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Preface

Harmonic maps between Riemannian manifolds are canonical objects from the points
of view of topology and calculus of variations. These maps provide a rich display
of both differential geometric and analytic phenomena. Much of the study of these
maps serves as a model for many other challenging problems in geometric analysis
and has been the source of inspiration and undiminishing fascination.

The study of harmonic maps in one dimension is equivalent to the study of
the shortest paths—geodesics in Riemannian manifolds. The classical Morse theory
(see Milnor [143]) and the Lusternik-Schnirelmann theory [130] were created from
the study of such objects.

Harmonic maps with two-dimensional domains present special features that are
crucial for applications to minimal surfaces (i.e., conformal harmonic maps) and to
the deformation theory of Riemann surfaces—Teichmüller theory (see Wolf [213]).
We refer to books by Jost [103] and Helein [93] and surveys by Schoen [167, 168] for
detailed and systematic presentations of the various aspects of the theory. Many of
the geometric and analytic methods used in the study of two-dimensional harmonic
mapping problems can be adapted and generalized to the study of other geometrical
objects such as constant mean curvature surfaces, Willmore surfaces, and pseudo-
holomorphic curves. This last topic has played a fundamental role in the study
of four-dimensional topology as well as symplectic and Kähler manifolds; see for
example Gromov [73] and McDuff and Salamon [144].

We would also point out that the study of harmonic diffeomorphisms between
two-dimensional domains (see Jost [103], Hélein [89], Wan [204], Tam-Wan [199],
Han-Tam-Treibergs-Wan [78], and Li-Tam-Wang [119]) is closely related to the study
of another important classical geometry problem: isometric embedding. Indeed,
Lewy [129] reduced the study of Monge-Ampère equations for isometric embeddings
to the study of the Darboux system which describes a special class of generalized
harmonic maps that led him to develop solutions of the Weyl isometric embedding
and Minkowski problems in two-dimensions for analytic metrics. Heinz [87, 88]
further generalized Lewy’s approach, and the work of F. Labourie [113] can be
viewed as an interpretation in the language of Gromov, see for example Lin [121].

The study of harmonic maps from a compact Riemannian manifold M into an-
other compact Riemannian manifold N in higher dimensions probably began with
the ground-breaking work of Eells and Sampson [49]. They proved, in particular,
that any homotopy class of maps from M into N contains a smooth harmonic map
whenever the target manifold N is nonpositively curved. The result has shown to
be extremely useful for establishing certain rigidity and vanishing theorems which

vii



viii PREFACE

can be seen in Siu [190], Corlette [37], Jost and Yau [106, 107], and Gromov and
Schoen [74]. There have been very important studies on harmonic maps from suit-
able metric spaces into Alexandrov spaces of nonpositively curvature by Korevaar
and Schoen [111, 112], and Jost [104, 105]. There have been important works on both
harmonic maps and their heat flows on complete, noncompact Riemannian mani-
folds into compact Riemannian manifolds with nonpositive curvature by Li and Tam
[116, 117, 118].

The theory of harmonic maps is remarkably rich. It took “A report on harmonic
maps” [50] in 1978 and “Another report on harmonic maps” [51] in 1988 by Eells
and Lemaire to give a brief survey on the subject. These reports contain nearly one
thousand relevant references. Since then there have been many more developments,
especially during the past two decades. In addition to books by Jost [102, 103] and
Helein [93] that we mentioned earlier, there are books by Giaquinta, Modica, and
Souček [70, 71], Schoen and Yau [176], lecture notes by Struwe [196] and Simon
[187, 188], and surveys by Schoen [167, 168, 169], Hardt [80], Brezis [16, 17] and
Helein [94]. Therefore, it is almost impossible to write a book on harmonic maps
that will be a comprehensive and complete account of the entire theory.

Our goal in this book is to present a significant portion of the analytic aspects
of the theory of harmonic maps and the associated heat flows. These ideas and
techniques are central to the development of many other related studies on the
general Gauge theory, the theory of liquid crystals, and the theory of Ginzburg-
Landau equations. We shall not discuss these theories or their applications. We
shall also omit entirely a discussion of the geometric aspects of harmonic maps and
various beautiful and important applications. Interested readers may find some of
the references mentioned herein to be quite informative on these topics.



Organization of the book

Our book is organized as follows. In Chapter 1, after a brief introduction, we derive
the Euler-Lagrange equations for harmonic maps from both intrinsic and extrinsic
views. We then derive the Bochner identity and the second variational formula for
harmonic maps. These calculations will be very useful later on, especially in the
study of stable harmonic maps.

Chapter 2 is devoted to the regularity theory of energy minimizing harmonic
maps between two Riemannian manifolds. It includes (i) Morrey’s classical reg-
ularity theorem for energy minimizing maps defined on two-dimensional domains;
(ii) partial regularity theorems for energy minimizing maps from a domain of dimen-
sion at least 3 due to Schoen and Uhlenbeck [171, 172] (see also Giaquinta and Giusti
[66]); and (iii) the uniqueness of minimizing tangent maps at an isolated singularity
due to L. Simon [181, 182, 183].

We discuss the partial regularity theory for weakly harmonic maps or stationary
harmonic maps in Chapter 3. We begin with a classical result of Hildebrandt,
Kaul and Widman [95] concerning weakly harmonic maps into a geodesically convex
neighborhood of a point of the target manifold. We note that Giaquinta and Giusti
[67], and Caffarelli [20] also established similar results via rather different arguments.
We then present in Section 3.2 the beautiful theorem of Helein on the regularity of
weakly harmonic maps on two-dimensional domains. In higher dimensions, under
the assumption that these weakly harmonic maps are also stationary, Evans [45]
and Bethuel [11] proved a partial regularity theorem that we describe in Section 3.3.
We point out that Riviere [160] constructed examples of nowhere smooth weakly
harmonic maps into spheres whenever the domain dimension is at least 3. In the
final section of this Chapter, we present some optimal partial regularity theorems for
stable-stationary harmonic maps. In particular, we will discuss the contributions by
Schoen and Uhlenbeck [174], and recent works of Hong-Wang [98], and the authors
[132].

The blow-up analysis for stationary harmonic maps is carried out in Chapter 4
where we study a sequence of weakly convergent stationary harmonic maps. We
first establish the rectifiability of the energy concentration sets for such a sequence.
Then we derive a necessary and sufficient condition for such a sequence to be com-
pact in the Sobolev space H1(M,N) of maps. Consequently, we also obtain some
necessary and sufficient conditions for uniform gradient estimates in terms of the
energy of such maps. The final statement extends the earlier theorems of Eells
and Sampson, Schoen and Uhlenbeck, Giaquinta and Giusti, and Hildebrandt, Kaul
and Widman.

ix



x ORGANIZATION OF THE BOOK

Chapter 5 is devoted to the theory of Eells and Sampson on the existence of
global smooth heat flows of harmonic maps into compact Riemannian manifolds of
nonpositive curvature. The results have been generalized by Mayer [142] to general
nonpositively curved metric space.

