ry < min{@, ro} then

U (uj, 20, Ro) = ¥(u4, 20, R)

Ro 1 1 2F (u;
+/ - (/ [—|y - Vu; 4 2s05u;* + #] 772G20 dyds | dr
Tr(z0) €

R T |s] i

Ro 1
—/ — / (Vug, (y - Vug + 2505u;)) - V? G, dyds | dr-.
rR T Tr(z0)

Taking ¢; | 0 and applying Lemma 8.2.4 (iv) , this implies

Ro . 2 2
+ / - / - Nut 250 o dyds + 12 Gy dv | dr
R T \JT(20) |s|

Gy dpt = / 1° G, dps
(20) Tr(20)

R r

Ro 1
_/ r (f (Vu, (y - Vu + 2505u)) - Vi’ G dyd3> dr,
TT(ZO)

F(u; :
where we have used the fact that EZ%’ — v as convergence of Radon measures in

M x (0,+00) \ . l
On the other hand, since u € C*°(M x (0,400) \ £, N) satisfies (8.2), we have

1 1
| rGIVaPG. = [ PGIvuPIG,
TRy (20) T'r(20)

Ro 1
—/ — / (Vu, (y - Vu + 2505u)) - Vi’ G, dyds | dr
rR T T (z0)

+ /RO E / ly- Vst 2868u|27]2G dyds | dr.
R T \JT(20) |s| ’
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Subtracting these two identities gives

Ro 1
/ 772Gz0 dv = / 772Gz0 dv + 2/ - / nQGZO dv dr.
TRO (Z()) TR(Z()) R r r(zo)

This is equivalent to

2
4 / G dv | = —/ G, dv, for 0 <r < Ry. (8.20)
dr \J1,(20) "7, (z0)
This implies

/ 772Gzodyz(%)2/ 112Gy dv.
Tr(z0) Tr(20)

Thus v(Pgr(z0)) = 0. In particular, we obtain sing(u) U supp(r) C X. On the other
hand, we have that ¥ C sing(u) U supp(v). To see this, suppose that zo ¢ sing(u) U
supp(v). Then there exists a sufficiently small p > 0 such that u € C*°(Ps,(20), V)
and v(P,(z)) = 0. Hence

p" /
P

[

1 2
dp=p" (/ ~|Vul* + V(PP(ZO))> < %0
(z0) Pp(z0) 2

P(ZO

and p~" [ P (z0) e(u;) < 6(2) for any sufficently large i. Hence by the definition of ¥ we

have that zo ¢ ¥. Thus (i) is proven.
For (ii), note that by (8.19) we have that if P™(X) > 0 then for P" a.e. z € &,

0" (v,2) = O"(u, 2) > €f

hence v(M x Ry) = v(X) > 0 and e(w;) dedt /4 §|Vul>dzdt. Since by (8.21) we
have that L;”) dxdt — 0, u; doesn’t converge to u strongly in H1(M x Ry). Tt is

E’L
readily seen that the converse also holds. O

Now we need two additional lemmas for our analysis.

Lemma 8.2.8 Under the same notations as above, it holds

F .
lim (12“) =0, VO<t<T < oc. (8.21)
1m0 M [t T] €

Proof. First note that for any 3 > 0

lim
o SMxE TN G

where X7 = Uz:t (Zs x {s}) and (3] )g ={z € M x [t,T]: 6(z,}) < B} .
It suffices to show that

lim
im0 J(xT)s €
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This can be seen as follows. For any zo € X7, (8.14) gives

B )
@ (20,2 + Tim / 1 / Flui) < P (4, 24, 9)
2 i—oo B T (20)

€

for sufficiently small 8 > 0. Moreover, since limg|o V(u, 20, ) exists, we may assume
that

hmmw—wmmﬁ

5 ‘ =0(p), VB << 1.

Therefore we have

A1 F(u;
ﬁ L lim W = o).
5 T T(z0) G
This, combined with the Fubini’s theorem, implies
F .
lim (—Z’)GZO = 0(B)

1—00 TE(ZO) GZ-

for some (3 € ( g, (). In particular, we have

F .
lim . (32) = 0(p).
/By (zo)x[to—B2to— 2] €
This, combined with a simple covering argument, implies (8.21). O

Lemma 8.2.9 There exists a subsequence i’ — oo such that
e(ui/)(x,t) dx — pt, Yt >0,

as convergences of Radon measures, for a family of nonnegative Radon measures
{1} i=0 on M. In particular, py = 3|Vul*(z,t) dx + vy, p = pudt and v = vdt.

Proof. The idea here is similar to that of Brakke [15] (see also Ilmanen [100]). For
completeness, we outline it here. Let ¢ € C’g(M ,Ry). Then Lemma 8.2.1 implies

d — ,2_ . . .
G| eetw = = [ oo~ [ Vo (Vu.om)

< [ o) Vul < CO)E,
M
where )
0(¢) = sup Y < up v29) > 0
>0 20 >0
Hence
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is monotonically decreasing with respect to t > 0. Let B C R, be a countable dense
subset. By the weak compactness of Radon measures with locally bounded mass,
and a diagonal process, we can assume that

e(u;)(x,t)de — p, Vt € B.

Now, let {¢;};>1 be a countable dense subset in C3(M,R,). By the monotonicity
of [, de(u;(t)) — C(¢)Eot, there exists a co-countable set C' C R such that for any
t € Candi > 1, ps(¢;) is continuous at ¢ as a function of s € B. For any fixed t € C,
there exists a further subsequence i; — oo and a limit ; such that pi; — pt. Hence
{1s(di) }se Bu{#} 1s continuous at ¢, for all ¢ > 1. Hence p; is uniquely determined by
us for s € B. Therefore pu; — p;. Note that Ry \ C is countable, we can do another
diagonal process to show the result on R . O

8.3 Stratification of the concentration set

In this section, we will present a stratification result by [136] for the energy concen-
tration set . Similar to the steady case discussed in Chapter 4, we consider the
space, Ty, of all tangent measures of u for z € ¥. We show that for any u° € T,pu,
pP[R™1 is invariant under the parabolic dilation Py for all A > 0. Hence we asso-
ciate 0 a nonnegative integer d, which is the dimension of the largest Py-invariant
subspace which is a subset of

M (0"(u°) ={z e R"™ 0" (1°,2) = ©"(1°,0)} .

Using this d, we can then stratify ¥ accordingly. The proof of the stratification is
based on an extension of Federer’s dimension reduction argument (see Chapter 2 and
Chapter 4). A similar scheme has been carried out by White [212] in an abstract
setting with applications to mean curvature flows.

For simplicity, we assume M = R™. We introduce some additional notations.
Define the parabolic dilation by

— t—1t
Pz, t) = <a: )\:1:0’ 32 0> for zg = (2o, t0) € R and A > 0.

Also define the Euclidean dilation by

Dzo)\(ﬂ?) =z —)\xO’ for zg € R™ and X > 0.

Denote
R =R" x R} and R™™ =R" x R_.

The Hausdorff dimension of § ¢ R™*! is the Hausdorff dimension with respect to
the parabolic metric 9.
We write



198 CHAPTER 8. BLOW UP ANALYSIS ON HEAT FLOWS
For € > 0, let u; : R — RE solve (8.8) with € = ¢;. It follows from §7.6 and §8.2
that for 0 < Ry < R < @,

O (ui, 20, R1) — ®(uy, 20, R2)

/ / 12(to té’tu; (f 2)Vuil o g (8.22)
n 0—

By Lemma 8.2.9, we may assume that
e(u;)(z,t) dedt — p = pydt

as convergence of Radon measures in R?fl, for some nonnegative Radon measures
{1t }1>0 on R™. By (8.2.1) and (8.2.2), we have

sup r " (Pr(z)) < oo, (8.23)
(z,r)€R1+1XR+
and
O™ (u, z0) = lim RQ/ G, diu, (8.24)
RLO t=t()—R2

exists for all zg = (xg,t0) € R?fl. For 25 € ¥ and A; | 0, define the parabolic
rescaling of u, P_ y-1(p), by

Poos (1) (A) = X" 11 (Poya;(A)), ¥ Borel A C R™.

Then by (8.23) there is a subsequence \; of A; and a nonnegative Radon measure
10 on R™*1 such that

0
on,)\i/ -

as convergence of Radon measures on R"*1,

Definition 8.3.1 For any zp € ¥, the tangent measure cone of u at zg, Ty, (),
consists of all nonnegative Radon measures on R"*! that are given by

T,

20

(1) = {p°: there exists r; | 0 so that P, (1) — p°}.

Since for any zg € ¥ and p° € T, (p) u° = u? ds, we have for any z = (z,t) € R**!

Oz =t [ Gy i)
s=t—r2
is monotonically nondecreasing with respect to r so that
0" (1", z) = lim ©" (1", z,7)
rl0
exists and is upper semicontinuous for z = (z,t) € ]R’}fl.

Lemma 8.3.2 For any 29 € ¥ and p° € Toy (), p°|R"™ is invariant under all

parabolic dilation, i.e.,
Py (pO R = pO | R (8.25)
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Proof. Since pu° = pu? dt, we have

Py (R = Py ({(wf,t) 1t <0})

where
Dy(p)(A) = X2 ud(DyA), for any borel A C R™.

To prove (8.25), it suffices to show that for any A > 0

Dy (;&) =, vt <0. (8.26)
A2
Since A > 0 is arbitrary, it suffices to prove (8.26) at t = —1, namely

N[ 00GOe D duly e @) = | 6@l Dy @), (827

for any ¢ € Cj(R™) and G = G(q ).

Note that there exists \; | 0 such that v;(z,t) = u;(xo + \iz,to + A\?t) satisfies
(8.8), with ¢; replaced by €; = ;—i, and

e(vi)(w, 1) dx = ez, (v;) (x,t) dz — i, ¥Vt € R

as convergence of Radon measures on R™. Then for any R > 0,

R2/ Gdp = lim RQ/ e(vi)(z,t)G(z,t) dx
t=—R? t=—R?

= lim {(R)\i)2/ Gz, 1) dut}
Ail0 t=to—R2\2
= ®n(u7 20)'
This and (8.22) imply that for any 0 < r; < 3 < o0,

t=—r

3
lim / |2z - Vu; + 2t8,v;|> G = 0. (8.28)

1—00 t—=—p2
="

Note that (8.27) follows if we can show

lim % <)\"‘2 /t:_l SO)G O, —1)6(1;2-)(9;,4—2)) —0. (3.29)
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Direct calculations imply

IS8
Sl
N
>
i
[N}
T
|
—
©-
—
>
8
S~—
D
—
>
8
[S—
N~—
ISy
—
&
=
|
>
(]
S~—
~__

A 1 A
= - Gvove - WL / ¢<atv3—§x-vU3> d;
t=—1

P dX dA
1 2 Y

= -7 -V, + 2t0v; N
) ly - Vu; + 20, qu()\)

—/ Vo (ﬂ) GVv; - (y- Vu; + 2tow;) ,
t=—M\2 A

where v} (z,t) = v,(A\ "1z, A72t) and e(v)})(x,t) = ez, (v})(z,t). Hence integrating

)

7Z
this identity from 1 to A and using (8.28) gives (8.27). O

By Lemma 8.3.2, we have that for any 2y € ¥ and u° € Ty, p,
R [ Gy =€"(u0,0) = €. 20), VR >0 (8.30)
t=—R?

and for any z € R""! and A > 0,

o" (,uo, z) = O" (o, PA(2)) . (8.31)
In general, we have

Lemma 8.3.3 For 29 € & and p° € Ty, (1), we have
(1) ©"(u°, 2) < ©"(1°,0), Vz € R™H1.
(2) If = € R satisfies O™ (10, 2) = ©"(u°,0), then

0" (1,2 +v) = 0" (10, 2+ Pyv), VA>0, v e R*M (8.32)

Proof. (1) For pu° € T.,(p), there exists r; | 0 such that P, ,,(u) — p°. For any
r>0and z = (z,t) € R"" we have
0" (u°, 2) 0" (u°, z,7)

hll% or (PZOJ“i (/14)7 2, 7’)

= hIlI(lJ o (M,ZO + (TiIE,T?t),TZ?T)
T
< 0™(u, 20) = ©"(u,0),

where we have used the upper semicontinuity of ©"(u,-,-) with respect to the last
two variables.

(2) From the proof of (1), we see that if ©"(u°, z) = ©"(u°,0) then the inequal-
ities are all equalities. In particular, ©™(u°, z,7) is constant with respect to r > 0.
Applying the proof of lemma 8.3.2, we see that ©™(u’, z + v) = O™ (2 + Py (v)) for



8.3. STRATIFICATION OF THE CONCENTRATION SET 201

any v € R™ and A > 0. O

For any zg € ¥ and u® € T, (1), denote
M (©"(1°,) = {z e R :0"(u°,2) = ©"(u°,0)},
14 (@n(MO’ )) =M (@n(:u()’ )) N {t = 0}7
and

W (0" (1) = {zeR":0" (1 (y,5) =O0" (1’ (z +y,5))
for all (y,s) € R™"1}.

Then we have

Proposition 8.3.4 For zg € ¥ and u° € T, (1), we have
V(O (", ) =W (0"(u",) -

In particular, both V (@"(,uo, )) and W (@"(,uo, )) are linear subspaces of R™. More-
over, M (©"(u°,-)) is either V (©™(u",-)) or V (©™(1°,-)) x (—o0,a] for some
0<a<oo and O"(1,-) is time-independent up to t = a.

Proof. 1t is clear that W (©"(u?,-)) C V (©™(u,-)) , V (©™(1°,)) is closed under
scalar multiplications, and mW (@"(,uo, )) cW (@”(,uo, )) for any positive integer
m. Forany z #0€ V (@”(uo, )), we have that for any v € R™™ and A > 0,
0" (10, (,0) +v) = O"(u% (2,0) + Prv)
= 0" (1% Py-1 ((x,0) + Pyv))
= 0" (1’ Py-1(z,0) +v) (8.33)

Since v — Py—1(z,0) € R™™!, by replacing v by v — Py—1(z,0) we have
o (,uo, (2,0) + v — Py-1(z,0)) = O" (,uo,v) . (8.34)

Taking A to 0 and using the upper semicontinuity of @"(u°,-), (8.33) and (8.34)

imply
or (,uo,v) =" (,uo, (,0) 4+ v) , Yo e R

This gives V (0"(u?,-)) € W (6" (1, -)) so that V (©"(u°,-)) = W (©™(1°,-)) and
is a linear subspace of R".

Suppose that X = (z,t) € M (©"(u°,-)) with ¢ < 0. Then for any Y = (y, s)
with s < ¢ and A > 0, we have

O" (10, Py-1(Y)) =0" (1Y) = 0™ (1, X + Py (Y — X)).
Note that sA™2 < s <t for A < 1. Hence replacing Y by P, (Y) yields

0" (1Y) =0" (1, X +Y — Py-1(X)) .
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Taking A into zero, we have O" (,uO,Y) < on (,uO,X + Y). By substituting Y by
Y + Py-1(X), we also get

e" (MO) Y + pA_l(X)) =0" (/-LO, X+ Y) 5

this implies O™ (,uO,Y) > on (,uO,X + Y) by taking A — oo. Therefore we have
that for any X = (z,t) € M (0"(u°,-)) with ¢ <0,

O" (10, Y)=0" (1’ X +Y), forall Y =(y,s), s<t. (8.35)
By choosing Y = (m — 1) X, this gives

O (10,0) = ©" (4, (mz,mt)) = O (4, P (i, mt))

n t n
= o (1)) <0 (. (.0).
m
Therefore, (z,0) € V (0"(1’,-)) = W (0™(1,-)) and (0,t) € M (©™(1°,-)). In
particular, ©" (,uo, ) is time-independent up to t = 0.
If X = (x,t) e M (@”(u0,~)) with ¢ > 0, then we can prove similarly that

on (,uo, ) is time-independent up to t. Let ¢ = @ > 0 be the maximal number such

that ©" (uo, ) is time-independent up to t = a. Then we have M (@”(uo, )) =
vV (Om(u0,)) x (—o0,al. O

Definition 8.3.5 For z € ¥ and p° € T, (%), define dim (6" (1,-)) by
_ {dim (V(Or(u0,))) +2 if M (070, ")) =V (0"(u°, ")) x R
dim (V(©"(1°,+))) otherwise.
Now we are ready to prove
Theorem 8.3.6 For 0 <k <mn, let
S = {20 € X :dim (0" (u",")) <k, V' € Toy(p)} -

Then dimp(Xx) < k for 0 < k <mn, and X is discrete. In particular,
E=%UE\ B U U (Zn\ Ena1),

and for P" a.e. z € X, there exists at least one u° € T.(u) such that
= 0", z) (H""?|Tn-2) x (L'[R))

where T,,_o C R™ is a (n — 2)-plane.

Proof of Theorem 8.3.6:

This is essentially an extension of Federer’s dimension reduction argument. It suffices
to show that if P%(X;) > 0 then d < k. Thus we only consider such a d. First,
denote A, , = P, ,(A) for ACR" M 2z e R"™ and A > 0. Let

C = {VxR, orV:V CR"is a linear subspace of dim < k — 2}
U{V xR_:V C R" is a linear subspace of dim < k}.
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Then we have
Claim. For any zo € Xk and r > 0 there exists n = n(z,€) > 0 such that for any

p € (0,¢)
({w € Pp(z) : ©"(p,w) = ©™(1,2) —n}), , C e-neighborhood of C (8.36)
for some C € C, where e-neighborhood is taken with respect to the parabolic metric

d.
For, otherwise, there exist ¢g > 0, zg € ¥, and p;,n; | 0 such that

Bi={z € P1(0) : ©" (Pz (1), 2) = O™ (1, 20) — mi}

¢ eg-neighborhood of any C' € C.
On the other hand, we may assume that P, ,, (1) — pl for some p® € T,y (1)
and B; — B in the Hausdorff distance for some B C M (@"(uo, )) By Proposition
8.3.4, we have that among all four possibilities of M (@”(,uo, )), only M (@”(,uo, ) =
\% (@"(uo, )) X (—00,a] for some a > 0 does not belong to C. However, for such a
case we can still find 7; | 0 such that P, (u°) — p!, and by the upper semicontinuity

" (u', w) = 0"(u',0) = 0"(1°,0), Vw e V (0"(1°,)) xR

this implies that M (©™(u°,-)) € M (©"(u',-)) € C. Therefore we get the desired
contradiction and the claim holds.
We now proceed as follows. Decompose Xj, = Uj 4>12k j,q, Where Xy ; . denotes

points in 3y such that ©"(u,-) € (q];.l, %) and the conclusion of the above claim

holds with = 57! and € = j~!. Therefore, for each j, there exists ¢ > 1 such that
P4(k ;4) > 0. By the lower bound for the upper density ([55]), we know that there
exist z; € Xy, j 4 and r; | 0 such that

PEO((Shjg)zyrs) = 107, (8.37)

where P%> denotes the outer d-dimensional Hausdorff measure with size co. More-
over, for each z € (3, j )z, there exist ¢; | 0 and C, € C such that

(Xk,j.q) — z C ¢;-neighborhood of C, for some C, € C.

25,74
We may assume that (X jq)z;r — 270 as @ — oo. Then we have
Y2 —2C C, forall z€ X5, and P> (25°) > 1074 (8.38)

For any C' € C, let ¥3° = {2 €2 :6(C.,C) <17'}. Then for each I there exists

C; € C such that X9 = X5 e has positive P?-measure. Therefore, there exist
z] € Ei‘fl and p; | 0 such that

PL((50)z1,0) > 1077 (8.39)

Assume that C; — C € C and (Ez?l)%pz — X as | — o0o. Then X C Cg,
PIE>®) > 0, and ¥®° — z C Cy whenever z € £°. In particular, we have ¥ C
CooN(—Cx). But we note that if C'y = Voo x R_ for some vector subspace V,, C R"
then Copo N(—Choo) = Vi 80 that P4(V,,) > 0 is equivalent to H%(V4,) > 0 and hence
d < k (since V is at most k dimensional). For Cyy = Vi or Voo X R, we see
Coo N (—Cs) = Cx so that P4(X>®) > 0 implies P¥(Cs) > 0 and hence d < k
again. This completes the proof. O



204 CHAPTER 8. BLOW UP ANALYSIS ON HEAT FLOWS

8.4 Blow up analysis in dimension two

In this section, we will present a proof of Theorem 8.1.1 and Theorem 8.1.2 for
n = 2, which is a slight simplification of the original one given in [134] and makes
use of the stratification result from §8.3. Besides its own interests, the proof for
n = 2 also indicates some crucial ideas of the proof to be given in §8.5 for n > 3.

The goal is to show that if u; /4 u strongly in H'(M xR, N) then we can extract
a harmonic S? in the concentration set associated with w;. Since the situation of
Ginzburg-Landau heat flows is in fact slightly more complicate than the heat flow
of harmonic maps, we decide to work on the former case.

Since the theorem and its proof are local, we assume for simplicity that M =
BiCcR?and T = 2.

For ¢; | 0, let u; = u,, be solutions of (8.8). Denote e(u;) = e, (uc,). Assume
that there are two nonnegative Radon measures v, n in By x [0,2] such that

1
e(u;) dedt — p = =|Vul* dedt + v, |0pu;|? dedt — |0ul?® + 1
2

as convergence of Radon measures on B; x [0, 2].
Suppose that u; does not converge to u in H'(B; x [0,2],RY), then by Lemma
8.2.7 we have that P2(X) > 0 and v(B; x [0,2]) > 0. Note also that

F = {z € By x (0,2] | n({z}) = l}ﬁ)ln(Pr(z)) > O}

is at most a countable subset. Therefore we can find zg = (x,t9) € ¥ such that

_ 1
O"2(3, 20) = limy 10 1 *PA(EN Pr(20)) > 7, (8.40)
lim 72 / |Vul? =0, (8.41)
rl0 Pr(20)
and
lim lim |Opus)? = 0. (8.42)

rl0 i—oo Pr(z0)

For r; | 0, define v;(x,t) = u;(20 + (ryw,72t)) : By x [-2,0] — RE. Then v; solves
(8.8) in By x [—2,0], with ¢; replaced by & (= rz-_lez-), v; — const weakly but not

strongly in H'(By x [~2,0],RF). It follows from the discussion of §8.3 that there is
a nonnegative Radon measure v, in By x [—2,0] such that

e(v;) dzdt = eg, (v;) dedt — v,

as convergence of Radon measures on By x [—2,0]. Therefore we have v,(By X
[—2,0]) > 0. Moreover, by the upper semicontinuity if we denote ¥, = supp(vy)
then we have (0,0) € ¥, and

PA(X,) > lim 7 2P? (2N Py, (20)) >

1—00

| =
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It also follows from §8.3 that we have that Py(v.) = v, for all A > 0. Hence if
we write v, = vidt on By x [—2,0] for a family of nonnegative Radon measures
{vl}, -2 <t <0, on By, then

vi=+v/—tv;! forall —2<t<0.
This also implies that for all —2 <t <0,
=%, N{t} = vt

so that P?(%,) > 0 implies that 0 < HO(E D)y < 400, ie. 0 # X1 is a finite set.
Now we claim that ;! = {0} and v ! = mdy for some positive constant m.
In fact, Lemma 8.2.1 implies that for ¢ € C§°(B2) and —1 <t; <ty <0,

/ c(ut2)o [ elwi(t)o

t2 to
/ / |atvz| ¢ — (Vvg, Opv;) - V. (8.43)

Ba

Note that by (8.42) we have

0 to
/ / |8tvi\2 = / / |8tul-\2 — 0.
—1J B> to —7“22 i (z0)

Hence the right hand side of (8.43) tends to zero as ¢ — oo. Taking i to oo, (8.43)
yields
Vi (¢) = V2 (¢)

so that v! is independent of ¢ for —1 <t < 0. On the other hand, we already prove
that vl = \/—tv;! for —1 <t < 0. Thus we must have v} = mdy for some positive
constant m.

Hence for 79 > 0 small there exist 6; | 0 and x;(C B,,) — 0 such that for ¢y = —%
we have

€
/Béi(mi) e(vi(to)) = Ol ~ max {/Béi(r) e(vito)) | = € BTO} (8.44)

for some sufficiently large C'(2) > 0 to be chosen later.
Define w;(z,t) = vi(z; + &z, —% + 62t), = € Q = 67 By \ {@i}),t € [—4,4].
Then we have that w; solves (8.8) on €y x [—4,4], with ¢; replaced by & = 3, and

€
/131 e(w;(0)) = ) = max {/Bl(:c) e(w;(0)) | x € QZ} . (8.45)

4 to+4 5
/ / |8twi|2:/ 1By / / 002 — 0, (8.46)
—4 JQ; to— 45 By

Since
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we can apply (8.43), with v; replaced by w;, to conclude that for ¢ sufficiently large
we have that for any y € Q; and t € [-2,2]

/ e(wi(t)) < 96 < 2 (8.47)
Ba(y) C(2)

provided that C(2) is chosen to be sufficiently large. Hence by Lemma 8.2.3 we have
e(w;)(z) < C(ep) for all z € Q; x [-2,2]. (8.48)

Since ©; — R2?, by (8.48) we may assume w; — Wy in CfOC(R2 x [-2,2],RF). By
(8.46) we have that Oyws = 0 and hence wo(z,t) = weo(x) for t € [—2,2]. By the
conformal invariance of E and (8.45), we have

€
6 < /Rz e(Woo) < +00.

For the equation of wy,, we have three possibilities:

(i) 5% — 0: it is well-known that we is a non constant harmonic map from R? to
N with finite energy that can be lifted to be a harmonic S? in N.

(ii) 3= — oc: it is easy to see that we is a non constant harmonic function on R?
with finite energy. This is impossible.

(iii) 66:"1- — ¢g > 0: it is easy to show that ws is a non constant solution to

1 .

Aweo + C—%f(woo) =0 in R? (8.49)
with [ps €, (Weo) < 400. This is impossible by the following simple lemma.
Lemma 8.4.1 Ifv € C®(R? R¥) satisfies

1 2
Av+c—2f(v) =0mR
for some 0 < ¢ < +00, and [z, e.(v) < +o0, then v is constant.

Proof. Let ¢ € C§°(Bs) be such that ¢ = 1 in By, and define ¢;(x) = ¢(F) for i > 1.
Multiplying the equation of v by ¢;(x)x - Vv and integrating over R?, it is not hard
to get

/ Fv)<C ec(v) — 0
R2 Bai\B;

as i — oo. This implies F'(v) = 0 and hence Av = 0 on R2. On the other hand, we
have [ps [Vv]? < +00. Therefore v is constant. O
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8.5 Blow up analysis in dimensions n > 3

In this section, we will prove Theorem 8.1.1 and Theorem 8.1.2 for n > 3. Namely,
if the strong convergence of u; to u fails then there exists at least one harmonic S?
in N. The presentation here is a slight improvement of the original one given by
Lin-Wang [134], with a few more details provided.

For simplicity, we assume M = B and T' = 2. As in §8.5, we work on the
Ginzburg-Landau heat flow (8.8).

We assume that there are two nonnegative Radon measures v, on Bj x [0, 2]
such that

1
e(u;) dedt — p = §|Vu|2 dzdt + v, |Opu;|? dedt — |Opu|? dedt + 1

as convergence of Radon measures on By x [0, 2].
Suppose that u; 4 u strongly in H'(BY x [0,2],RY). Then by Lemma 8.2.7 we
have that
P™(X) > 0 and v(Bjy x [0,2]) > 0.

By Lemma 8.2.5 and Lemma 8.2.6, we can conclude that there is a subset ¥ C X,
with P"*(31) = P™(X) > 0 such that

(i) limsup, o r~"P*"(X N P(2)) > 27" for all z € ¥.

(i) ©"(u, 2) = lim; ;o7 ™" [}, () |Vul? =0 for all z € 3.

(iil) €& < O™ (v, 2) = ©"(u,2) < +oo for all z € X1.

(iv) ©™(p, 2) = ©™(v, z) is P"-approximate continuous on X1, i.e. for any € > 0

13{161 (r"P" ({w € B1N Pp(z) : [O™(p, w) — O™ (1, 2)| > €})) =0 (8.50)

for all z € X.
Moreover, we claim that

(v)

lim lim r2_”/ |0us|> =0 for all z € ¥;. (8.51)
rl0 i—oo Pr(z)
Note that if we denote 7 = |0su|? dzdt + 1 then (8.51) is equivalent to
0" 2(f) = li&)l 2 i(Pa(2)) = 0 for all z € X. (8.52)
T

To prove (8.51), it suffices to show that for any € > 0,

Fo=<ze€¥| lim lim 7“2_”/ |Opug)® > €
r|0 i—o00 Pr(z)

has P""2(F,.) < +oc. This can be done by employing Vitali’s covering lemma as
follows. For any 0 > 0, there are {z;} C ¥ and 0 < r; < § such that {P,,(z)} are
mutually disjoint, {Ps,,(2;)} covers X, and there is a subsequence u; of u; so that

1"2-2_”/ |Opui|* < e, V5.
Py, Zi)
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Hence
P (F) < ) (5" r=5"" 227»" 2
i=1
En— 2 )
< Z |3tuj|
Py,

5= 2
< / |Oru; |
=1 Pr z'b

< ne//|8tuj|<CnEEo)

by the energy inequality. Taking § to zero, this yields (8.51).

Pick a point 29 = (zg,t0) € $1. For r; | 0, let v;(w,t) = u;(xo + riz, to + r2t) :
Py — RE and p; = 2. (). Then we have that v; solves (8.8) on P, with ¢;
replaced by € = ;—:’_, and by a diagonal process we can assume that

v; — constant weakly, but not strongly in H'(Py, RE),

and
e(v;) drdt = e, (v;) dwvdt — p, = p dt

as convergence of Radon measures on P, for a Radon measure p, = put dt.
Denote X, = supp(us) and write ¥, = Uye(_4 ] L. Then it follows from §8.2
and §8.3 that

»o= m {m € By | lim 7726(Ui)G(:c,t) > 63}

R>0 1700 TR((2t))
= {z€By| 0" (s, 2) > 6(2)}.