Harmonic maps from two-dimensional domains have various special features.
Due to conformal invariance of the Dirichlet integral, harmonic maps are critical for
analysis. In Chapter 6, we carry out bubbling analysis that was initiated in the work
of Sacks-Uhlenbeck [164] and was then generalized by M. Struwe [193] for heat flows
in two dimensions. These works are discussed in Sections 6.1 and 6.2. In 6.3 we
present an example of finite time blow-up by Chang-Ding-Ye [23]. In Sections 6.4
and 6.5 we describe optimal results by the authors for the bubble tree convergence
for heat flow of harmonic maps at a finite time singularity and energy equality in
the bubbling process. The final result improved earlier results of Jost [103], Parker
[152], Parker-Wolfson [153], Qing [157], Ding-Tian [43] and others.

Chapter 7 is devoted to the theory developed by Chen and Struwe [33] that
leads to the existence of partially smooth heat flows of harmonic maps. Under
some additional assumptions, such weak flows will be smooth. Otherwise, there are
counterexamples for global existence of smooth solutions as well as uniqueness of
such flows.

The last two Chapters are devoted to a more detailed measure theoretic study
on the Chen-Struwe’s weak solutions. We begin with a necessary and sufficient
condition for the Eells-Sampson uniform gradient estimate. Similar results are also
true for the heat flow of Ginzburg-Landau type equations. In order to do that,
we first need to characterize obstructions to the strong convergence of solutions (or
approximate solutions) to the heat-flow of harmonic maps. Then we can apply Chen-
Struwe [33] and Struwe’s [195] monotonicity formula along with the Almgren-Federer
stratification and dimension reduction principle to study the energy concentration
phenomenon. The parabolic version of the rectifiability theorem of the energy con-
centration sets is then proved in Section 8.3. We then establish the main generalized
version of Eells-Sampson theorems.

In the final Chapter, we establish a generalized varifold flow and show that
the energy concentration sets evolve according to the motion by mean-curvature
of Brakke [15]. We also establish parabolic versions of the energy quantization
theorems. We believe similar results may be established for other geometric flow
problems.
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Chapter 1

Introduction to harmonic maps

1.1 Dirichlet principle of harmonic maps

Harmonic maps are nonlinear extensions of harmonic functions. Just like harmonic
functions, harmonic maps are critical points of a natural energy functional, called
Dirichlet energy, of maps between two Riemannian manifolds.

Let (M, g) be a n-dimensional Riemannian manifold with or without boundary,
endowed with a smooth Riemannian metric g. For any fixed point p0 ∈ M , let
(x1, · · · , xn) be a coordinate system near p0 so that g can be represented by

g =
∑

1≤α,β≤n

gαβ dxα dxβ ,

where (gαβ) is a positive definitive symmetric n×n matrix. Let (gαβ) = (gαβ)−1 be
the inverse matrix of (gαβ) and dvg =

√
g dx =

√

det(gαβ) dx be the volume element
of (M, g). Let (N,h) be a l-dimensional compact Riemannian manifold without
boundary which is endowed with a smooth Riemannian metric h.

Throughout this book we use the Einstein convention for summation. For any
map u ∈ C2(M,N), we can define its Dirichlet energy as follows. For any fixed
p ∈ M , there exist two normal coordinate charts Up ⊂ M of p and Vq ⊂ N of
q = u(p) such that u(Up) ⊂ Vq. The Dirichlet energy density function e(u) is
defined by

e(u)(x)
(

≡ |∇u|2g
)

=
1

2

∑

α,β

gαβ(x)hij(u(x))
∂ui

∂xα

∂uj

∂xβ

, (1.1)

where (xα) and (ui) are the coordinate systems on Up and Vq respectively. The
Dirichlet energy functional is defined by

E(u) =

∫

M

e(u) dvg . (1.2)

Definition 1.1.1 A map u ∈ C2(M,N) is a harmonic map, if it is a critical point
of the Dirichlet energy functional E.

We first have

1



2 CHAPTER 1. INTRODUCTION TO HARMONIC MAPS

Proposition 1.1.2 A map u ∈ C2(M,N) is a harmonic map iff u satisfies

∆gu
i + gαβΓi

jk(u)
∂uj

∂xα

∂uk

∂xβ
= 0 in M, (1 ≤ i ≤ l), (1.3)

where ∆g is Laplace-Beltrami operator on (M, g) given by

∆g =
1√
g

∂

∂xα

(√
ggαβ ∂

∂xβ

)

and

Γi
jk =

1

2
hil(hlj,k + hkj,l − hjk,l)

is the Christoffel symbol of the metric h on N .

Proof. Let U ⊂M be any coordinate chart and φ ∈ C2
0 (U,Rl). Then we have

0 =
d

dt
|t=0

(

1

2

∫

M

gαβhij(u+ tφ)(ui
α + tφi

α)(uj
β + tφi

β)
√
g dx

)

=
1

2

∫

M

gαβhij,k(u)φ
kui

αu
j
β

√
g dx+

∫

M

gαβhij(u)u
i
αφ

j
β

√
g dx.

This implies
∫

M

∆gu
ihij(u)φ

j dvg =
1

2

∫

M

gαβhij,k(u)u
i
αu

j
βφ

k dvg

−
∫

M

gαβhij,l(u)u
i
αu

l
βφ

j dvg.

Choosing φj = hjiηi for η = (η1, · · · , ηl) ∈ C2
0 (U,Rl), we obtain

∫

M

∆gu
iηi dvg

=
1

2

∫

M

gαβhmk(u)(hij,k(u) − hik,j(u) − hjk,i(u))u
i
αu

j
βηm dvg.

This yields (1.3). 2

1.2 Intrinsic view of harmonic maps

For u ∈ C2(M,N), let T ∗M be the cotangent bundle of M and u∗TN be the pull-

back of the tangent bundle of N by u. View du = ∂ui

∂xα
dxα ⊗ ∂

∂ui as a section of the
bundle T ∗M ⊗ u∗TN . Then e(u) equals to

e(u) =
1

2
〈du, du〉T ∗M⊗u∗TN =

1

2
trg(u

∗h),

where 〈, 〉T ∗M⊗u∗TN denotes the inner product on T ∗M ⊗u∗TN induced from T ∗M
and u∗TN , and u∗h is the pull back of the metric tensor h by u, i.e.,

(u∗h)

(

∂

∂xα
,
∂

∂xβ

)

= h

(

∂u

∂xα
,
∂u

∂xβ

)

= hij(u)u
i
αu

j
β . (1.4)

Let ∇ denote the covariant derivative on T ∗M ⊗ u∗TN induced from T ∗M and
u∗TN . Then we have (cf. Eells-Lemaire [50, 51])
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Proposition 1.2.1 u ∈ C2(M,N) is a harmonic map iff u satisfies

τ(u) := trg(∇du) = 0 in M. (1.5)

Note that

∇ ∂
∂xβ

(du) = ∇ ∂
∂xβ

(

ui
αdxα ⊗ ∂

∂ui

)

=
∂2ui

∂xα∂xβ
dxα ⊗ ∂

∂ui
+ ui

α(∇T ∗M
∂

∂xβ

dxα) ⊗ ∂

∂ui

+ ui
αu

j
β

(

∇TN
∂

∂uj

∂

∂ui

)

⊗ dxα.