Moreover, (i) implies that
(0,0) € Xy, P(Zs) >0, pa(P2) > €2 (8.53)

To proceed the proof, we need
Claim 1. For t € (—4,0], H"2(supp(ul)) > 0.

Note that since 3! = supp(pl) for —4 < t < 0, the claim is equivalent to
H"2(%!) > 0. We can prove this claim by contradiction. Suppose it were false.
Then there is tg € (—4, 0] such that H"2(X%) = 0. Then for any € > 0 there exist
§ > 0 and a covering { By, (z;)}°,,0 < r; <4, of £, with z; € X% such that

o
E r?‘z <e€
i=1

Since
(0 (By \ U2,y By, (1)) =0,
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by a diagonal process we may assume that there is a subsequence u; of u; so that

tim e(v(t0)) = 0.
J—00 Bl\Uioil Bri (Iz)

Moreover, by (8.15) we have

r?_n/ e(vj(to)) < e‘lm‘z/ n°e(V; ()G o) (1)
Br, (@) tt=tto+r)—ri)

= 6_1(13(12]', (x4, t0 + rf),n)

< e ' (v, (v, to +17),R) + CK(R —r;)

< gz / e(v;(t)) + C(K)(R — 1)
{t=to+r2—R2}

< C(R,K)

for some R >> r;. Hence

/ e(v;(to)
U2y Br; (i)

A
INNgE
\
b@

2
so that if we choose € < 12—00 then for sufficiently large j we have

2
JRCES

On the other hand, (8.51) implies that

lim [ 9> =0. (8.54)

1—00 P2

As in §8.4, we have that for any ¢ € C§°(Bz) and —4 < t; < t2 <0,
[ etwttano— [ etwtto
to to
/ / 10,036 — (Vi Byvi) - V.
t1

By

Therefore, taking i to oo, we obtain that v.(¢) is independent of ¢t € (—4,0]. Thus

we obtain )
[ etwr< s [ etwn<af e <.
P te[-1,0]/B; B 2

This contradicts the fact that (0,0) € X,.
In fact, by employing Lemma 8.3.2 we have that Py (ux) = p« for any A > 0. In
particular, pl = /—tu,—1 for —4 <t < 0. This, combined with the fact that u! is
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independent of ¢, yields that v, lis an Euclidean cone measure and hence ¥, ! is an
Euclidean cone.
Note that, since ©"(v,z) = O"(u,z) is P"-approximate continuous at zy for
z € ¥ and ©"(u, z) is upper semicontinuous with respect to (u, z), we conclude that
for P™ a.e. z € X,
@n(:u*v Z) = ®n(:u7 ZO)'

On the other hand, it follows from the discussion in §8.3 that
@n(ﬂ*72) S @n(u*70) = @n(u720)‘

Hence
O" (s, 2) = O™ (114,0) for P" ae. z € X, (8.55)

Therefore Proposition 8.3.4 implies that there exist a set X5 C R™ with H"2(3,) =
0 and (n — 2)-dimensional plane P C R™ such that 3o N P = () and

¥ =¥y U P for any t € (—1,0]. (8.56)

In fact, X5 = (. For, otherwise, pick z € X5 \ P. Then Proposition 8.3.4 implies
that
O™ (u,z +y) =0"(u,z) for all y € P,

so that {z} U P C X;! and hence H" 2(X;!) = +o0 which contradicts Theorem
7.2.4.

We would like to point out that (8.56) can be derived from the following geometric
lemma, which is similar to Lemma 4.2.6 for harmonic maps in §4. We will postpone
its proof to §9.1 when we will prove the time slice rectifiability of X.

Denote

T ={te[-4,0] | = =% N {t} #0},

and
T = {t c [—4,0] ‘ hm |8tu2-|2 < —|—OO} .

11— 00 B2

Note that by Fatou’s lemma, we have that L!(Ty) = L'([—4,0]) = 4 has full Lebesgue
measure of [—4,0].

Lemma 8.5.1 For L' a.e. t € TNy, there exist subset By C Xy, with H"2(E;) =
H"2(%y), and a number s € (0, %) depending only on n such that for any © € Ey,
there is r, > 0 so that for any 0 < r < r,, there are (n—2)-points {x1, -+ ,xn_2} C
Y1 N By (x) and €(r) > 0 with lim, g e(r) = 0 such that
(i)

en_z(ub :Z:Z)(E h?ol rz_nut(BT(xi))) > @n_2(:ut7 :1:) - E(T) fOT’ all i = ]-7 N — 2.

T

(i) |z1| > sr and for any j € {2,--- ,n — 2},

dist(xj,x + Vy_1) > sr, where Vj_1 = span{xs —x, - ,xp_1 — x}.
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We identify R"~2 as {(0,0)} x R*~2. By a change of coordinate systems, we may
assume that P = R"2 C R" and write X = (z,y) € R" for z € R? and y € R" 2,
Summarizing the properties of u, gives

pa(X,8) = ©" (1, 20) (H" 2 [R"7?) (y) x (P*[R) (t) (8.57)

for all X = (x,y) € Bg and t € [—4,0].
Let’s pick (n—2) linearly independent points {{1,- -+ ,&,_2} C R"~2 that span R" 2.
Note that we have

0" (112, (€,0), R) = (111, (€,0)) = ©" (1, 20), VR > 0 for j = 1,--- ,n—2, (8.58)

where
o" (N*a(gjao)vR) = / G(@-,O) d'u*
Tr

Since e(v;) — px in Po, using (8.58) and applying the monotonicity inequality (8.14)

of v; with centers (x;,0) for j =1,--- ,n — 2, we can easily see that for any p > 0
lim / — / e = &) VJ T200 2, o dadt = 0, (8.59)
J—o0 P r

for 0 < 7 < n — 2. Hence it is not hard to see that Fatou’s Lemma and Fubini’s
theorem imply that for any 0 <t; <t <1

—t2 2
— &) Vo +2 ;
Jim 1/ |(x — &) - Vv; + 2t0v;| _0
1—00 —t% By |t|
for all 1 < j <n — 2. Therefore, one can deduce
—t% n—2
lim / Z \Viji|2 =0 forany 0 <t; <ty <Ll (8.60)
1— 00 _t% Bl ]_1
Let
fily) = / 0|2 (2, y), t) dedt - BY™2 CR"™? — Ry,
(B x{y})x[-1,0]
and

n—2
_ 1
st = [ S0V Pt de s By x [1,-g] = Ry,

1j=1

we define two local Hardy-Littlewood maximal functions of f; on B{L_2 and g; on
B % x -1, —1] as follows.

M(fi)(y) = sup 7’2_"/ fi for y € BY 2,
0<r<1 B 2(y)

and

1
M(g)(y,t) = sup r" / gi for (y,t) € B2 x [~1, —]
0<r<1 Br 2 (y) x [t—r2,4] 8
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Then by (8.54) and (8.60), the weak L'-estimate (see [192]) implies that there exist
y; € By ? and t; € [-3, —1] such that
2

lim M(f;)(y:) =0, Zliglo M(g:)(yi,ti) = 0. (8.61)

1— 00

Since v; converges to constant strongly in HIIOC(PQ \ (R"2 x R),RY), we can
choose x; € BE, and §; > 0 such that
2

5 D) (@, yi, £) dedt =
! Bgi(zi)x[ti—éf,ti]e(v)(xy ) dz C(n)

= max 52-_2/ e(vi)(z,y;,t)dzdt | & € B3 3.
Bgz (i‘)X[ti—(SiQ,ti] 2

We claim that §; — 0 and z; — 0 € B%. For, otherwise, §; > dp > 0. Then we
choose ¢ € C’go(BgO) and compute, for any y € BZ_Q(yZ-) and 1 <j<n-—2,
2

(x,y,t)dxdt
8%/ 52 /I‘Q? 1)

Oov; 0 6 0Ov; Oov; 0O Ov; flvy) O
_ 2 (/2 2
- / 52/R2¢ [<ax,ax<ayj>>+<ayl aan+ 5L 2
_ / / 042  Dui v, /to / g2 Qv 9y
B 52 Jr2 Ox 33373% 8?/1 52 JRr? 3% 3yl

to

2/ ) f(vz) ov;
+/t62 ¢*(—Av; + — )

(8.62)

R2 62- ay]
ti 8¢2 ov; ov; . 0v;
= - / J I s
52 Jre dr Oz 0y
odv; 0Ov;
PP (=, ). 8.63
8?/1/ 52 /11@2 dy;’ 8?/1 (8.63)

Hence applying Lemma 4.2.10 with (8.61), we obtain

2
9" e(v;) < 50
Pso ((0,y4)t:)
provided that C(n) is chosen to be sufficiently large. This implies that ((0,y;),t0) &
Y«, which contradicts the structure of X, we have obtained before. Hence §; — 0. It
is easy to see that if x; — mg # 0 € B, then ((20,%:),t;) € 3, which is impossible
again.
Now we perform another rescaling of v; as follows. Define

wi(z,y,t) = vi (25, yi, ) + (6@, 0:),671)) on €,
where

Q, = (52_1(B§ \{5137,}) x (33_2) [__5— 2 2—2] N (R2 X BS—Q) x R.
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Then for & = ¢, IEZ-, w; satisfies

Oww; — Aw; + f(f,;Z) =0 in €, (8,64)
€
/ (i) (2. 0,1) didt = 0 (8.65)
BQX( 10) ) s Uy C(TL) .

= max {/ e(w;)(z,0,t) dzdt | & € 5; (B2 \{:EZ})} )
B} (#)x(-1,0) 2

lim  sup 7?2 / / |Byw;|* = 0, (8.66)
1—00 T€(0,46 B’n 2 B2 6 20
and
n—2
lim  sup 7’_”/ / |V, vil> | =0. (8.67)
Sy oo Jey JZ_; v
20,

Now we apply Lemma 4.2.10 twice to obtain a bubble. First, the same computation
as (8.63) implies that for ¢ sufficiently large

4¢e?
22—n/ e(w;)) < =2 forall Z € 6; (B2 \ {z}). 868
(B2(5)x BL~2)x[~1,0] (i) C(n) (B1\ {zi}) (8.68)

In particular, by using Fubini’s theorem and (8.2.1), we can conclude that
8e?
2—n 0
sup 2 / e(w;(t)) < ,
B3 (%,0) ' C(n)

te[_Qvo]
Next we compute that for any s € [—4, —%] and ¢ € [_%70]’ ¢ € 5 (B2((2,0),R+)
for z € 5;1(33 \ {z:}),
2

for all Z € 5;1(32 \ {z:}). (8.69)

e(wi(t)¢ — | e(wils))

< 2/ / O] ¢+2/ / Vi [V |Brews]
7(2,0) 7(2,0)

— 0 as 1 — o0,

where we have used (8.2.1) and (8.66). Therefore we obtain that for any t € [—4, — 3],

3y2-n e(w; 1665 or all € 67 1(B? \ {x;
7 [, g ) < Gt forall 2 €078 i)

2

This, combined with (8.69), implies that for ¢ sufficiently large

[\

3 —n/ 3265 _ € = - =12
— elw;) < < forallzed; (B x; 8.70
3 o = G0 < 3 (B () (870)
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if C(n) is chosen to be sufficiently large. Thus by Lemma 8.2.3 we have that for ¢
sufficiently large

max elw; <C for all z € (5._1 B2 Tit). 8.71
P5((2,0).0) (wi) < Ceo i ( %\{ 1) (8.71)

From the local H' bound of w; in R™ x R_, we may assume that w; — ws, weakly

in Hlloc(R" x R_,RY). It follows from (8.66) and (8.67) that

[ e B L
Rrxk_ \ = 9y o
Hence woo (7,4, 1) = woo(z) : RZ — RE is independent of the last two variables y and
" Moreover, by (8.71) we can assume that w; — w in C’foc((R2 X B§_2) X

[—(2)2,0],RF). Thus by (8.65) we have
2

€
Cin) < /}R2 e(weo) < F00.

As in §8.4, we know that either (i) €; — 0, wy is a nontrivial harmonic map from
R? to N with finite energy and hence w., can be lifted as a bubble, or (ii) & — oo,
Weo is a nontrivial harmonic function on R? with finite energy which is impossible,
or (iii) & — ¢ for some 0 < ¢ < +00 so that ws is a nontrivial solution to

flwe)

c2

Aws + =0 in R?

with [ps €c(woo) < +00, which is also impossible by Lemma 8.4.1.

Since N doesn’t support harmonic S2, the above argument shows that u; — u
strongly in Hlloc(M x (0,T],N). Hence v = 0 and P™"(X) = 0. In particular,
P"(sing(u)) = 0 (since sing(u) C X). From the strong convergence, we also know
that w satisifes the three conditions (8.74), (8.75), and (8.76) below. Hence u is
a suitable weak solution of (8.2). Thus we have now completed the proof of both
Theorems 8.1.1 and 8.1.2 for n > 3. O

Before proving Theorem 8.1.5 and Theorem 8.1.6, we will prove a dimension
reduction argument for weak solutions of the heat flow of harmonic maps that are
obtained by Theorem 8.1.1 and Theorem 8.1.2, which can be viewed as the parabolic
counterpart of Federer’s dimension principle [54] (cf. also [171] and §2.3).

Theorem 8.5.2 For n > 3, assume that N doesn’t support any harmonic S*. Let
u € HY(M x (0,T),N) be a weak solution of (8.2) obtained by either Theorem 8.1.1
or Theorem 8.1.2. Then P"(sing(u)) = 0. Furthermore, sing(u) is discrete for
n = 3. Forn >4, dimp(sing(u)) < n — 2; and if in addition N doesn’t support
harmonic S then dimp(sing(u)) < n — 3.

In order to prove this theorem, we need a simple lemma.
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Lemma 8.5.3 Suppose that [ € H;OC(R’EH) is such that for some zg = (xg,ty) #
(0,0) € R™,

x-Vf+ 275% =(x—x9) - Vf+2(t - to)g—{ =0 ae (x,t) e R™ (8.72)
Then either (i) for tg = 0 f(x + xo,t) = f(z,t) for a.e. (x,t) € R™; or (ii) for
to # 0 fi(x,t) = 2o-Vf(x,t) =0 for a.e. (x,t) € R™"L. In particular, f(z,t) = f(z)
1s independent of both t variable and xg-direction, and is homogeneous of degree zero
as well.