Also

∇TN
∂

∂uj

∂

∂ui
= (ΓN )kij(u)

∂

∂uk
and ∇T ∗M

∂
∂xβ

dxα = −(ΓM )αβγ(x) dxγ ,

we conclude that (1.5) is equivalent to

τk(u) = gαβ
(

uk
αβ − (ΓM )γαβu

k
γ + (ΓN )kij(u)u

i
αu

j
β

)

= 0 in M, 1 ≤ k ≤ l. (1.6)

1.3 Extrinsic view of harmonic maps

By the isometric embedding theorem by Nash [150], we can assume that (N,h) is
isometrically embedded into an Euclidean space R

L for some L ≥ 1. Then

C2(M,N) =
{

u =
(

u1, · · · , uL
)

∈ C2(M,RL) | u(M) ⊂ N
}

.

Hence for u ∈ C2(M,N) the Dirichlet energy density is

e(u) =
1

2
gαβui

αu
i
β.

As N ⊂ R
L is a compact smooth submanifold, it is well-known that there exists

δ = δ(N) > 0 such that the nearest point projection map ΠN : Nδ → N is smooth,
where

Nδ =

{

y ∈ R
L | d(y,N) := inf

z∈N
|y − z| < δ

}

,

and ΠN (y) ∈ N is such that |y − ΠN (y)| = d(y,N) for y ∈ Nδ.
Note that P (y) = ∇ΠN (y) : R

L → TyN, y ∈ N, is an orthogonal projection
map, and

A(y) = ∇P (y) : TyN ⊗ TyN → (TyN)⊥, y ∈ N,

is the second fundamental form of N ⊂ R
L.

Now we have

Proposition 1.3.1 u ∈ C2(M,N) is a harmonic map iff u satisfies

∆gu ⊥ TuN. (1.7)
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Proof. For φ ∈ C2
0 (M,RL), one has

0 =
d

dt
|t=0

∫

M

|∇ (Π(u+ tφ)) |2 dvg

= 2

∫

M

〈∇u,∇ (P (u)(φ))〉g dvg

= −2

∫

M

〈∆gu, P (u)(φ)〉 dvg

= −2

∫

M

〈P (u) (∆gu) , φ〉 dvg .

This clearly implies (1.7). 2

Let {νl+1(u), · · · , νL(u)} be a local orthonormal frame of the normal bundle
(TuN)⊥. Then (1.7) implies

∆gu =
∑

l+1≤i≤L

λi(x)νi(u)

for some functions (λl+1, · · · , λL) on M . Moreover, for l + 1 ≤ i ≤ L,

λi = ∆gu · νi(u)

= divg (∇u · νi(u)) −∇u · ∇ (νi(u))

= − (∇νi) (u) (∇u,∇u)

where we have used ∇u · νi(u) = 0, and divg is the divergence operator on (M, g)
given by

divg =
1√
g

∂

∂xα

(√
ggαβ

)

.

Therefore we obtain the analytic version of (1.7):

∆gu+A(u)(∇u,∇u) = 0 in M, (1.8)

where
A(u)(∇u,∇u) =

∑

l+1≤i≤L

gαβAi(u) (uα, uβ) νi(u),

and Ai = ∇νi is the second fundamental form of N in the normal direction νi.

Example 1.3.2 Let M = T n be the n-dimensional torus, and N = Sk ⊂ R
k+1 be

the unit sphere. Then u ∈ C2(T n, Sk) is a harmonic map iff

∆u+ |∇u|2u = 0 in T n. (1.9)

1.4 A few facts about harmonic maps

Proposition 1.4.1 If Φ : M → M is a C2-diffeomorphism and u ∈ C2(M,N) is
a harmonic map with respect to (M, g), then u ◦ Φ ∈ C 2(M,N) is a harmonic map
with respect to (M,Φ∗g).
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Proof. This is an easy consequence of the identity:

∫

M

|∇v|2g dvg =

∫

M

|∇ (v ◦ Φ) |2Φ∗g dvΦ∗g

for all v ∈ C2(M,N). 2

Proposition 1.4.2 Let (M, g1) be a Riemannian surface, Φ : (M, g1) → (M, g2) be
a conformal map. If u ∈ C2(M,N) is a harmonic map with respect to (M, g2), then
u ◦ Φ ∈ C2(M,N) is a harmonic map with respect to (M, g1).

Proof. This follows from the conformal invariance of the Dirichlet energy functional
E in dimension two. In fact, let φ ∈ C2(M) be such that Φ∗g2 = e2φg1. Then we
have, for any v ∈ C2(M,N),

E(v ◦ Φ, g1) =
1

2

∫

M

trg1 ((v ◦ Φ)∗h) dvg1

=
1

2

∫

M

tre−2φΦ∗g2
(Φ∗ ◦ v∗h) e−2φ dvΦ∗g2

=
1

2

∫

M

trΦ∗g2 (Φ∗ ◦ (v∗h)) dvΦ∗g2

=
1

2

∫

M

trg2(v
∗h) dvg2 = E(v, g2).

This completes the proof of Proposition 1.4.2. 2

Remark 1.4.3 (a) Harmonic maps from S1 to N correspond to closed geodesics in
N .

(b) The set of harmonic maps from a Riemannian surface M depends only on the
conformal structures of M .

(c) Let Id : (M, g) → (M, g) be the identity map. Then Id is a harmonic map.

(d) For n = dim(M) = 2, any conformal map φ : (M, g1) → (M, g2) is a harmonic
map.

Proof. We only indicate the proof of (c). Denote u(x) = Id(x) = x. Then we have

τk(u) = gαβ
(

uk
αβ − (ΓM )γαβu

k
γ + (ΓN )kij(u)u

i
αu

j
β

)

= gαβ
(

0 − (ΓM )γαβδkγ + (ΓM )kij(u)δiαδiβ

)

= 0

for 1 ≤ k ≤ n. 2

1.5 Bochner identity for harmonic maps

One of the most important formulas for a harmonic map u : M → N is the differ-
ential equation satisfied by the energy density e(u).
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Denote by RM and RN the Riemannian curvature tensors of M and N respec-
tively, RicM be the Ricci curvature of M . For x0 ∈M , in a local coordinate system
centered at x0, write

RM = (Rαβγδ), RicM = (Rαβ), and RN = (R̂ijkl),

and KN denotes the sectional curvature of N

Theorem 1.5.1 If u ∈ C2(M,N) is a harmonic map, then in a local coordinate
system it holds

∆ge(u) = |∇du|2 +Rαβ (uα, uβ) − R̂ijkl(u)
(

ui
α, u

j
β , u

k
α, u

l
β

)

(1.10)

where ∇ denotes the covariant derivative on T ∗M ⊗ u∗TN .

Proof. For x0 ∈M , let (xα) be the normal coordinate system centered at x0. Assume
that (N,h) is isometrically embedded in R

L. Then we have

∆ge(u) = |uαβ |2 + 〈uα, uβα,β〉
= |uαβ |2 + 〈uα, uββ,α〉 +Rαβ (uα, uβ)

= |uαβ |2 + 〈uα, (∆gu)α〉 +Rαβ (uα, uβ)

where we have used the Ricci identity

uβα,β = uββ,α +Rαβuβ.

On the other hand, since u is harmonic map, (1.8) implies

〈uα, (∆gu)α
〉 = −〈uα, (A(u)(∇u,∇u))α〉

= 〈∆gu,A(u) (∇u,∇u)〉
= −〈A(u) (∇u,∇u) , A(u) (∇u,∇u)〉
= −〈A(u) (uα, uα) , A(u) (uβ, uβ)〉

where we have used the fact that

〈uα, A(u) (∇u,∇u)〉 = 0.

For uαβ, it is easy to see that

|uαβ |2 = |P (u)(uαβ)|2 + |A(u) (uα, uβ) |2 = |∇du|2 + |A(u) (uα, uβ) |2.

Putting all these identities together, we obtain

∆ge(u) = |∇du|2 + RicM (∇u,∇u)
−

{

〈A(u) (uα, uα) , A(u) (uβ , uβ)〉 − |A(u) (uα, uβ) |2
}

This, with the help of Gauss-Kodazi equation (see [63, 175]):

〈RN (u)(X,Y )X,Y 〉 = 〈A(u)(X,X), A(u)(Y, Y )〉 − |A(u)(X,Y )|2, ∀X,Y ∈ TuN

yields (1.10). 2
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Proposition 1.5.2 If (M, g) is compact without boundary with RicM ≥ 0 and
the sectional curvature of N , KN , is non-positive. Then any harmonic map u ∈
C2(M,N) is totally geodesic. If RicM > 0 at a point in M , then u is constant. If
KN < 0, then either u is constant or u(M) is contained in a closed geodesic.

Proof. It follows from (1.10) that e(u) is a subharmonic function on M . Hence the
maximum principle implies e(u) = constant and hence |∇du| = 0. This says that u
is totally geodesic.
If RicM (p0) > 0, then ∇u(p0) = 0 and hence e(u) ≡ 0 and u is constant map.
If KN < 0, then the linear space span {u1, · · · , un} is at most dimension one. Hence
either u is constant or the image of u lies inside a geodesic. 2

1.6 Second variational formula of harmonic maps

In this section, we derive the second variational formula for harmonic maps into
spheres and general target manifolds.

Proposition 1.6.1 If u ∈ C2(M,Sk) is a harmonic map and φ ∈ C2
0 (M,Rk+1),

then

d2

dt2
|t=0

(

1

2

∫

M

|∇(
u+ tφ

|u+ tφ| |
2 dvg

)

=

∫

M

(

|∇φ̂|2 − |∇u|2|φ̂|2
)

dvg, (1.11)

where φ̂(≡ φ− 〈u, φ〉u) is the tangential component of φ.

Proof. For φ ∈ C∞
0 (M,Rk+1) and small t ∈ R, denote ut = u+tφ

|u+tφ| . Then direct
calculations give

dut

dt
|t=0 = φ− 〈u, φ〉u = φ̂,

and
d2ut

dt2
|t=0 = 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ.

Hence we have

d2

dt2
|t=0

(

1

2

∫

M

|∇(
u+ tφ

|u+ tφ| )|
2 dvg

)

=

∫

M

(

|∇(
dut

dt
|t=0)|2 + 〈∇u,∇(

d2ut

dt2
|t=0)〉

)

dvg

=

∫

M

(

|∇φ̂|2 − 〈∆gu, 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ〉
)

dvg

=

∫

M

(

|∇φ̂|2 + 〈|∇u|2u, 3〈u, φ〉2u− |φ|2u− 2〈u, φ〉φ〉
)

dvg

=

∫

M

(

|∇φ̂|2 − |∇u|2(|φ|2 − |〈u, φ〉|2)
)

dvg

=

∫

M

(

|∇φ̂|2 − |∇u|2|φ̂|2
)

dvg.
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This completes the proof of (1.11). 2

Next we derive a general second variational formula for the Dirichlet energy
functional.

Proposition 1.6.2 Let u ∈ C2(M,N) be a harmonic map, and ut ∈ C2([0, 1] ×
M,N) be a family of smooth variations of u, i.e., u0 = u. Let v = dut

dt
|t=0 ∈

C2(M,u∗TN). Then

d2

dt2
|t=0

(

1

2

∫

M

|∇ut|2g dvg

)

(1.12)

=

∫

M

(

|∇v|2g − trg〈RN (v,∇u) v,∇u〉
)

dvg. (1.13)

In particular, if KN ≤ 0, then u is stable, i.e.,

d2

dt2
|t=0

(

1

2

∫

M

|∇ut|2g dvg

)

≥ 0.

Proof. Let ( ∂
∂xα

) be a local coordinate frame on M . Then we have

d

dt
|t=0

∂ut

∂xα
= ∇u∗TN

∂
∂t

(
∂ut

∂xα
) = ∇u∗TN

∂
∂xα

v,

as [∂ut

∂t
, ∂ut

∂xα
] = 0. Hence, we have

d2

dt2
|t=0

∂ut

∂xα
= ∇u∗TN

∂
∂t

∇u∗TN
∂

∂xα

v

= ∇u∗TN
∂

∂xα

∇u∗TN
∂
∂t

v +RN (v,
∂u

∂xα
)v.

Therefore, we have

d2

dt2

(

1

2

∫

M

|∇ut|2g dvg

)

=

∫

M

(

|∇v|2g + 〈∇u,∇
(

d2ut

dt2
|t=0

)

〉g
)

dvg

=

∫

M

(

|∇v|2g + 〈 ∂u
∂xα

,∇u∗TN
∂

∂xα

(∇u∗TN
v v)〉 − trg(R

N (v,∇u)v,∇u)
)

dvg

=

∫

M

(

|∇v|2g − 〈τ(u),∇u∗TN
v v〉 − trg

(

RN (v,∇u)v,∇u
)

)

dvg.

Since τ(u) = 0, this implies (1.13). If KN ≤ 0, then we can easily conclude that u
is stable. 2



Chapter 2

Regularity of minimizing

harmonic maps

In this chapter, we will present the regularity theorems of minimizing harmonic
maps between Riemannian manifolds. This includes (i) the regularity theorem
of minimizing harmonic maps in dimensions two by Morrey [145], (ii) the partial
regularity theorem of minimizing harmonic maps in dimensions at least three by
Schoen-Uhlenbeck [171] and Giaquinta-Giusti [66], (iii) Federer’s dimension reduc-
tion principle for minimizing harmonic maps by [171] (see also [54]), and (iv) the
uniqueness theorem on minimizing tangent maps by Simon [181, 182, 183].

2.1 Minimizing harmonic maps in dimension two

First recall that the usual Sobolev space W 1,2(M,RL) consists of any R
L-valued

function u = (u1, · · · , uL) ∈ L2(M) such that its distributional derivative ∇u =
( ∂u

∂x1
, · · · , ∂u

∂xn
) ∈ L2(M).

The Sobolev space, W 1,2(M,N), of maps from M to N is defined by

W 1,2(M,N) = {v : M → R
L | ‖v‖2

W 1,2(M) =

∫

M

(

|v|2 + eg(v)
)

dvg < +∞

v(x) ∈ N for a.e. x ∈M}.

Note thatW 1,2(M,N) ⊂W 1,2(M,RL) is closed under sequentially weak convergence
in W 1,2(M,RL).
It is worthwhile to note that, in contrast with W 1,2(M,RL), C∞(M,N) may not be
dense in W 1,2(M,N). This is illustrated by the following example, due to Schoen-
Uhlenbeck [173].