Proof. If tg = 0, then it is easy to see that (8.72) implies that z¢ - Vf(z,t) = 0
a.e. (r,t) € R™". Hence f is independent of x(-direction. For ty # 0, we define
fo(z,t) = f(zo+ z,to+1t) for (x,t) € R™™L. Then (8.72) implies that for any R > 0
fo(Rx, R*t) = fo(x,t) ae. (z,t) € R™ and

0
xo - Vifo+ 2t0£ =0 ae. (z,t) € R
Replacing (x,t) by (Rx, R*t) and using the self-similarity of fo, we obtain that for
any R >0

0
xo-Vfo+ 2Rt0£ =0 ae. (z,t)€ R
Sending R to zero gives
0
xo-Vfo= % =0 ae (z,t) R
This proves (ii). O

Proof of Theorem 8.5.2:

Let’s first prove that sing(u) is discrete for n = 3. If sing(u) is not discrete, then
there are z; € sing(u) with z; — zo € sing(u). Therefore we define \; = 46(z;, 29) and
consider the scaled maps uy,(z,t) = u(zo + (\iz, A?t)). By the bound on ©"(u, 2),
we can assume that uy, converges strongly in Hlloc(Pl’ N) to a self-similar solution
ug : R? — N (ie. z-Vug+ Zt% =0 a.e. (z,t) € R?). Moreover, both (0,0) and
a point z1 = (z1,t1) € 8P% are contained in sing(ug). By blowing up ug and z; one
more time, we would obtain another weak solution u; € H'(R3, N) of (8.2), which is
self-similar with respect to both (0,0) and z;. Applying Lemma 8.72 would then give
us that either ui (1,22, 73,t) = ui (21, 2, 23) is a harmonic S? or a quasi-harmonic
S2. Both of them are impossible. Hence sing(u) is at most discrete.

For n > 4, we argue as follows. First note that sing(u) is given by

sing(u) = @@eMxmjymw%/ V> >\
10 Py (z,t)

where € is given by (8.2.3). It follows from P"(sing(u)) = 0 that dimp(sing(u)) < n.
Let 0 < s < n be such that P*(sing(u)) > 0. Then there exists zg € sing(u) such
that (cf. [55])

lim r; ¥P*(sing(u) N Py, (20)) > 0. (8.73)

r; 10
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Let u;(z,t) = u(zo + (riz,r2t)) : Py — N. Then we have

sup/ (|0vui? + [Vu?) < oo
i>1.Jp

so that we may assume wu; converges ug weakly in H'(Py, N), which is strong in

Hlloc(Pl’ N) by Theorem 8.1.1. Hence ug is a weak solution of (8.2) with

/ |2t0pug + @ - Vu0|2 =0 forall r > 0.

Therefore either ug(z,t) = uo(‘—i‘) : R™ — N (i.e., ug is a homogeneous of degree
zero harmonic map from R" to N) or ug(z,t) = uo(\/L__t) : R™ N s a self-
similar solution of (8.2). In the former case, by the result of Lin [123] in §4, we have
dimp (sing(up)) < n — 3 and we are done.

Next we will only consider the latter case at each following step. Note that
sing(u;) N P% = P, (sing(u;) N P%(zo)) so that (8.73) implies

lim P?(sing(u;) N P1) > 0.

1— 00 2

Therefore by the small energy regularity theorem we can conclude that
P? (sing(ug) N P%) > 0.

There are two possibilities: either (i) s <0, or (ii) s > 0 and there is 27 = (z1,t1) €
sing(ug) N dP; such that

lim sup 7~ *P*(sing(up) N Pr(21)) > 0.
r—0
Repeating the above blow up argument of ug at z;, we would have get another
weak solution of u; € H} (R™1 N) of (8.2) with P*(sing(u;) N P;) > 0. From

loc
our assumption that there is no static tangent map at zj, this and Lemma 8.5.3)

would imply that w; is independent of z; direction, i.e., ui((x1,y,t)) = ul(\/L__t)

for any (z1,y,t) € R"™. If s — 1 < 0, we stop. Otherwise, there is a point
29 € sing(u1) N (0P N (({O}R™1) x R_)) with

lirln r~¥P%(sing(u1) N Pr(z2)) > 0.

T

We repeat the same argument at zo. If we repeat the procedure m times, we would
get a weak solution u,, € HllOC(R71+l’ N) which is a self-similar solution of (8.2) and
satisfies up (1, ,Zm,y,t) = un(\/%) for any (1, -+ ,Tm,y) € R™ x R*™™ = R"
and P*(sing(un,) N P1) > 0. We can repeat the argument until s—m < 0. In order to
have constructed u,,, we must have s —m + 1 > 0. Since s < n and m is integer we
then have m <n — 1. If m > n — 2, then we would have a map u,, : R®" x R_ — N
such that R"~2 x R(t) C ¥, here R(t) C R? x R_ is a self-similar curve passing
through 0 and R(t) # {0}. Hence P"(%,,) > 0, which is impossible. Therefore
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m<n-—3. O

Completion of proof of Corollaries 8.1.5, 8.1.6 and Theorem 8.1.7.

Applying the above blow up argument, it is not hard to see that if ¥ # (), then
we would obtain either a harmonic S* for some 2 <k <n —1or a quasi-harmonic
St for some 3 <1 < n, which would contradict our assumption. Hence ¥ = () and
the convergence is in C?(M x (0,7], N) and the solution u € C®(M x (0,T], N).
Moreover, the global gradient estimate (8.4) holds. O

To conclude this section, we introduce the notion of suitable weak solutions of
(8.2).

Definition 8.5.4 A weak solution u : M x (0,7] — N of (8.2) is called a suitable
weak heat flow of harmonic maps, if u satisfies the following three properties:
(i) the energy inequality: for any ¢ € C5°(M) and 0 < t; <ty <T,

[ wutpe 2 [ [ 1ot

to
2,2 o2
< | Ivuttper 2 /t | (o.vu)- v (8.74)

(ii) the energy monotonicity inequality: for any zg = (xg,t9) € M x (0,T) and
0< R <Ry < min{\/t_, iM}

. Re 1 / o |(z — x0) - Vu+2(t — to)&;uPGZO
R T T (z0) [to — t|
< eOF2=R)G (y, 29, Ry) — U (u, 20, R1) + C(Ry — Ry). (8.75)
(iii) ep-regularity: there exists g > 0, 9 > 0, and Cy > 0 such that
U(u,20,R) < 2= sup |Vul? < C(eo, R). (8.76)
P50R(ZO)

We would like to remark that our blow-up analysis outlined in §8.4 and §8.5 above
can be applied to the class of suitable weak heat flows of harmonic maps, since the
above three properties are all what we need for the blow up analysis.

In particular, one has the following corresponding theorem of Theorem 8.1.1 and
Theorem 8.1.5 for suitable weak solutions to the heat flow of harmonic maps.

Theorem 8.5.5 Assume that N doesn’t support any harmonic S%. Let {u;} C
HY(M x (0,T),N) solve (8.2) weakly and satisfy

sup/ (|0pui* + [Vu;*) = K < .
i Jamxo,1
If, in addition, u;, © > 1, is a suitable weak heat flow of harmonic maps. Then u;
(after passing to possible subsequences) converges strongly in Hlloc(M x (0,T],N) to
u € HY(M x [0,T),N), which is also a suitable weak heat flow of harmonic map. In

particular, P"(sing(u)) = 0. Furthermore, if N doesn’t support neither harmonic S*
for 2 <k < n—1 nor quasi-harmonic S' for 3 <1< n, thenu € C>®°(M x (0,T], N).
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It follows from a simple energy consideration that there doesn’t exist any quasi-
harmonic S? in any compact Riemannian manifold N. It also follows from §8.4
that (8.75) is not needed in the blow up analysis in dimensions two. Moreover, in
dimensions two (8.76) is equivalent to

sup / |Vu|? < = sup |Vul> < Cleo, R), (8.77)
|/ Br(zo)

te[to—R2,to Psqr(20)

which holds for any weak solution of (8.2) in dimensions two (see Wang [208] for a
proof). Moreover, in dimension two (8.74) can be replaced by a weaker version: for
any ¢ € Cg°(M) and 0 <1 <ty <T,

\ [ wuere - [ vutps’
M?2 M?2

Therefore we have an immediate corollary

<CO(¢,Eo)lta—tiZ.  (8.78)

Corollary 8.5.6 For n =2, assume that N doesn’t support any harmonic S%. Let
u € HY(M? x (0,T),N) be a weak solution of (8.2), which satisfies the energy in-
equality (8.78). Then u € C*°(M? x (0,T],N). Moreover

sup |Vu|2 < C(Ey,ty) for any ty > 0.
M2 x(to,T)

Remark 8.5.7 Note first that according to our definition that any suitable weak
heat flow of harmonic map enjoys the partial regularity property, i.e. P"(sing(u)) =
0. We would like to remark that a weak solution satisfying (i) and (ii) of the definition
of suitable weak heat flow of harmonic maps has been introduced by Feldman [58]
and Chen-Li-Lin [29]. Moreover, it was proved by [58] and [29] that when N =
SL=1 < RY any weak solution of (8.2) satisfying (i) and (ii) enjoys the partial
regularity property. Chen-Wang [34] have extended [58] and [29] to any Riemannian
homogeneous manifold. For any compact Riemannian manifold N, Moser [148] has
proved the partial regularity theorem for n < 4.



Chapter 9

Dynamics of defect measures
in heat flows

In this chapter, we will continue the blow-up analysis, with the emphasis on the
dynamic behavior of the defect measures, for weakly convergent sequence of smooth
solutions (or certain classes of weak solutions to be specified later) to the heat flow of
harmonic maps or approximate harmonic maps (i.e., critical points of the Ginzburg-
Landau energy functional), which we started in §7.

A general situation for the heat flow of harmonic maps is as follows: For a
bounded domain 2 C R", let u; : Q2 x Ry — N be smooth solutions to the heat flow
of harmonic maps from € to N (8.2) on 2 x R such that u; weakly converges to u

in Hlloc(Q x R4, N). By Fatou’s lemma, we assume that
1 2 1 2
§|Vul\ (x,t) dedt — §\Vu] (x,t) dzdt + v (9.1)
and
|0yu; | (z, t) dedt — |Opul|? (z,t) dedt + 1 (9.2)

as convergence of Radon measures on {2 x Ry for two nonnegative Randon measures
v,n supported on the concentration set ¥ defined by (8.17). By Lemma 8.2.9 we
have v = v dt for some nonnegative Radon measures {v;}icr L in Q.

By the analysis of §8, we know that the nonexistence of harmonic S? in N is
(essentially) necessary and sufficient condition for such weakly convergent sequences
to be strongly convergent. The blow up analysis in §8 also indicates that if N does
admit harmonic S? and the strong convergence fails, then the concentration set
> = Ugs02t has positive, locally finite n-dimensional parabolic Hausdorff measure
and the n-dimensional density of v, ©"(u,-), is positive and finite. Moreover, for L'
a.e. t € Ry, the euclidean (n — 2) density of v;, ©"2(14,-), is positive and finite for
H™ 2 ae. z €.

In this chapter, we will show that for L' a.e. ¢t € Ry, both ¥; and v; are
(n — 2)-rectifiable. To prove this, we develop a generalized varifold approach which
is an extension of the classical varifold approach by Almgren [5] and Allard [2].
Roughly speaking, we associate u; with a (n — 2)-generalized varifold V,,; on € x R
and show that V,, converges to a (n — 2)-generalized varifold V = V;dt, and V;

219
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has a generalized mean curvature H; € LQMH(Q,R”) for L' a.e. t € Ry, and then
employing an extension of Allard’s rectifiability theorem for classical varifolds to
show that V;|({z € Q | ©"2(||V4]|,z) > 0}) is (n — 2)-rectifiable.

Another major theorem of this chapter is that (u,vydt) satisfies a generalized
varifold flow, which reduces to Brakke’s motion of varifolds by mean curvature if u
is a weak heat flow of harmonic map (e.g. u € C*(Q x Ry, N)) such that (8.74)
becomes an equality, i.e.,

Vivi(¢) = limsup M

s—t s—1t

< [ (ol — Tz Vo, m)) v (03

for any t > 0 and ¢ € C3(Q,R;). See Brakke [15] and Ilmanen [99, 100] for more
details. We also would like to mention the interesting papers by Ambrosio-Soner
[7, 8] for further discussions on mean curvature flows. We would also like to remark
that a slightly weaker version of the above fact has also been obtained by Li-Tian
[137] independently. In this Chapter, we also establish an energy quantization result
for the density function ©"~2(v;,-) on the concentration set ¥; for both heat flows
of harmonic maps and Ginzburg-Landau heat flows into SZ~1. Such a quantization
has been previously obtained by Lin-Riviere [131] for stationary harmonic maps,
and Lin-Wang [135] for critical points of the Ginzburg-Landau functional.

Since we can treat smooth heat flows of harmonic maps in a slightly simpler way,
we still decide to work on Ginzburg-Landau heat flows. Also, we will continue to
use the notations developed from both Chapter 7 and 8.

This chapter is organized as follows. In §9.1, we have a brief tour of generalized
varifolds and prove the rectifiability of ¥; for L' a.e. t. In §9.2, we present the
motion law for the generalized defect varifolds (u,v;dt). In §9.3, we prove the
energy quantization result.

9.1 Generalized varifolds and rectifiability

In this section, we first recall some of the basic theory of classical varifolds, developed
by Almgren [4, 5] and Allard [2] (see also Simon [189]), and the notion of generalized
varifolds, which was remarked by Almgren [5], recently explored by Ambrosio-Soner
[7] in the study of the dynamics of Ginzburg-Landau equations with complex values
and by Lin [124] in the study of mapping problems.

For 1 <[ < n, let G;(n) denote the Grassmann manifold of /-dimensional un
oriented planes in R™. Recall a [-varifold in a bounded domain €2 C R™ is a Radon
measure in £ x Gj(n). Let Vj(©2) denote the set of all [-varifolds in 2. The weight
V] of Ve V() is a Randon measure in Q defined by [|[V|| = 7x(V), where
m(x,A) =2 : Q x Gi(n) — Q is projection to the first argument.

V e V() is said to be a [-rectifiable varifold if there exist a [-rectifiable set
E C Q and a locally H'-integrable, positive function @ such that

V= 5TIE9Hl |E for H' ae. in Q

where T, E denotes the tangent plane of F at x and d1, g denotes the Dirac mass at
T,E C Gi(n). Let RV;(£2) denote the set of all I-rectifiable varifolds in 2.
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We now recall the definition of generalized varifolds (see [7]).

Definition 9.1.1 A [-dimensional generalized varifold V in {2 is a nonnegative
Radon measure on Q2 x A; ,,, where

Ay = {A e R™™ | Ais symmetric and tr (A) =1 ,—II, < A<I,} (9.4)

where tr(A) is the trace of A and I,, € R™*" is the identity matrix of order n. The
class of all generalized I-varifolds in €2 is denoted by V;*(€2). Let ||V|| denote the
weight of v € V;*(€2).

Since Gi(n) C Ay, it is clear that V;(2) C V;*(2). We now introduce the notion of
the first variation of generalized varifolds.

Definition 9.1.2 For any V' € V*(€2), the first variation of V', 6V, is a distribution
on C}(Q,R") defined by

SV(X) = —/QXA VX (z): AdV(z,A), VX € C}(Q, R"), (9.5)

where : is a scalar product on R™*™ defined by
A:B =) A;Bjfor A, B€R"™".
ij
V is called a stationary [-varifold if 6V = 0.
Note that if 6V is a Radon measure, i.e.,
IsVIG) = sup {[oV(X)| | X € C(QR"), || X[z <1, supp(X) C G}
< C(G) < o0, VG CC Q,

then by the Riesz representation theorem there exists a ||§V||-measurable, S™1-
valued function § such that

WV (X) = AX(x)ﬁ(:z:)dMVH(m), VX € CHQ,R™). (9.6)

If, in additions, ||dV|| is absolutely continuous with respect to ||V]|, then there exists
a ||V||-measurable function H : 2 — R™ such that

SV(X) = /Q<H(9c),X(:c)>dHVH(x), VX € CLQ,RM). (9.7)

Such a function H is called to be generalized mean curvature of V.