Remark 2.1.1 φ(x) = x
|x| ∈ W 1,2(B3, S2) can’t be approximated by smooth maps

from B3 to S2 in W 1,2(B3, S2).

Proof. Note that

∫

B3

∣

∣

∣

∣

∇(
x

|x|)
∣

∣

∣

∣

2

=

∫ 1

0

∫

S2

1

r2

∣

∣

∣

∣

∇S2

(

x

|x|

)∣

∣

∣

∣

2

r2 dH2dr = 2H2(S2) = 8π.

9
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Suppose that there exist {ui} ⊂ C∞(B3, S2) such that

lim
i→∞

‖∇ (ui − φ)‖L2(B3) = 0.

By Fatou’s Lemma and Fubini’s theorem, this implies that there exists r ∈ ( 1
2 , 1)

such that

lim
i→∞

∫

∂Br

|∇ (ui − φ)|2 dH2 = 0.

Recall that for any f ∈ C1(∂Br, S
2), the topological degree of f is given by

deg(f ; ∂Br) =
1

4π

∫

∂Br

det(∇T f) dH2 (2.1)

where ∇T denotes the tangential gradient on ∂Br.
Since ui ∈ C∞(B3, S2), deg(ui; ∂Br) = 0 for any 0 < r ≤ 1. On the other hand,
since deg(φ; ∂Br) = 1 and ui → φ in W 1,2(∂Br, S

2), we have

lim
i→∞

1

4π

∫

∂Br

det(∇Tui) dH
2 =

1

4π

∫

∂Br

det(∇Tφ) = 1.

This gives a contradiction and completes the proof. 2

On the other hand, we have

Remark 2.1.2 For dim(M) = 2, C∞(M,N) is dense in W 1,2(M,N). For n ≥ 3, if
Π2(N) = {0} then C∞(Bn, N) is dense in W 1,2(Bn, N).

The proof of the first part can be found in [173], and the second part can be found
in Bethuel [10] and Hang-Lin [79].

Now we introduce the notion of weakly harmonic maps and minimizing harmonic
maps.

Definition 2.1.3 A map u ∈ W 1,2(M,N) is weakly harmonic map, if it satisfies
the harmonic map equation (1.8) in the sense of distributions, i.e.,

∫

M

gαβ

(

〈 ∂u
∂xα

,
∂φ

∂xβ

〉 +A(u)(
∂u

∂xα
,
∂u

∂xβ

)φ

)

dvg = 0 (2.2)

for any φ ∈ C∞
0 (M,RL).

One of the most important classes of weakly harmonic maps is the class of
minimizing harmonic maps.

Definition 2.1.4 A map u ∈W 1,2(M,N) is a minimizing harmonic map, if for any
Ω ⊂M ,

E(u,Ω) :=
1

2

∫

Ω
e(u) dvg ≤ E(v,Ω) (2.3)

for any v ∈W 1,2(Ω, N) with v|∂Ω = u|∂Ω.
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We immediately have the following proposition.

Proposition 2.1.5 Any minimizing harmonic map u ∈ W 1,2(M,N) is a weakly
harmonic map.

Proof. For any Ω ⊂M , let φ ∈ C1
0 (Ω,RL) and t ∈ R be sufficiently small. Then we

have

E(u,Ω) ≤ E (ΠN (u+ tφ) ,Ω) .

Hence
d

dt
|t=0

∫

Ω
e (ΠN (u+ tφ)) dvg = 0.

Then direct calculations imply u satisfies (2.3). 2

The existence of minimizing harmonic maps can be obtained by the direct
method in calculus of variations.

Proposition 2.1.6 For ∂M 6= ∅, suppose that φ ∈W 1,2(M,N) is given. Then there
exists at least one minimizing harmonic map u ∈W 1,2(M,N) with u|∂M = φ|∂M .

Proof. Set A =
{

v ∈W 1,2(M,N) | v|∂M = φ|∂M

}

and define

c := inf {E(v) | v ∈ A} .

Since φ ∈ A, c ≤ E(φ) < +∞. Let {ui} ⊂ A be a minimizing sequence, i.e.,

lim
i→∞

1

2

∫

M

e(ui) dvg = c.

Then {ui} ⊂ W 1,2(M,N) is a bounded sequence. By the weak compactness, there
exist a subsequence {ui′} of {ui} and a map u ∈ W 1,2(M,N) such that ui′ → u
weakly inW 1,2(M,N). By the Rellich’s compactness theorem and the trace theorem,
we have

lim
i′→∞

(

‖ui′ − u‖L2(M) + ‖ui′ − u‖L2(∂M)

)

= 0.

Hence u|∂M = φ|∂M , u ∈ A and E(u) ≥ c. On the other hand, by the lower
semicontinuity, we have

1

2

∫

M

e(u) dvg ≤ 1

2
lim

i′→∞

∫

M

e(ui) dvg = c.

Therefore we have E(u) = c and u is a minimizing harmonic map. 2

The regularity issue of minimizing harmonic maps has been studied extensively
by many people in the last several decades. The first result seems to go back to
Morrey [145].

Theorem 2.1.7 For dim(M) = 2 if u ∈ W 1,2(M,N) is a minimizing harmonic
map, then u ∈ C∞(M,N).
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Proof. Since the regularity is of local nature, we may assume (M, g) = (B, g0), the
unit ball in R

2 with the standard metric. By the absolute continuity of
∫

|∇u|2 dx,
we have that for any ε > 0, there exists r0 > 0 such that

∫

Br(x)
|∇u|2 dx ≤ ε2, ∀x ∈ B 1

2
, r ≤ r0. (2.4)

By Fubini’s theorem, there exist r1 ∈ ( r
2 , r) such that

r1

∫

∂Br1 (x)
|∇u|2 dH1 ≤ 8

∫

Br(x)\B r
2
(x)

|∇u|2(≤ 8ε2). (2.5)

By the Sobolev embedding theorem, u ∈W 1,2(∂Br1(x)) ⊂ C
1
2 (∂Br1(x)) and

|u(y) − u(z)| ≤ Cε

( |y − z|
r1

)
1
2

, ∀y, z ∈ ∂Br1(x). (2.6)

Therefore there exists p0 ∈ N such that

u(∂Br1(x)) ⊂ BL
Cε(p0) ∩N,

where BL
Cε(p0) ⊂ R

L is the L-dimensional ball with center p0 and radius Cε.
Let v ∈W 1,2(Br1 ,R

L) be the solution to

∆v = 0 in Br1(x)

v = u on ∂Br1(x).

The maximum principle and (2.6) imply that v(Br1(x)) ⊂ BL
Cε(p0). Hence for ε

sufficiently small, we have v(Br1(x)) ⊂ Nδ. By the minimality, we then have
∫

Br1(x)
|∇u|2 ≤

∫

Br1 (x)
|∇ (ΠN (v))|2 ≤ C

∫

Br1 (x)
|∇v|2 . (2.7)

On the other hand, by the standard estimate for harmonic functions, we have
∫

Br1 (x)
|∇v|2 ≤ Cr1

∫

∂Br1 (x)
|∇u|2 dH1. (2.8)

Putting these inequalities together gives
∫

B r
2
(x)

|∇u|2 ≤ C

∫

Br(x)\B r
2
(x)

|∇u|2.

Hence
∫

B r
2
(x)

|∇u|2 ≤ θ

∫

Br(x)
|∇u|2 (2.9)

where 0 < θ = C
C+1 < 1.

Iterating (2.9) k-times, we get
∫

B
2−kr

(x)
|∇u|2 ≤ θk

∫

Br(x)
|∇u|2 , ∀x ∈ B 1

2
and 0 < r ≤ r0. (2.10)
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Set α = | ln θ|
2 ln 2 ∈ (0, 1). Then (2.10) implies

∫

Br(x)
|∇u|2 ≤ C

(

r

r0

)2α ∫

Br0 (x)
|∇u|2, ∀x ∈ B 1

2
and 0 < r ≤ r0. (2.11)

This, combined with lemma 2.1.10 below, implies u ∈ Cα(B 1
2
, N). Then theorem

2.1.8 yields that u ∈ C1,β(B 1
2
, N) for some β ∈ (0, 1). The higher order regularity

of u then follows from the standard theory of linear elliptic equations (see Gilbarg-
Trudinger [72]). 2

We now want to show C1,β-regularity for u.

Theorem 2.1.8 For n ≥ 2 and α ∈ (0, 1), let B ⊂ R
n be a unit ball and u ∈

W 1,2(B,N)∩Cα(B,N) be a weakly harmonic map satisfying, ∀x ∈ B 1
2

and 0 < r ≤
r0,

r2−n

∫

Br(x)
|∇u|2 ≤ C

(

r

r0

)2α

r2−n
0

∫

Br0 (x)
|∇u|2. (2.12)

Then there exists β ∈ (0, 1) such that u ∈ C1,β(B 1
2
, N).

Before proving this theorem, we recall the characterization of the Hölder space,
Cα, due to Campanato [25].

Proposition 2.1.9 For α ∈ (0, 1) and an open set E ⊂ R
n, define

Cα(E) =

{

f ∈ L1(E) | [f ]Cα(E) = sup
Br⊂E

r−(n+α)

∫

Br

|f − fBr | < +∞
}

where fBr = 1
|Br|

∫

Br
f is the average of f over Br. Then Cα(E) = Cα(E) and there

exists C > 0 such that

C−1[f ]Cα(E) ≤ [f ]Cα(E) ≤ C[f ]Cα(E). (2.13)

By the Poincaré inequality, Proposition 2.1.9 implies Morrey’s decay Lemma (see
also [145]).

Lemma 2.1.10 For α ∈ (0, 1) and any open set B ⊂ R
n, if f : B → R satisfies

‖∇f‖2
M2,n+2α−2(B) := sup

Br(x)⊂B

{

r2(1+α)−n

∫

Br(x)
|∇f |2

}

< +∞ (2.14)

then u ∈ Cα(B) and
[u]Cα(B) ≤ C‖∇f‖M2,2+2α−n(B). (2.15)

Proof of Theorem 2.1.8:
Step 1. u ∈ Cδ(B 1

2
, N) for any δ ∈ (0, 1).

Proposition 2.2.3 and (2.2.10) imply that for any 0 < r ≤ r0 and x ∈ Bn
1
2

,

[u]2Cα(Br(x)) ≤ Cr2−2α−n
0

∫

Br0 (x)
|∇u|2. (2.16)
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Let v ∈W 1,2(Br(x),R
L) solve

∆v = 0 in Br(x) (2.17)

v = u on ∂Br(x).

Then we have

oscBr(x)v ≤ oscBr(x)u ≤ Crα.

Subtracting (2.2) from (2.17), multiplying (u − v), and integrating the resulting
equation over Br(x), we have

r2−n

∫

Br(x)
|∇ (u− v)|2 ≤ Cosc (u− v) r2−n

∫

Br(x)
|∇u|2

≤ Cr3α

(

r2−2α−n
0

∫

Br0 (x)
|∇u|2

)
3
2

.

Hence for any θ ∈ (0, 1
2),

(θr)2−n

∫

Bθr(x)
|∇u|2

≤ 2

(

(θr)2−n

∫

Bθr(x)
|∇v|2 + θ2−nr2−n

∫

Br(x)
|∇(u− v)|2

)

≤ C
(

θ2r2+2α + θ2−nr3α
)

(

r2−n−2α
0

∫

Br0 (x)
|∇u|2

)

·
(

1 + (r2−n−2α
0

∫

Br0 (x)
|∇u|2) 1

2

)

where we have used (2.12) and the estimate for v:

(θr)2−n

∫

Bθr(x)
|∇v|2 ≤ C (θr)2 r2−n

∫

Br(x)
|∇u|2.

This implies u ∈ Cδ(B 1
2
, N) for any α ≤ δ < 1.

Step 2. u ∈ C1,β(Bn
1
2

, N) for some β ∈ (0, 1).

By Proposition 2.1.9, it suffices to show

r−n

∫

Br(x)
|∇u− (∇u)x,r|2 ≤ Cr2β, ∀x ∈ B 1

2
, 0 < r ≤ r0, (2.18)
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where (∇u)x,r is the average of ∇u on Br(x).
In fact, for any θ ∈ (0, 1

2) we have

(θr)−n

∫

Bθr(x)
|∇u− (∇u)x,θr|2

≤ (θr)−n

∫

Bθr(x)
|∇u− (∇v)x,θr|2

≤ 2

(

(θr)−n

∫

Bθr(x)
|∇v − (∇v)x,θr|2 + (θr)−n

∫

Br(x)
|∇(u− v)|2

)

≤ C
(

r2 + θ−nr3δ−2
)

(

r2−n

∫

Br(x)
|∇u|2

)(

1 + (r2−n

∫

Br(x)
|∇u|2) 1

2

)

≤ Cr2β,

for β = min{1, 3δ−2
2 } if we choose δ > 2

3 , where we have used the estimate on v:

(θr)−n

∫

Bθr(x)
|∇v − (∇v)x,θr|2 ≤ Cθ2r−n

∫

Br(x)
|∇v − (∇v)x,r|2 .

This implies (2.18). Hence by proposition 2.1.9, we have u ∈ C 1,β(B 1
2
, N) for some

β ∈ (0, 1). 2

2.2 Minimizing harmonic maps in higher dimensions

Regularity for minimizing harmonic maps in dimensions at least three is much more
delicate. First, concrete examples indicate that minimizing harmonic maps in higher
dimensions may have singularities. More precisely,

Proposition 2.2.1 For n ≥ 3, φ0(x) = x
|x| : Bn → Sn−1 is a minimizing harmonic

map.

Remark 2.2.2 Proposition 2.2.1 was first proved by Jäger-Kaul [108] for n ≥ 7,
later by Brezis-Coron-Lieb [19] for n = 3, and finally by Lin [122] and Coron-Gulliver
[40] independently for all n ≥ 3.

Proof. We present the proof by [122]. First we claim that

|∇φ|2 ≥ 1

n− 2

(

(divφ)2 − tr (∇φ)2
)

a.e. in Bn (2.19)

for any φ ∈W 1,2(Bn, Sn−1), where (∇φ)2 is the square of ∇φ.
To prove (2.19), we make a change of coordinates so that at x0 ∈ Bn,

φ(x0) = (0, · · · , 1).