Recall also that a sequence of generalized varifolds {V;} C V;*(£2) converges to
V e V*(Q) if V; — V, as convergence of Radon measures on §2 x A;,,. Therefore if
Vi — V, then we also have §V; — 0V in the sense of distributions. In particular, if
for A CC Q, sup; ||0V;]|(A) < oo, then by the lower semicontinuity we have

10V |[(A) < liminf ||§V;]|(4) < 0. (9.8)

To motivate the application of generalized varifolds to the problem we are study-
ing in this chapter, we give two examples.
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Example 9.1.3 For u € H'(Q, R"), define
1 2
where 0 4(,)(z) is Dirac mass at A(u)(z) € Ap—2,, which is defined by

I, — 2V¥8Vu () if [Vul(x) # 0

u)(z) = [Vul?
A) {1 it [Vul(z) -

Then we have V,, € V,*_5(£2). Moreover, for any Borel set B C Q X A,_2 .5,

1
B =g [ i

where m(B) = {z € Q| (z,A.(x)) € B}. It is readily seen that for any X €
Co(2,R™),

Vu(X) = — / VX(z) : AdV,(z, A)
- ——/vx ) (@) [Vl (2)
= 2/ (|Vu2div(X) — 2V;uV,;uV,;X7) .

If u € H(Q, N) is a stationary harmonic map, then by (3.41) we have
SV (X) =0, VX € CJ(Q,R"),
so that V,, is a stationary generalized (n — 2)-varifold in €.
Example 9.1.4 For ¢; | 0, let u; € H'(Q, RY) be critical points of E, (), i.e.,

1
Au; + — f(u;) =0 in €. (9.10)
€

Then it follows from the discussion of §7 that for any X € C}(Q,R"),

F(u

(9.11)

If sup; Ee,(u;) < oo, then we may assume that u; — u weakly in H'(, R¥), and
1
e(u;)(x) de — §|Vu|2(:r) dx + v

as convergence of Radon measures in ) for some nonnegative Radon measure v on
2, and there exists V' € V* ,(Q) such that V,,, weakly converges to V. Moreover,

Lemma 8.21 gives
lim
1—00 [9)
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so that
SV(X) = lim §V,,(X) =0, VX € Cj(Q,R")

1— 00

and hence V is stationary. From the discussion in [134], we know that v = §H" 2| %
is a (n — 2)-rectifiable generalized varifold. Later in this section, we will see that
V =V, +V,, where V, is the (n — 2)-rectifiable varifold associated with v and is
given by

V, = op,s0 H" 2| %,

where ¥ is the concentration set associated with wu;.

We now start to apply the generalized varifold approach to the study of Ginzburg-
Landau heat flows. For any ¢; | 0, let u; € C®°(Q x Ry, R%) solve

Opui — Au; = %f(ul) in O xRy. (9.12)
€

Assume that

t
sup sup </ /|8tui\2+/ e(u;)(x,t) d:c> =K < +o0. (9.13)
i 0<t<oo \Jo JQ Q

For each u;, associate V; € V¥ ,(Q x Ry ) as follows:
‘/i(:pvt?A) = 5A(ui)(z,t) (A):ui dt, V(ZE,t,A) € x Ry % An—2,m

where A(u;) is defined by (9.9) and pi(x) = e, (u;)(z,t) dz.

Let m: Q x Ry x Ao, — Q x Ry be the projection map. Then the weight
Vil = mx(Vi) = pidt and hence sup; ||V;[|(G) < oo for any compact subset G CC
2 x Ry. Therefore we may assume that there exists V € V.*_,(€Q x R} ) such that

Vi =V, Vil = ppdt — ||V (9.14)

as convergence of Radon measures on ) x RT. By Lemma 8.2.9, ||V|| = pdt for
some nonnegative Radon measures {1}~ on Q. For each (z,t) € Q x Ry, there is
a probability measure V; ; on A,,_s, such that

V == Vx7t“V|’ = Vz,tut dt
Note that for any compact subset G CC 2 x R
Vs - Ol 1

is uniformly bounded. Hence we may assume that there is a (signed) Radon measure
o on ) x Ry such that
—Vu; - O dedt — o

as convergence of Radon measures on 2 x Ry. Since —Vu; - dyu; dzdt is absolutely
continuous with respect to e(u;)(x,t) dxdt, o is absolutely continuous with respect
to |[V]|. Hence by the Riesz representation theorem again, there exists a H; €
Lﬁvu(ﬂ x R, R™) such that

o(x,t) = Hy(x)p(x) dt. (9.15)



224  CHAPTER 9. DYNAMICS OF DEFECT MEASURES IN HEAT FLOWS

Moreover, by the lower semicontinuity, we have

/ / |Hy(@)P dpa(x,t) < liminf V“’ at“’ e(ui)
0 Q 11— 00
< 2liminf/ /|8tui| < 0, (9.16)
11— 00 0 Q

where we have used the Cauchy-Schwarz inequality in the last step.

Lemma 9.1.5 For L' a.e. t € Ry, V; = Ve € V¥ 5(Q) has its first variation 5V,
absolutely continuous with respect to uy. Moreover §Vy = Hyuy with Hy € Lit(Q, R™).

Proof. For Y € Cj(,R") and v € Cy(R4,R), denote Vi' = Vi) @aytti € V().
Then we have

/ﬂh VOSVI(Y)dt = —/R+ fy(t)/QVY:AdW(m,A)
= —%/R+ ’)/(t)/QVY: (|Vui|21n—2Vui®Vui)

F U;
—/ y(t)VY : A(ui)—(2 )
QXR+ 67:
= I+1]

For I, multiplying (9.12) by Y (x) - Vu; and using integration it by parts, we have

/ ) | @) Fuom)
- [ o) (s + éﬂui)) Y (@) Vu,
— /R+ ’Y(ﬂ/ﬂ(Aui,Y(w) -Vu;) + /IR+ v(t)/QV <F£Z2LZ)> Y (x)

2 [ F5
(t
t

) — Vjuz'vluz'le]

divY

Ry /Q 6?
1
Ry ) o \2
F(u;) ..
+/ ( )/ (1; )dle.
Ry Q ei

Therefore

/ +(t) / SVI(Y) = / / Y - Vs, Oy
R, Q

/ / 9 Vjuivluinj F(UZ)
z€Q:|Vu;|(z,t)#£0} |VUZ|2 67,2 .
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By Lemma 8.21, we have

i [ vy e

17— 00 ) XR+ 62

(x,t) =0.
Therefore, by taking ¢ into infinity, we have

/ Y(t)oVi(Y) = lim ’y(t)/Y‘<—Vui,8tui>
Ry R4 Q

71— 00

_ /R 0 /Q (H,, Y dpdt

so that for L' a.e. t € Ry, V; = Hypy. O

For Ve V* ,(Q) and x € 2, define

—0 a(n — 2)rn=2’

if the limit exists, where a(n — 2) = |B}?| is the volume of the unit ball in R"2.
We now derive a monotonicity formula for V' € V;*(€2), with §V a Radon measure.
The same formula was shown by Allard [2] Theorem 5.1 for classical [-varifolds

V e Vi(Q).

Lemma 9.1.6 Suppose V € V*(Q) is such that |0V is a Radon measure on §.
Then, for any a € supp(||V]]) and 0 < r < dist(a,0Q),

a ! a — 2 L) T
= (VB (@) L&@w<ndw,&
—pit liﬁ)l OV (0c(|x|)x) (9.18)

where 0c(|z|) € C3(By(a)) converges to the characteristic function of By(a) ase | 0,
|S+(2)|? = |z|? — |S(x)|?, and S(x) : R™ — S is the orthogonal projection.

Proof. The proof is exactly as same as [2] Theorem 5.1. For 6.(]z|) as above, one
has

J_x2
—ﬁ%ﬂwmzé(MAwmw@—@ﬁ%)dWa&+HWWAw»

This implies (9.18). O

As a consequence, we can show that @™ 2(||V;||,-) exists for L! a.e. t € Ry,

Corollary 9.1.7 Suppose that {V;}1~¢ is the family of generalized (n — 2) varifolds
obtained as above. Then, for L' a.e. t € Ry, there ewists a set By C §, with
H"2(E;) = 0, such that ©"2(||V;||,z) exists for any v € Q\ E;.
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Proof. First by Fatou’s lemma and Lemma 9.1.5 we may assume that for L' a.e.
teRy,

lim [ |0pu;|* < oo,
71— 00 (9]

Hy € Lijy, (Q,R"), 0V, = Hy[|[Vi]),

In particular,

16Vl (Br(a)) < lim [(Opui, Vug)|

71— 00 Br (a)

2(|Vill(Br(@)? lim ( / ()|atui\2> .

Jun

IN

Hence Lemma 9.1.6 implies

L2 | (B, (a))

dr
27“_”/ 5L (2) 2 dVi(a, S)
9B, (a)
1

. 2
=2 (VB ) (B e [ o
i—00 Br(a)
>y / S+ (2)* dVi(w, S) = 7" Vil (B (a))
OBy (a)

—r27" lim |0 .
11— 00 Br(a)

This implies

d

r,.2—n -n 1 2
FEPTIIE @) 2o [ fstE] )

—r27" lim XTI (9.19)

1—00 BT (ll)

E;=<{acQ]| liminf | 757" lim |0pu;* | > 1
r—0 1—00 Br(a)

then, for any a € Q\ E¢, there exists r, > 0 such that for any 0 < r <r,

If we set

. _1
T |Byu;|* < 2r=.
1—00 Br(a)

Therefore, integrating (9.19) between 0 < 71 < 19 < 7, gives
(€"2r3 ™ IVell (Bra(a)) + v/r2) — (7737 | Vil (B, (@) + /71)
o 2
> / r_"/ SL(Q:)‘ dVi(z, S). (9.20)
r1 OBy (a)
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This implies that ©"~2(||V;||, a) exists for all a € Q\ E;. By Vitali’s covering lemma
we have that H"~2%(E;) < co and hence H"~2(E;) = 0. This completes the proof. O

Note that by Theorem 7.2.4, 3; has locally finite H" 2-measure for any ¢ > 0.
In fact we have

Lemma 9.1.8 For L' a.e. t € Ry, there is Fy C %y, with H" %(F;) = 0, such that
2
O 2(|Vell,z) > L for all z € ¢ \ Fy, with €g > 0 given by Lemma 8.2.5.

Proof. Define

G=(z€¥:lim lim 7“2_”/ 0ug)® | > € p and Gy =GN {t}. (9.21)
r|0 i—o0 Pr(z)
Then, by Vitali’s covering lemma, we have P"~2(G N Pg) < oo for any R > 0. In
particular, P"(G) = 0. Therefore for L' a.et € R, H"%(G;) = 0. Let F; = G;UE},
where E; is given by Lemma 9.1.7. Then we have H"~2(F;) = 0. For any a € ¥\ F},
there exists r, > 0 such that
lim 7“2_”/ |0ui|* < €5, Y0 < 1 < rg. (9.22)
1—00 P, (a)
Since a € Y, it follows from Theorem 7.2.4 that there is a sufficiently large Kqg > 0
such that

2
lim 1"2_”/ e(u)(z,t —r?) > 0 for any r € (0,
Bakyr(a) 2

1— 00

Ta

2k

On the other hand, Lemma 8.2.1 implies that for any 0 < r < 572,
0

[ ewen = [ ewwe-r)- [ P
Bryr(a) Baryr(a) Parcyr(a)

2 2
| (&yr)? / Vil? / O
Pagcyr(a) Paryr(a)

2
> / e(u;)(z,t — 7'2) - Ceg'5rn_2 > 6—07*"_2,
Bagyr(a) 4
where we have used the fact
7’_"/ |Vug|> < C, forall 0 <r < r,.
Pr(a)
Thus we obtain that ©"~2(||V;||,a) > %. O

We are now ready to prove the slice rectifiability theorem.

Theorem 9.1.9 Under the same notations as above, for L' a.e. t € Ry, V[ (3 ¥
Ap_2y) is a (n — 2)-rectifiable varifold, and ¥y is a (n — 2)-rectifiable set.
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Proof. Of course one can appeal the deep rectifiability theorem by Preiss [154] or
modify the proof by Lin [123]. Here we give a generalized varifold approach similar
to [2], which is conceptually simple.

First note that Lemma 9.1.8 implies that for L! a.e. t € R, there exists F; C 3,
with H" 2(F}) = 0, such that % < 0" 2(||Vi]l,z) < +oo for any z € ¥; \ Gy. In
fact,

1—00

F,c{z ey : liminfr?5 ™ lim e(u;) > 1.
rl0 By ()

Hence f)t = Y4 \ F} can be decomposed as f)t = U?’;li{, where

o= {xezt zll,lgor% "/ )e(ui)ﬁl}'

1
0<r<;

It suffices to show that for any j > 1, E is (n — 2)-rectifiable. For this, we may
assume that H" 2(37) > 0. N N
Applying Lemma 9.1.6 to X7, we can conclude that for all a € 37,

0" (|Vill, a,r) = €"r* " |Vil|(Br (a)) + V7 (9.23)

is monotonically increasing for all 0 < r < 1 . Therefore ©"~2(||V4||,-) is upper semi

continuous on %7, In particular, ©"~ 2(|]VtH y) is H" %-approximate continuous at
H" 2 ae. xEZ]foryeZ]

Note that if we represent V; = V,||Vi||, with V,; a probability measure on
Ap_op, then V, ¢ is H "—2_measurable with value in the space of probability measures
on A,_2,. Thus V,; is H" 2-approximate continuous for H" 2 ae. z € %, (cf.
[55]). Therefore, for H" 2 a.e. g € f]i, the following four properties hold:

e*n—2 (f]i, a:0> = limsup " "H" 2 (X4 N B,(x0)) > 2% (9.24)
rl0
0" 2(u(t), zo) = limr*™ / |Vu(t)]? = 0, (9.25)
ri0 By (x0)
0" 2(|Vi|l, ) is H"~% — approximate continuous at zo for z € %7, (9.26)
Ve is H n=2 _ approximate continuous at xq for € XAJ{, (9.27)
im = Orn : = |Hy(20)| ©"2 (| Vi, o) < +oo. (9.28)

With (9.23), (9.24), (9.25) and (9.26) at hand, we can easily modify the proof
of Lemma 4.2.6 without any difficulty to prove Lemma 8.5.1. More precisely, that
there exist s = s(n) € (0,3) and 0 < ro < —. such that for any 0 < r < rg, there
exist (n — 2)-points {x1, -+ ,Ln_2} C 3/ N Br(ajo) and €(r) | 0, as r | 0, such that
(1) O 2(|Vill, z5) = O""4(Vy, 25) — 6(7’) for 1 <j<mn-—2.