For 1 ≤ i, j ≤ n, set aij = ∂φi

∂xj
(x0). Since |φ|2 = 1, we have anj = 0 for 1 ≤ j ≤ n so

that
|∇φ|2(x0) =

∑

1≤i,j≤n

a2
ij =

∑

1≤i≤n−1

a2
ii +

∑

i6=j

a2
ij,
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(divφ)2 (x0) =





∑

1≤i≤n−1

aii





2

≤ (n− 1)
∑

1≤i≤n−1

a2
ii,

and
tr (∇φ)2 (x0) =

∑

1≤i,j≤n

aijaji ≥
∑

1≤i≤n−1

a2
ii −

∑

i6=j

a2
ij .

Putting these inequalities together, we obtain (2.19).
On the other hand, direct calculations imply that

(divφ)2 − tr (∇φ)2 = div ((divφ)φ− (∇φ)φ) .

Hence integrating (2.19) over Bn leads
∫

Bn

|∇φ|2 ≥ 1

n− 2

∫

Bn

(div φ)2 − tr (∇φ)2

=
1

n− 2

∫

∂Bn

{(divφ)φ · x− (∇φ)φ · x}

=
1

n− 2

∫

∂Bn

{(divx)x · x− (∇x)x · x}

=
1

n− 2

∫

∂Bn

(n− 1) =
n− 1

n− 2

∣

∣Sn−1
∣

∣ =

∫

Bn

|∇φ0|2.

This completes the proof. 2

A slight modification of this example shows that a minimizing harmonic map
from R

n, n ≥ 3, can have (n − 3)-dimensional singular set. In fact, φ(x, y) = x
|x| :

R
3 × R

n−3 → S2 is a minimizing harmonic map whose singular set is {0} × R
n−3.

In general, Schoen and Uhlenbeck have shown in their pioneering work [171] that
Hausdorff dimension of the singular set of any minimizing harmonic map is of at
most (n− 3)-dimension.
To outline the main theorem of [171], we first introduce the notion of Hausdorff
dimension.

Definition 2.2.3 For 0 ≤ s ≤ n, the s-dimensional Hausdorff measure on R
n, Hs,

is defined by
Hs(A) = lim

δ↓0+
Hs

δ (A), ∀A ⊂ R
n,

where

Hs
δ (A) = inf

{

∑

i

rs
i | A ⊂

⋃

i

Bri
, ri ≤ δ

}

.

The Hausdorff dimension of A ⊂ R
n is defined by

dimH(A) := inf {s : Hs(A) = 0} = sup
{

t : Ht(A) = ∞
}

.

For a map u ∈W 1,2(M,N), denote

sing(u) = {x ∈M | u is discontinuous at x}

as the singular set of u.
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Theorem 2.2.4 For n ≥ 3, let u ∈ W 1,2(M,N) be a minimizing harmonic map.
Then sing(u) is a closed set, which is discrete for n = 3 and has Hausdorff dimension
at most (n− 3) for n ≥ 4. Moreover, u ∈ C∞(M \ sing(u), N).

In order to prove Theorem 2.2.4, we need several important lemmas. The first
one is an energy monotonicity inequality for minimizing harmonic maps. To simplify
the presentation, we assume throughout this section that M = Ω ⊂ R

n is a bounded
domain in R

n equiped with the standard metric.

Lemma 2.2.5 For n ≥ 3, if u ∈ W 1,2(Ω, N) is a minimizing harmonic map, then
for any x ∈ Ω and 0 < r ≤ R < dist(x, ∂Ω),

R2−n

∫

BR(x)
|∇u|2 − r2−n

∫

Br(x)
|∇u|2

≥
∫

BR(x)\Br(x)
|y − x|2−n

∣

∣

∣

∣

∂u

∂|y − x|

∣

∣

∣

∣

2

. (2.20)

Proof. For simplicity, assume x = 0. For r > 0, let ur(x) = u( rx
|x|) for x ∈ Br. Then,

by the minimality, we have

∫

Br

|∇u|2 ≤
∫

Br

|∇ur|2

= r2
∫ r

0
tn−3

∫

Sn−1

|∇Sn−1u|2 (rθ) dHn−1(θ)

=
r

n− 2

∫

∂Br

|∇Tu|2 dHn−1

=
r

n− 2

∫

∂Br

(

|∇u|2 − |∂u
∂r

|2
)

dHn−1,

where ∇Sn−1 and ∇T denote the gradient on Sn−1 and ∂Br respectively. This implies
that for a.e. r > 0,

d

dr

(

r2−n

∫

Br

|∇u|2
)

= (2 − n)r1−n

∫

Br

|∇u|2 + r2−n

∫

∂Br

|∇u|2

= r1−n

(

r

∫

∂Br

|∇u|2 + (2 − n)

∫

Br

|∇u|2
)

≥ r2−n

∫

∂Br

|∂u
∂r

|2 dHn−1.

Integrating it from r to R, we obtain (2.20). 2

As a consequence, we can easily show

Corollary 2.2.6 For n ≥ 3, if u ∈ W 1,2(Ω, N) is a minimizing harmonic map,
then

Θn−2(u, x) = lim
r↓0+

r2−n

∫

Br(x)
|∇u|2
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exists and is upper semicontinuous for all x ∈ Ω. Moreover, if for x ∈ Ω

r2−n

∫

Br(x)
|∇u|2 = Θn−2(u, x)

for some r > 0, then

u(y) = u

(

r
y − x

|y − x|

)

for a.e. y ∈ Br(x).

We now prove an energy decay estimate under the smallness condition.

Lemma 2.2.7 For n ≥ 3, there exist ε0 = ε0(n,N) > 0 and θ0 ∈ (0, 1
2) such that if

u : B1 → N is a minimizing harmonic map satisfying

E(u,B1) ≤ ε20,

then

θ2−n
0

∫

Bθ0

|∇u|2 ≤ 1

2

∫

B1

|∇u|2. (2.21)

Proof. We present the original proof by [171]. Denote ε2 = E(u,B1). Let φ ∈
C∞(Rn,R+) be a radial mollifying function so that supp φ ⊆ B1 and

∫

Rn φ = 1.

Let h̄ = ε
1
2 , τ = ε

1
4 , and θ ∈ (τ, 1

4 ). Define h = h(r), r = |x|, to be a nondecreasing
smooth function satisfying

h(r) = h̄ for r ≤ θ, h(θ + τ) = 0, and |h′(r)| ≤ 2ε
1
4 .

Then set

u(h(x))(x) =

∫

B1

φ(h(x))(x− y)u(y) dy, x ∈ B 1
2
,

where φ(h(x)) = h(x)−nφ
(

x
h(x)

)

.

For x ∈ B 1
2
, by a modified version of the Poincareé inequality and the mono-

tonicity inequality (2.20), we have

dist2
(

u(h(x)), N
)

≤ 1

|Bh(x)(x)|

∫

Bh(x)(x)

∣

∣

∣u(y) − u(h(x))
∣

∣

∣

2
dy

≤ Ch(x)2−n

∫

Bh(x)(x)
|∇u|2 dy ≤ Cε2.