(ii) |z1 — x| > sr and for k € {2,--- ,n — 2},

dist(xg, xo + V1) > sr, Vi_1 = span{z; — z¢, -+ ,Tp_1 — To}.
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For r; | 0 we can now show that after taking subsequence,
Do (Vi) — 960,75}171_2 \T (9.29)

for some (n — 2)-plane T' C R™. Next we want to show that 7" is independent of the
choice of r; | 0. In fact, by (9.28) we can easily get

T [[6(Da (Vo)) = Tim 1877 (Da ) 1Vaa| = 0

r—00

Therefore
§ (Voo t H"2|T) =0

so that the constancy theorem for varifolds (see [189]) gives that V,,+ = dr and
hence T' is unique. Hence f]i is (n — 2)-rectifiable for all j > 1. Therefore both ¥,
and V| (2 x Ap—2,) are (n — 2)-rectifiable. O

To conclude this section, we deduce some consequences of the above theorem to
the steady states of heat flow of harmonic maps and Ginzburg-Landau heat flows.
Let us first consider the Ginzburg-Landau equation, which can be viewed as the
continuation of Example 9.1.4.

Corollary 9.1.10 Under the same assumptions as in the Fxample 9.1.4, there exist
a closed (n — 2)-rectifiable set ¥ C Q and a H" %-measurable function €3 < 6 < oo

i 0 such that
(i) v(z) = 0(x)H"2LY for H" 2 a.e. z €%, and

Vi, = V =V, + V(Z,0) (9.30)
as convergences of on V,*_,(£), where
V(Z,0) = o, s0H" 2| .

Moreover, V is stationary in the sense that for any Y € C’&(Q,R”),

/ ~|Vul|? div(Y
Q

(ii) If, in additions, N = S*~1, then

- 3wy +/ divs,(Y)0 dH" 2 = 0. (9.31)
1<ij<n X

la
= ZE(¢j,52) for H? q.e. z €%, (9.32)
i=1

where 1 <1, < 00 and ¢; : 52 — SL=1 gre harmonic S2’s for1 <j<lI,.
(iii) Furthermore, if N = S? then 0(x) = 4mn, for some positive integer ng, for

H"2 aq.e. x € X. In particular, £V (5,0) is an integral (n — 2)-varifold.
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Proof. First note that by the static version of the discussion of §8.5 (see also Lin-
Wang [134]) that the concentration set ¥ of {u;} is given by

S={zeQ] e <o (|V],x) < cof ={ze| o 2(|V|,z) > 0}.
Moreover, as in Example 9.1.4 we have §V = 0 and theorem 9.1.9 then implies
VI{(,A) | 0" 2(|V],2) >0, A€ Apzn} = 7,20 2(|V]l,2)H" 2|5

is a (n — 2)-rectifiable varifold. In particular, 3 is a (n — 2)-rectifiable set. Moreover,
since u; — u in Cl (Q \ ¥, RY), we have

1
VIQ\E) x Apopn = §5A(u)|Vu|2(:n) dz

Therefore we obtain (9.31).

The conclusion of (ii) follows from Lin-Wang [135] Theorem B.

(iii) follows from (ii) and the fact that any nontrivial harmonic map from S? to 52
has energy equal to 47wk for some positive integer k. O

Recall from §3 that if w € H'(Q), N) a stationary harmonic map then

/Q |Vu|?div(X) — 2 Z uwuiXi | =0, VX € Ca(Q,R™). (9.33)

1<i3<n
By applying the quantization theorem by Lin-Riviere [131], we obtain

Corollary 9.1.11 Let {u;} C H'(Q, N) be stationary harmonic maps. Assume that
u; — u weakly in H'(Q, N), 3|Vu;|*(z) de — 1|Vu|*(z) dz+v for some nonnegative
Radon measure v on Q, and Vy,, — V for some V€ V' _5(2) on V¥ (). Then

(i) there exist a (n — 2)-rectifiable close set ¥ C Q and a H" ™2 measurable function
€3 <0 < oo onQ such that v=0H"2|3.

(ii)) V = Vi, + V(X,0) is stationary in the sense that for any Y € C¢(Q,R"),

/ SIVuldio(Y) = > wu Y7 | + / divs(Y) §dH" 2 = 0. (9.34)
Q %

1<ij<n

(i4i) If, in additions, N = S*=1, then 0(z) = Zéf”zl E(¢j,5?%) for H"? a.e. z € %,
where 1 < 1, < oo and ¢; : 52 — SL=1 gre bubbles. Furthermore, if L = 3 then
O(x) = 4nn, for some positive integer ng, for H" 2 a.e. x € X. In particular,
£V(%,0) is an integral (n — 2)-varifold.

Remark 9.1.12 (9.34) was previously known for stationary solutions in the context
of relaxed energies of harmonic maps by Brezis-Bethuel-Coron [14], and of Catersian
currents of mappings into spheres by Giaquinta-Modica-Soucek [69]. For stationary
harmonic maps, (9.34) has previously been proved by Li-Tian [138] by a different
method.
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9.2 Generalized varifold flows and Brakke’s motion

In this section, we will prove that the limiting pair (u,v; dt) satisfies a generalized
varifold flow, to be defined below. The generalized varifold flow implies that {v;}+>0
is a Brakke flow of (n — 2)-rectifiable varifolds, if u is a suitable weak solution to the
heat flow of harmonic maps (8.2) such that the equality of the energy inequality(8.74)
holds. Note that a similar notion of suitable weak solutions of the Navies-Stokes
equations in R? was introduced by Cafferalli-Kohn-Nirenberg [21] (cf. also Lin [126]).

We first apply Theorem 9.1.9 to present V; for L' a.e. t € R;.

Lemma 9.2.1 For L' a.e. t € R, we have
1 —
Vi = 50400 \Vu(t))? de +V (2, 0" (|| Vi), ) - (9.35)

Proof. Tt follows from the proof of Theorem 9.1.9 that for L' a.e. t € Ry, 6V; =

H||\V;|l, Hy € Lﬁw(Q,Rn), and €2 < " 2(||Vi|,z) < oo for H" 2 ae. = € Xy,

Vil(X¢ x Ay—2.p) is a (n — 2)-varifold and
Ve B = 01,5, 0" (| Vell, 2) H" 2 [Se(= V (26, 0" (|[Vall, ) -

Since u; — u in Clloc(Q \ ¥¢,RY) and Vi (8) = V() on 2\ 3¢, we have

VL@ \ 50 = G [Vu(t)? de.
Combining these two together yields (9.35). O
The next lemma shows that Hy(z) € (T, ;)" .
Lemma 9.2.2 For L' a.e. t > 0, we have
Hy(z) L T,%¢ for H" 2 a.e. x € %y (9.36)

Proof. This can be proved by the Young measure method. Let M ™ denote the set
of n x L matrices and consider Radon measures W; on Q x Ry x M" defined by

Wi(.r,t, A) == 5 Vu;

[Vugl

) (A)e(u;)(z,t) dadt.

Define ¢ : M™ — Ap—on by ¢(A) = I, — 2A'A. Then we have that ¢ (W;) = Vi,
where V,,, is defined by (9.9). Since Vi, = V = Ve dt and Wy — W = Wy ypup dit
for two probability measures V,; on A,_o, and W,; on M nL Vit = dp(Wa ).
On the other hand, Lemma 9.2.1 implies that for L' a.e. t € Ry, Vet = 07,3, for
x € ¥;. Hence we have that for H" 2 ae. z € 3,

/ (I, — 2A"A) dW, 4(A) = / AdVy4(A) = T,%,.
MnL

An72,n
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This implies that for any unit vector e € T, X,

1 = (ee)= <e, /MnL (I, — 2A'A)(e) dWm(A)>
= 1-2 /MnL |A(e)|* dW,4(A).

Hence for H" 2 a.e. © € %y, |A(e)| = 0 for W, a.e. A€ M™E. Therefore for H" 2
a.e. T € Xy,

supp(Wa) € E(A) = {A — (A1, Ap)! | span{Ay,-- , AL} C (szt)i} .

Note also that if we define Z; = § vu;, (Opu;, V) dadt, then Z; is absolutely con-

[Vugl
tinuous with respect to W;. Assume that Z; — Z on Q x Ry x M™. Then Z
is absolutely continuous with respect to W and hence there exists a vector valued
function Z;; on M"™E such that Z = 2 tWy e dt. Since

(W(x,t))# Z;i = (Opu;Vu;) dedt — —Hy(x)pe dt,

we have

—Ht(ﬂf) = /MnL Zx7t(A) dWLt(A)

We now claim that for H" 2 a.e. € 5y, Z,+(A) € supp(W. ), which clearly implies
Hy(x) € (Tx%;)*. To see this, observe that (Qyu;, Vu;) € E(|¥—Z%|) and hence

o (4 iz ) 2100 -

Taking 7 into oo, this and the lower semicontinuity imply

dzZ
dist [ A, ) d||Z
/MnL ( varzn) 4=

Hence for W, ; a.e. A€ ML, Zz1(A) € supp(Wy ). O

Now we prove an energy inequality for the limiting map u and Radon measures
v, .

Proposition 9.2.3 Under the same notations as above, we have, for any 0 < t1 <
ty < oo and ¢ € CH(Q,R,),
1 1
[ oIV eta) + (o] - | [ St + v @)
<— [ (oo + Voo, Va))
QX[tl,tQ}

- /2 (¢dn— (T(S0) Vo, H) d|Vi] dt) (0.37)

t1

where v (¢) = [, ¢(x) dv(x 22 = YN (R” x [t1,t2]), and (T,3¢)* denotes the
normal space of X4 at x.
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Proof. By taking 7 into infinity in (8.74) for u;, we get

[/Q %¢($)|Vu\2(x,t2) +Vt2(¢):| — [/Q %Qﬁ(x)IVu\Q(a:,tl) o (6)

—— [ dloal = [ odn+ [ (Gompavila (039)
Qx[t1,t2) th Qx[t1,t2

Sine (Qyu;, Vu;) — (Opu, Vu) strongly in L2 (Q x Ry \ ), we have H;du; =

loc

—(0pu, Vu) dx on Q x Ry \ X. Therefore we have

/ (Vo, Hy) d||Ve|| dt = —/ (V(b@tu,Vu)jL/t (Vo, Hy) dpy
Qx[t1,t2] Qx[t1,t2] Et?

= —/ (Voddyu, Vu)
QX[tl,tQ]

+/2t2 <(szt)LV¢, Ht> dpit.

t1

This gives (9.37). O
As a consequence, we have

Corollary 9.2.4 Under the same notations as above, we have for any 0 < t; <
ty < oo and ¢ € CH(Q,R,),

[/Q %¢<x>lvu\2(x,t2) + %(qs)] - [/Q %¢($)|VU\2(aj,t1) — v, (9)
< - /Qx[thtz] (10vul?¢ + (Vdu, Vu))

- [ (3o - (zm0)-vo. 1) ) divil e (9.39)

;2
Proof. Tt suffices to prove
1 2
¢d7’] > = |Ht| qbdl/t dt. (940)
= 27z

To see it, note that for P™ a.e. zg = (x,tg) € X, by Cauchy-Schwarz inequality we
have

| Hio (o)

IN

lim lim
rl0 t—o0

| S, (e (@ri, Vi) |\ *
fPT(zo) e(uq)

8 U; 2
rl0 iloo fPr(ZO) e(uz)
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Hence
|Ht0($0)|2 di(zp) < 2lim lim |8tu2-|2
r|0 i—o00 P, (z0)
= 2lim (/ |Oul® + n(PT(zo))> < 2dn(zp).
r—0 Pr(20)
This gives (9.39). O

We now introduce the notion of generalized varifold flow for a pair (v, n; dt).

Definition 9.2.5 For v € HL (2 x Ry, N) N L®(R4, H(Q,N)) and a family of
nonnegative Radon measures {n;};>0 in €2, we say that (v,n;dt) is a generalized
varifold flow, if the following holds:

(i) v is a weak solution of (8.2).

(ii) For L! a.e. t € Ry, m = ||V;|| for some (n — 2) rectifiable varifold V; € V;,_2(Q),
oVy = Hy||V4||, and H, € L”V”(Q,R”).

(iii) For any 0 < s <t < oo and ¢ € C}(Q,R,.), we have
[ 5I7eP @0 + i) - | [ 31909000 + (0]
- /t/ (10002 + (Vodw, Vo))
[ (@ @ = (A Vo tuie) ) an (9.41)

where Ay = supp(n).

One of the main theorems of this section is that the limiting pair (u,v;dt) is a
generalized varifold flow.

Theorem 9.2.6 Under the same assumption and notations and as above, the lim-
iting pair (u, vy dt) is a generalized varifold flow.

Proof. Comparing (9.39) and (9.2.5), it suffices to improve the 3 factor in front
f fEt x)|Hy(x)|? of (9.39) to 1. More precisely, we need to prove

Lemma 9.2.7 Under the same assumptions and notations as above, we have
() | Hy(w)* dvy()dt < | ¢(x)dn(z,t) (9.42)
3

for any 0 <t < s < oo and ¢ € C(Q,Ry).

Before proving (9.42), we would like to remark that (9.42) also follows from
the energy quantization Theorem 9.3.1 below, which, however, is only proved for
N = SL=1 at the moment. Here we present a proof that is valid for any N.
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Lemma 9.2.8 For P" a.e. z = (x,t) € &, we have

lim lim " Vouil? — |V uil?) =0, 9.43
bt [ (e o) o
and
lim lim r_"/ (Vaui Vyu;) =0, (9.44)
rl0 i—oo P (z)

where (x,y) denotes a coordinate of (TpX¢)* ~ R2.

Proof. Note first that from the proof of Theorem 9.3.1 below, we have that for P™
a.e. 20 = (wo,tp) € X,

lim lim r_”/ e(u;) = O" 2 (Vi I, zo0) (9.45)
rl0 i—o0 Pr(z0)
lim 72" / |Ous? = 0 (9.46)
r|0 Pr(20)
limr_”/ (r*|owu* +|Vul*) = 0 (9.47)
rl0 Pr(z0)
lim lim 7" / V.uil> = 0 (9.48)
rl0 t—oo P,(20)

where z € Ty, () ~ R"72(C R").

For such a zg = (xg,tp), write R® = {X = (z,y,2) | (z,y) € R% 2 € R*"2}. For
ri 10, let vi(z,t) = wi(xo + rix, to + rft) : Py — RL. Then v; solves (9.12), with ¢;
replaced by € = %(l 0), and

v;(X,t) — constant in C’lloc(R"Jrl \R"2 x R,RE)

e(v)(X,t) dXdt — "2 (||Vi, ||, zo) (H"2|[R"™2) x (L'|R) (9.49)
(IVavi? = |Vyui?) (X, t) dXdt — a(z,t)H" ?|R" 2 x L'|R, (9.50)
(Vi Vyui) (X, t)dXdt — B(z, ) H" 2 |R" 2 x L'|R (9.51)

as convergence of Radon measures on P, for some measurable functions o and 8 on
R"~2 x R. Observe that (9.43) and (9.44) are equivalent to

/ oz, t) dedt = / B(z,1) dzdt = 0. (9.52)
B %x(=1,1) B 2x(=1,1)

In order to prove (9.52), we recall the Pohozaev identity for v;. For X € C3(BY,R"),
multiplying the equation of v; by X - Vu; and integrating it by parts gives

/P (@ Vi X) = /P 2 e(vi)div(X)—%(Vkvi,vjviﬂ(g . (9.53)

By (9.46) we have
lim (O, Vo - X) =0

1—00 P2
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so that Lemma 8.21 implies
/ e(v;)div(X) = / Vo] div(X) 4+ O(1).
P Pz
This, combined with (9.48), implies
1
[ 5 el + o) (X2 X2)
P2(0) 2
_ / (0.2l X2 + 019 P X2) + (V10 v3y) (X2 4 X1) +O(1).  (9.54)
P»(0)
In particular, we have
/ (050l — Jury ) (X2 — X1) — 2/ (Vi) (X2 4 X1) = O(1). (9.55)
P>(0) P3(0)
Therefore we get
/ (a(z,t) (X2 — X;) —26(z,t) (X2 + X)) =0 (9.56)
B2 (—4,4)
for any X! and X2 € C}(Bg).

Now choosing X! (z,y, z) = x¢(z,y,2) and X? = 0 for a suitable cut-off function
¢ € C3(BY), we obtain

/ a(z,t) dzdt = 0.
=2y (-1,1)

Similarly, choosing X?(x,y, 2) = yé(z,y, z) and X' = 0 gives

/ B(z,t)dzdt = 0.
B 2
This proves (9.43) and (9.44). O

Proof of Lemma 9.42:
Note that Lemma 9.2.8 guarantees that for P" a.e. 29 = (g, tp) € %,

/ mﬁz/ mﬁzLwa*x/ (fgt) = O(ri™)),  (9.57)
Pr(z0) Pr(z0) Pr(z0)

where

o \/Eui,x o \/Eui,y
fi - 19 g; =

-
(Joy sl + i) (S oy il + s )

Therefore, applying the Parseval’s inequality, we have

lim lim |0ui|* > lim lim (/ (Opui, i) + (/ (Oyus, 9i))? | -
Pr(20) Pr(20)

rl0 i—oo Pr(z0) r]0 i—o00
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Substituting f; and g; into this inequality and using the fact that

r|0 i—o00

lim lim 7“_”/ IV.ui* =0,
Pr(zo0)

we have )
o Upey (0w Vi)
lim lim 5
r]0 i—oo fPr(ZO) |VUZ|

lim lim |0y, (9.58)

On the other hand, we have that for P™ a.e. zy = (zo,t9) € %,
‘ fPT(zo)@tui’ Vug)|?

|Hy, (20)|* dpe(20) < lim lim 2

710 i—oo b, (o) IV 0l
Therefore we have
|Hy, (20)]? dp(zo,t) < lim lim |Opus|? dadt
r10 i]oco Pr(20)
= lim 10ui|* + (P (20)) = limn(P,(2)).
rl0 Pr(20) r]0

This clearly implies
g o(z)|Hy(x)|? dp(z) dt < g o(z) dn(z,t), Vo € CH(QLR,).
This completes the proof. O
We now introduce the notion of a suitable weak solution of the heat equation of

harmonic maps.

Definition 9.2.9 A map u € HL_(Q x Ry, N) N L>®(R;, H'(Q, N)) is a suitable
weak solution (8.2) if

(1) It is a weak solution of (8.2).

(2) It satisfies the energy equality: for any 0 < t; < to < 0o and ¢ € C3(Q,R,),

| 51Vl @)@~ [ 51Val @.0)o)

== [ [ oo+ (90 0. vu)). (9.59)

It is easy to check that any smooth heat flow of harmonic map is a suitable weak
solution to the heat flow of harmonic maps.
A direct consequence of Theorem 9.2.6 is

Corollary 9.2.10 Under the same assumptions as in Theorem 9.2.6. If, in addi-
tions, the limiting map u € H (2 xRy, N) is a suitable weak solution of (8.2), then
the defect measure {14 }>0 satisfies: for any 0 < s <t < oo and ¢ € CE(Q, R,),

@) - (@) <= [ [ (AP~ (T80 V0 1) dnta)an (050
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Next we want to show that (9.60) implies that {v4}:>0 is a Brakke flow. First,
let us recall the definition of Brakke’s flow by Ilmanen [99], which is slightly stronger
than the one by Brakke [15].

Definition 9.2.11 For a Radon measure v in  and ¢ € C3(Q, R, ), set

B(w.) == [ (¢lHF = (To) Vo.11)) av

provided that the following three conditions hold:

(i) v = [|[V]| in {¢ > 0} for some V € RV,_5(Q2), the set of (n — 2)-rectifiable
varifolds.

(i) OV = H||V| in {¢ > 0}.

(i) H € Li, ({¢ > 0}, R").

Otherwise, we set B(v, ¢) = —o0.

Definition 9.2.12 We say that a family of Radon measures {y }+>0 in € is a Brakke
flow, if

Vtﬂt(ﬁb) = lim sup M

s—t s—1t

for all t > 0 and ¢ € CZ(,R,).

< B(us, ¢) (9.61)

We now have our last theorem of this section.

Theorem 9.2.13 Under the same assumption as Theorem 9.2.6, if, in additions,
u € HL (2 x Ry, N) is a suitable weak solution to the heat flow of harmonic maps

then {vi}i>0 is a Brakke flow.

Proof. First it follows from the previous section that for L! a.e. t € R, we have
(a) vy = ||V4]| for some V; € RV,,_2(Q),

(b) O 2([Vill,z) > D for H" 2 ae. z €3y,

(c) Vi = H,|[Vil| with H, € L3, (2, R™),

(d) Hy(z) L T,||V;| for H" 2 a.e. x € 5.

Now we argue that (a)-(d) and (9.60) are sufficient to show (9.61) for {v;}+>0. To
see it, let us check the upper right derivative V. of v; for ¢t > 0, the proof for lower
right derivative is similar for ¢ > 0. Let

L = limsup <—ﬁ /ts/g (¢‘Ht|2 _ <V¢,Ht>) dvy dt> .

slt

Note that (9.60) implies L > V 1v4(¢). If L = —oc0o, then Vyjiqb) = —o0 so that
(9.61) holds trivially. Hence we may assume that L > —oo and V14(¢) > —o0.
Let s; | t be such that

lim (— ! /tsi/Q(mHt\? —(V¢, Hy)) du dt) =L (9.62)

1—00 Ss; — 1t
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and t; € (t,s;) be such that (a)-(d) hold at ¢;, and
/ (@1HL 12 = (T20) V6, Hy,) ) diy, < ~L+0(1). (9.63)
Q

By the compactness theorem of Allard [2], we may assume that Vi, — V in {¢ >
0} x Gp—2, for some V € RV,,_2(Q2). Moreover, by the result of Ilmanen [99] we
have that ||V|| = v4. There exists H € LﬁV”(Q,]R”) such that 6V = H||V| = Hut
and

/Q(gzb|H|2 —(T;%, H)) dy

< lim inf/ (¢|Hti|2 — (T3,) 1V 6, Hti>) dvy, = L.
Q

1—00

Therefore
Vanle) <1<~ [ (G ~ (150 ) dv = B 1,0).
This completes the proof O

To conclude this section, we add another remark.

Remark 9.2.14 (1) It follows from Ambrosio-Soner [8], Proposition 5.3, that the
Brakke flow is also a distance solution to the mean curvature flow. Therefore, under
the condition that u is a suitable weak solution to the heat flow of harmonic maps,
Theorem 9.2.6 implies that {14 }+>¢ is a distance solution to the mean curvature flow.
(2) Under the assumption that u is a suitable weak solution to the heat flow of
harmonic maps, if vy = aH" 2|T for some o > 0 and a closed (n — 2)-dimensional
Riemannian manifold I'g and {T't}/c[o,7) is the smooth mean curvature flow, then
there exists a non increasing function « : [0,7) — [0, o] such that vy = a(t)H" 2| T}
for t € [0,T).

9.3 Energy quantization of the defect measure

Throughout this section, we assume that N = S¢~! ¢ RF and n > 3. We will
show that for P™ a.e. zy = (wo,t0) € %, the density function ©" 2(||V;, ||, zo) is the
finite sum of energies of harmonic S2’s. In the static case, this type of quantization
result was first obtained by Lin-Riviereé [131] for stationary harmonic maps, and
by Lin-Wang [135] for the static Ginzburg-Landau equations. Here we discuss the
parabolic version of [131] and [135].

To better illustrate the analytic techniques, we consider the Ginzburg-Landau
heat flows (the corresponding result for the heat flow of harmonic maps will be
remarked in next section).

The main theorem of this section is



240 CHAPTER 9. DYNAMICS OF DEFECT MEASURES IN HEAT FLOWS

Theorem 9.3.1 For P" a.e. zg = (xg,t0) € X,
L
0" 2 (|| Vi I, z0) ZE (¢4, 5?) (9.64)
for some 1 <1, < 0o, where ¢; : S§2 . gL-1 (1 <i<l,,) are bubbles.

Proof. Let us first collect all the necessary facts we need, which can be found in §8.5
and [134]. More precisely, for L! a.e tg € R,

lim | [Qui(to)]? < oo, (9.65)
1— 00 Q
lim lim 72" / Ouus(to)2 < o0, H' 2 acex € %y, (9.66)
rl0 1+—o0 B(z)

and for H" 2 a.e. xp € Yo,

€5 < 0" (| Vi, Il 20) < 0, (9.67)
lim lim (727" / 0us* | =0, (9.68)
rl0 i—oo P,(20)

©"(u, z) is P"-approximate continuous on at zg = (zo,to) for z € ¥;,,  (9.69)
MDhmT‘"/ IVrui|?> =0, VT € Ty Sy, (9.70)

rl0 t—o0 PT(ZO)
nmr—“/ (1Vul? + r20ul?) = 0, (9.71)

r|0 Pr(z0)
2 (Vi ||, z0) is H™ *-approximate continuous at . (9.72)

Let zgp = (z0,t0) € ¥ be such that all of (9.65)—(9.72) hold. Assume T, %, =
{(0,0)} x R*2 = {(0,0,Y) : Y € R" 2} and write # = (X,Y) € R? x R*2 for
xr € R™
For any r; | 0, define v; : Py — RE by v;(2,t) = ui(wg + riz, to + 72t). Then we have

lim (IVyvil* + |0;?) =0, (9.73)

v; — constant weakly, but not strongly in H'(Py, RE),

and
e(v;)(X,Y,t)dXdY dt — v, dt

as convergence of Radon measures on Ps.
As in §8.5 or [135], we have
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Claim 1. vy dt = O"2(||V, ||, zo)H" 2[R 2 x L'|R on P;.
To see this, let ¢ € C}(B?) and define fi, g;,h; : R" 2 x R — R, by

£ = [ o) (XY 6(X) X Vi) = [ ol (X.o1) X

and
hi(Y, t) :/ IVyuil? (X,Y,t) dX.
B
Then (9.73) implies

lim (g; + h;) (Y, t) dYdt = 0. (9.74)

=00 B2y (~1,1)

For 1 <j <mn-2,Y; and t-derivative of f; are

Ofi
dY;
1
= (Vxvi, Viy. i) — 5 f(vi) - Vy,vi | ¢+ Vyivi, Viny vi ) &
B2 j € B2 j

= —/ ¢ <AX7)1' + %f(%)) VYjvi
B2 &

1

_/ Vng'<VXUZ‘,Viji>+/ <Vylvi,vgfliji>gb
BY

B}
= —/ ¢<at'Uz',VY]-’Uz'>—/ qub(VXvi,Viji>
B2 B2
1 1
) - |
+—/ & (Vyvi, Vy,vi) = [0 + diviy (F7) (9.75)
Yy Jp2
where
fz‘l’j(Y, t) = —/2 (Vx(b' <VX7)i7ijvi> + ¢<8tvi,Viji>) ,
Bl
Y1) = S(Vyivi, Vyvi)s -5 | (Vv v, Vy,0:),0 |
B? B?
ofi  _ R IV
E - _\/B% <AX7)1+ E?f(vz)aatvz>¢
—/ VX¢<VXUz'aatUz‘>+/ H(Vy,vi, Vy, (0pv;))
B? B3
0
S / B2 / (Vxvi, V- ) + $(Vy,i, Orvi)
BY BY 9Y; Jp2
= gi +diviyy(97), (9.76)
where

V) == [ (106 + (T, Vxo- 0.

1
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gz Y t (/ ¢ le (%P 8tUZ> 3 ¢<vYn,2UZ} atUi>, O> .

Note that (9.74) implies

2
lim E <
Z—>OOJ:1

By (9.75), (9.76) and (9.77), we can apply the Allard’s strong constancy Lemma
4.2.10 as in §4 and §8.5 to prove Claim 1. Moreover, we have

BY

+ g (9.77)

. =0.
LY BP 2% (~1,1)) Ll(By—Qx(_1,1))>

Tim || (Y1) = ©"2 (Vi 20)] . ~o. (9.78)

(B 7?x(~1,1))
Therefore for any § > 0, there exists E; C B2 x (—1,1), with |Es| > 1 — §, such
that
lim sup |fi(Y,t) — ©" % (||Vl], z0)| = 0. (9.79)
=00 (Y 1) e By
In order to prove that ©"2(||V;, ||, zo) is the sum of energies of finitely many bubbles,
it suffices to prove that f;(Y,t) converges to the sum of energies of finitely many
bubbles for (Y,t) € E;.
We now define the local Hardy-Littlewood maximal function for f;, h; and p; on
B % x (—1,1), where

€;

pi(Y,t) :/B %F(vl) (X,Y,t) dX, & = —(— 0).

2 €; T
26 i

Then by the weak L'-estimate we have that there exists Fi C B2 x (—1,1), with
|Fi| > 1— 6, such that for any (Y,t) € F},

lim M (g; + h) (Y, t) =0, lim M(f;)(Y,t) < CO"*(||Vy, ||, z0) , (9.80)
and
lim M (p;)(Y,t) = 0. (9.81)

We also define the Hardy-Littlewood maximal function for

G(Y) = / 002 (2, Y, ) dadt,Y € B2
B2x[-1,1]

Then there exists G C B{L_2, with |G%| > 1 — 6, such that for any Y € G,

lim M (§;)(Y) = 0. (9.82)

1—00

We need to prove that for any (Y,t) € Es N Fi N (G x [-1,1])

lim f;(Y,t) ZE (¢5,5%) (9.83)

1—00
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for some 1 <1 < oo, where ¢; : S — SL=1 (1 < j <) are bubbles.

Step 1. First Bubble
This step has been done in §8.5 (see also [134]). Here we briefly mention it. For any
(Yi,t;) € EsNEiN (G5 x [-1,1]), let X; € B and & > 0 be such that

2

€
E\V; '7}/’L’7ti = .
/ sy T =

= max{/ e(vi)(-,Y;,t) | X € B%} (9.84)
B} (X) ?

where €y > 0 is given by Lemma 8.2.3 and C(n) > 0 is a large number.
As proved in §8.5, we have that X; — 0 and §; — 0. Moreover, by (9.79), (9.81),
and (9.82), we have that for any X € B?,

2

(20;)~" e(v;)(X,Y,t) < €2, (9.85)

/Bgéi (X)X By 2 (Y;) % (t;—462 t;+4062)

and

1\-7|omw

5 e(vi)(X,Y,t) >
B (X)x By~ (Yi) % (t; 67 t:+67)

Set w;(X,Y,t) = v;(X; + 6, X,Y; + 6, Y, t; + 5%15). Then Lemma (8.2.3) implies

(9.86)

w; — w in Cp, (R? x By 2 x (—4,4),RY).

Moreover, Oyw = Vyw = 0, because of (9.79) and (9.82). Hence w(X,Y,t) = w(X) :
R? — SL=1is a harmonic map with positive and finite energy, which can be lifted to
a bubble ¢1. By repeating all the possible blowing-up at different points and scales,
we can get

l
0" (|[Vig | o) = lim. £i(¥;, t:) Z (67, 5%) (9.87)

for some | =1, < %‘:0”—@0), where ¢; : 52 — §E=1 1 < j <, are bubbles.
Step 2. (9.87) is equality.

As in §6.4 and 6.5, it suffices to show that there is no energy concentration in the
neck region between two bubbles at the same point. This approach here is motivated
by [131] and [135]. The idea is to use the interpolation between L%! and L>* to
control L? norm of Vv; in the neck region.

First, by an induction argument on [ it suffices to show that (9.87) is an equality
for [ = 1.

Claim 2. For any € > 0 and sufficiently large R > 0, we have

1
/ e(v))(-,Yi, t;) < €2, VRO; <1 < —. (9.88)
B3, (Xi)\B2(X;) 2
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For, otherwise, one can do another rescaling to get a second bubble, which would
contradict the assumption [ = 1.

Applying Allard’s strong constancy Lemma 4.2.10 with (9.79), (9.81) and (9.82) and
Lemma 8.2.3, we obtain

Cé?
7 X7Y7t < .
R S R S VR A (959
for 2RS; < | X — X3| < L [y - Y| < |X_2—Xi|, |t —ti] < %. In particular,
Cé?
e(vi) (X, Y1) < XX (9.90)

for 2RS; < |X — X;| < 3, |Y = Y| < R6;, |t —t;] < R?6?. Hence by setting
w; (X, Y t) =v; (XZ- +6X,Y;+6,Y,t; + 5%15), we have

Ce?

4 < =
E(U)Z) (X7 th) — |X|27

1
V2R <[X| < =, [V <R, |t <R (9.91)

This implies that Vuw;(-,Y,t) € L**(Bl; 1 \ Big) for any (Y;t) € By * x
(—R?, R?), and

ity Vil Y )l p2eo < Ce. 9.92
(Y,t)EB;_Q f(—R27R2) ” ( )||L2 (B(245i)71\B§R) ( )

Now we estimate the L?! norm of V (ﬂ) (-,Y,t) over B(245i)_1.

|w]

Claim 3. For P" ae. (Y,t) € Bl % x (—R% R?), V({“)(,,Y,t) € LM (By5,)-1)-

IVIOI'GOVGT,
BR X( RQ,RQ) ‘wl‘

< 05;"/ (Vul? + i) < C. (0.93)
B3 (X,)x Bl
2

dYdt
LQJ(B(2451')*1)

5 2(Y;) % (t;i— R262 t;+ R262)

Proof. Tt is similar to the proof of [135] theorem B. Here we only sketch it. For any
t € (—R?, R?), denote w;(X,Y) = w;(X,Y,t) : B(QQ&)_1 x Byn? — RL, then we have

1
Aw; + 2 (1 - |wi\2) wi =1;, ;(X,Y) = 0ww; (X,Y,1).
€

For 1 < 5,1 <L, let agl be the 1-form defined by agl = dwgwf — wgdwf. Then
d ol = Awlwl — Awlw! = Hut — 1hw? = HI
1 1771 177 1771 177 T 1

Add' = dHf' +2d" (d] A dt) . (9.94)
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Let @; : R — R be an extension of w; such that

IV@illz @ < CliV@ill e

B (9.95)
and F{’ : R"™ — R be an extension of Hl-jl such that Fgl = 0 outside B(Q%i),1 X B;E?
Let Fl-jl € H'Y(R", A%2(R™)) solve
” o
AF)" = 2do] A d@t in R™ (9.96)

Then by Theorems 3.2.5 and 3.2.4, we have that Fijl € W2L(R", A%2(R™)) and

|v2F! < C|dz! nda < CV&il2agn
L}(R™) H(R™)
2
< CIIDwZIILQ(Béai)_lXB;EQ). (9.97)
Let Ggl € HY(R") solve
AGH =T in R (9.98)
Then we have that V2Ggl € L?(R") and
2 il Nk .
Hv G| s < CHH prmy S ClOwilae, gy (9.99)

In particular, by the Holder inequality we have

2t 2 il n—2c-2y1
HV Gg (B2 no2 CHV Gg 2012 n—2 (R o; )2
L (B(25i)_1XBQR ) L (B(zai)—1><BQR )
n—2s—2\1
< C(R"2%5;%)3 ||8tw¢||L2(B(226i)_1XB;EQ). (9.100)

Since ' ' ' '

of' = dGI' + 2d* (F)') + K’
where Kijl is a harmonic 1-form with i*(agl —2d*Fijl —dGZl) =0,and 7 : 6(3(2251_),1 X
3252) — R™ denotes the inclusion map. By suitably choosing R > 0 and using

2
Fubini’s theorem, we may assume that

i ~1)1v,.,.
[/ HLl(a(B(226i)_1><B’r%152)) <CR ”V(«%”Ll(BL?leB;’E%a

|av2ed |+ v2F)|

2
Lt (8(B(26i)

< CRV* 6L + 19 F Dl w2, xmey:

i

-1 XBgEQ))
3R

Therefore, by the standard estimate on harmonic forms, we have

NI

il
||VKZ] ||L1(B2
45

1
oy <C(R2EYH (19,2 + oy )
(46;)71

2 n—2
B(rl xXBp
1
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Hence for H" 2 ae. Y € BE 2 by WU(R?) C L' (R?), we have of'(,Y) €
L2’1(B(245_)_1) and

‘a{l(., )‘ ] < CHVa{l .
Lzyl(B(45i)_1) Wl’l(B(45i)_1)
il il il
< ol IET R IvED |
(48;)~1
so that
/ ag'l(',y)( dy
By L2 (Bl 0-1)
< CR"% / (IVwil? + 1Brwil?) (X, Y, £)dXdY.  (9.101)
B;—1XB;E2
Hence by the duality between L?! and L?> we obtain
12
o'l (X,Y)dXdY
(B(246i)71\B§R)><B§’2
< [ ] ol ) av
B;_z LQJ(B(2451')_1) LQ,OO(B(QMi)_l\BSR)
< s [y [ fede] av
e, ) oy L, )
< CeRM 25 / (Vewil? + |0uwil?) (X, Y, t) dXdY. (9.102)
B? | xBy™*

Observe that

. 2
g ‘dw]wl-—w]dwl-

[t 7 1
jl

= |w;|

2

; 1

V( wZ‘ )| and |w;] > = on Bg'_l x BIR2.
|wi| 2 i

Thus, integrating over ¢ € (—R?, R?), (9.102) implies

2
Wy
2 o gt | Jang)| Y
(B(45i)71\B2R)><BR x (—R?,R?) i
n—2¢—2 9 9
S CeRTT5 / (IVwsl* + |Opwil?) - (9.103)
P

k3

Finally, we need to control the L? norm of V|w;|. Since |w;| > 3, we can write
w; = pib;, with p; > % and 6; € SL=1. Then

1
Apit (1= 0F) pi = pil VOi|* = (Dpwi, 0;) - (9.104)

2
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Multiplying (9.104) by (1 — p;) and integrating it over (B(246i)*1 \ BZp) x Bz_z X
(—R?, R?), we obtain

2
/ ) S Vil
(B(461_)_1\B2R)><BR x (—R2,R?)

S 067:_2/ (1 N ,03)2
P——
+C <\V( el )|2 + ’ath\2> + boundary terms
(B(45) 1\B3g)x Bl ?x(—R?,R?) |w;]
< Ce+0()

where we have used Fubini’s theorem and above estimates to show the boundary
term converges to zero. In particular, we get

R™ / [V |* (X,Y,t) < Ce. (9.105)
46) 1\BZ,) XB;_QX(—RQ,RQ)

This, combines with the Allard’s strong constancy Lemma 4.2.10, implies

IV (X,Y;,t;) < Ce. (9.106)
3(2451_)71 (Xi)\ B3R (X:)

This finishes Step 2 and hence Theorem 9.3.1 is proven. O

Next we would like to discuss the quantization at t = +oo. Assume that ¢; T oo

is such that .
i ([ [0+ [ 1o ) =0 (9.107)
ifoo \ J¢,—1 Jo Q

lim F(uz)(x,ti) = 0. (9.108)
iToo J 6

Assume also that u;(t;) — e weakly in H'(Q,RY) and
1
e(ui)@j?tn) dr — Moo = §|Vuoo|2(:n) dr + Ve

as convergence of Radon measures on €2 for some nonnegative Radon measure v, in
Q. Moreover, Vi, ) — Voo in V7 5(Q), [|[Veol| = foo- It follows from Example 9.1.3
that §V, = 0. Therefore by Lemma 9.1.6 we have that for all a € supp(||V||) and
0 < r < R < dist(a, 02),

R V| (Br(@) = 727" Vi | (By a)
2
> y—al ™2 |s*)| vy, ) (9.109)
(a)\Br(a)

In particular, " 2(||Vaol|, z) exists for all = € supp(||Vao||). Now define

= {2z €] 0" (|Vxll,2) > €t}
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Y2 =SzecQ limlimr2_"/ |Bpui|> >0 .
rl0 iToo Pr(,t;)

H"2(21) <00 and H"%(2%)=0.

Then we have

We need an ¢p-regularity estimate at ¢ = ;.
Claim 4. There exist €; > 0 and §; > 0 such that for any x € €, if

7“2_”/ e(ug)(x,t;) dr < €2, 7“2_”/ |Ou;|* < €t (9.110)
Br(x) Pr(z,t;)
Then
(617)% sup e(u;)(z,t;) < Cer. (9.111)
Bélr(x)

Proof. It follows from Lemma 7.5.2 that for any ¢; —r?2 <t < t;

r%”AMMGWOWJQ—T%”/§@€W0@J)

1
2
> —7“2_”/ |8tu2-|2 -C (7“_"/ |Vu¢|2)
Pr(xyti) PT(Ivti)
1
2
. (7,2—11/ |atu7,|2>
Pr(x,ti)
> —COé.

Therefore we have for all t € [t; — r?,t;]

and
&rd/ e(us) < O
27 Jppat)

Therefore, by choosing ¢; sufficiently small and applying Lemma 8.2.3, the claim
follows.

Claim 5. Yoo = UL, U X2 is closed and has finite H"~? measure, and u; — s in

Cﬁ)c(ﬂ \ ZOO? RL)
Proof. For any xg € Q \ Yo, there exist rg > 0 and ig >> 1 such that for all i > i

A [ wn)(ot) < Vil By ) + ¢ < 26
Brg(20)

and

2— 2 4
i "/ |Opui|” < €7.
Pro(zo0,t:)
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Therefore by Claim 4 we have that for ¢ > i,

sup  e(u;)(x,t;) < Ce%

Bs, ro (%0)

so that By, r,(20) N Xeo = 0. Hence Yo is closed and u; — uoo in CL (2 \ T, RE).
This and (9.107) imply that ue is a weakly harmonic map with sing(ue) C eo-
We now have

Theorem 9.3.2 Under the same notations as above, we have

(i) Yoo 18 a closed (n — 2)-rectifiable set.

(ii) If, in additions, N = S¥=1, then for H" 2 a.e. x € Yo, there exist 1 < I, < %
0

and lz-many bubbles {qzﬁj}é?”:l such that

b
0" 2(|Vasll, ) = ) E(¢5,5%). (9.112)

J=1

Proof. (i) follows from the fact that Vi, is stationary and Theorem 9.1.9. (ii) is
similar to that of Theorem 9.3.1. The only change that we need to make is to show:
for H" 2 a.e. 9 € Loo,

lim lim 727" / |Drui> =0 for all T € Ty Yoo (9.113)
rl0 iToo Br(z0)

But (9.113) follows from Lemma 8.5.1. Then we can follow lines by lines of the proof
of Theorem 9.3.1 to show (9.112). O

9.4 Further remarks

In this section, we consider the class A of suitable weak solutions to the heat flow of
harmonic maps. The goal of this section is to remark that all the results from §9.1
to §9.3 remain to be true in A with proofs almost as same as those in §9.1-§9.3.
Suppose {u;} C A satisfies the bound:

sup </0t/ﬂ|8tui|2—|—E(ui(-,t))> < E(uy) for all i (9.114)

0<t<oo

Then we may assume that u; — u weakly in Hlloc(Q x Ry, N) and
1, o 1, o
3 |Vu;|* (z,t) dedt — 3 |Vul® (z,t) dedt + v(= p),

Bpus|? () dudt — |Oyul? (@, t) dadt + 1

for two nonnegative Radon measures v = v, dt and n on Q x Ry. Let X be the
concentration set defined as in §8.2, with e(u;) replaced by 3|Vu;|?.

As in §8.3, for zy € ¥ we consider the space of tangent cone measure of u at zg,
T,, (1) and define dim(©"(u,-)) for any u° € T, (1) as in §8.3. Then we have
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Theorem 9.4.1 For u; C A, let $j, = {2z € ¥ : dim(0™(u°,-) < k,Vu® € T,y (1)}
for 0 <k <n. Then dim(Xy) < k for 0 <k <n and Xy is discrete.

One can also associate a generalized (n — 2)-varifold V,,, for each u; as in §9.1.
Let V denote a limit of V;,,, then all the results from §9.1 remain to be true for V.
In particular,

Theorem 9.4.2 For L' a.e. t € Ry, V| (XX Ap—24) is a (n—2)-rectifiable varifold
and ¥ is a (n — 2)-rectifiable set.

For the generalized varifold flow, all the results from §9.3 remain to be true in
A. For example, we have

Theorem 9.4.3 Under the same notations as above, if, in additions, u is a suitable
weak solution to the heat equation of harmonic maps, then {v;}t>o is a Brakke flow.

Finally, we can also prove an energy quantization for the density function of V;
as follows, whose proof is indeed slightly simpler.

Theorem 9.4.4 If, in addition, that N = SV~ then for P" a.e zy € &,

lag

0" 2(|[Vi [l x0) = > E(0,5%) (9.115)

j=1
for some 1 <, < 0o and {qﬁ}?ﬁl are bubbles.

Question 9.4.5 We believe that Theorems 9.3.1 and 9.4.4 are true for any Rie-
mannian manifold N. This question is closely related to the problem whether the
W2 estimate holds for any stationary harmonic map into general target manifolds.
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