Hence for ε0 > 0 sufficiently small, u(h(x))(B 1
2
) ⊂ Nδ0 and we can define

uh(x)(x) = ΠN

(

u(h(x))(x)
)

: B 1
2
→ N.

It is readily seen that

∫

B 1
2

∣

∣

∣∇u(h(x))
∣

∣

∣

2
dx ≤ CE(u,B1) = Cε2,
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∣

∣

∣∇u(h(x))
∣

∣

∣

2
(x) ≤ Ch(x)−nE(u,B(h(x))(x)) ≤ Ch(x)−2ε2 ≤ Cε for x ∈ B 1

2

so that
sup

x∈B 1
2

∣

∣

∣u(h(x)) − u(h(x))(0)
∣

∣

∣ ≤ Cε
1
2 .

Denote uh = u(h(x)) and uh = uh(x). Then we claim

∫

Bθ+τ\Bθ

|∇uh|2 ≤ C

∫

Bθ+2τ\Bθ−τ

|∇u|2 (2.22)

It suffices to show (2.22) for uh. Since

uh(x) =

∫

B1

φ(y)u(x− h(x)y) dy,

we have
∣

∣

∣
∇uh

∣

∣

∣
(x) ≤

∫

B1

|φ|(y) (|∇u| + |∇h| |y| |∇u|) (x− h(x)y) dy,

so that by a change of variables we obtain
∫

Bθ+τ\Bθ

∣

∣

∣∇uh
∣

∣

∣

2
≤ C

∫

Bθ+τ\Bθ

∫

B1

φ(y)|∇u|2(x− hy) dydx

≤ C

∫

Bθ+2τ\Bθ−τ

|∇u|2 dx.

Now let v solve the Dirichlet problem

∆v = 0 in B 1
2

v = uh̄ on ∂B 1
2
.

Then we have
sup
B 1

2

|v − uh̄| ≤ oscB 1
2

uh̄ ≤ Cε
1
2 ,

sup
B 1

4

|∇v|2 ≤ C

∫

B 1
2

|∇v|2 ≤ C

∫

B 1
2

|∇uh̄|2 ≤ CE(u,B1) ≤ Cε2.

Hence

θ2−nE(uh̄, Bθ) ≤ 2θ2−n

(∫

Bθ

|∇(uh̄ − v)|2 +

∫

Bθ

|∇v|2
)

≤ 2θ2−n

∫

B 1
2

|∇ (uh̄ − v)|2 + Cθ2ε2.

On the other hand
∫

B 1
2

|∇ (uh̄ − v)|2 = −
∫

B 1
2

∆uh̄ · (uh̄ − v) ,
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and, since u is a weakly harmonic map, we can estimate

∆uh̄(x) =

∫

Rn

[

∆xφ
h̄(x− y)

]

u(y) dy

=

∫

Rn

[

∆yφ
h̄(x− y)

]

u(y) dy

=

∫

Rn

φh̄(x− y)A(u) (∇u,∇u) (y) dy,

so that
∫

B 1
2

|∆uh̄| ≤ CE1(u,B1).

Therefore we obtain

θ2−nE(uh̄, Bθ) ≤ C(θ2−nε
1
2 + θ2)E(u,B1). (2.23)

Let αn ∈ (0, 1
8 ] to be chosen later, and let θ̄ = εαn . Let p = [ θ̄

3τ
] (≥ 1

3ε
− 1

8 − 1) be

the integer part of θ̄
3τ

and write

[θ̄, 2θ̄] =
⋃

1≤i≤p

Ii, |Ii| = 3τ,

where each Ii is a closed interval of length 3τ . We have
∫

r∈[θ̄,2θ̄]
|∇u|2 dx =

∑

1≤i≤p

∫

r∈Ii

|∇u|2 dx ≤ E(u,B1).

Thus this is an interval Ij , 1 ≤ j ≤ p, such that
∫

r∈Ij

|∇u|2 ≤ p−1E(u,B1) ≤ Cε
1
8E(u,B1).

Let θ ∈ [θ̄, 2θ̄] be such that Ij = [θ − τ, θ + 2τ ], and let h and uh(x) be defined as
above. Then by (2.23) we have

θ̄2−nE (u,Bθ̄) ≤ 2n−2θ2−nE (u,Bθ+τ )

≤ 2n−2θ2−nE
(

uh(x), Bθ+τ

)

= 2n−2

(

θ2−nE (uh̄, Bθ) + θ2−n

∫

Bθ+τ\Bθ

|∇uh(x)|2
)

≤ C
(

θ2−nε+ θ2
)

E(u,B1) + C

∫

Ij

|∇u|2

≤ C
(

θ2−nε+ θ2
)

E(u,B1) + Cε
1
8E(u,B1)

≤ C
(

θ̄2−nε
1
2 + θ̄2 + ε

1
8

)

E(u,B1).

Choosing αn = min{ 2
n
, 1

16}, this implies

θ̄2−n

∫

Bθ̄

|∇u|2 ≤ Cε
1
8E(u,B1).
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This implies (2.21) provide that ε is chosen to be sufficiently small. 2

A direct consequence of Lemma 2.2.7 is

Corollary 2.2.8 Under the same conditions as Theorem 2.2.4, there holds

sing(u) =
{

x ∈ Ω | Θn−2(u, x) ≥ ε20
}

=
{

x ∈ Ω | Θn−2(u, x) > 0
}

(2.24)

and Hn−2(sing(u)) = 0.

Proof. If x0 6∈ sing(u), then u is continuous at x0. By an argument similar to §2.1
and the standard higher regularity theory of elliptic systems, we conclude that u is
smooth near x0 and hence Θn−2(u, x0) = 0. This implies

Σ(u) :=
{

x ∈ Ω | Θn−2(u, x) ≥ ε20
}

⊆ sing(u).

On the other hand, if x0 6∈ Σ(u), then there is r0 > 0 such that

r2−n
0

∫

Br0 (x0)
|∇u|2 ≤ ε20,

this implies

(
r0
2

)2−n

∫

B r0
2

(x)
|∇u|2 ≤ 2n−2ε20, ∀ x ∈ B r0

2
.

Hence by (2.20) we have

r2−n

∫

Br(x)
|∇u|2 ≤ 2n−2ε20, ∀x ∈ B r0

2
(x0) and 0 < r ≤ r0

2
.

By repeatedly applying Lemma 2.21, we can obtain

r2−n

∫

Br(x)
|∇u|2 ≤ Cr2α, ∀ x ∈ B r0

2
(x0) and 0 < r ≤ r0

2

for some α ∈ (0, 1) depending only on ε0,M,N . Hence Lemma 2.1.10 implies u ∈
Cα(B r0

2
(x0), N) and x0 6∈ sing(u).

We now show Hn−2(sing(u)) = 0. By (2.24), we have for any δ > 0,

J :=

{

Br(x) | x ∈ sing(u), 0 < r < δ s.t. r2−n

∫

Br(x)
|∇u|2 ≥ ε20

}

forms an open cover of sing(u). By Vitali’s covering lemma (Evans-Gariepy [48])
there exist disjoint balls {Bri

(xi)}i∈I of J such that

sing(u) ⊆
⋃

i∈I

B5ri
(xi)
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so that

Hn−2
5δ (sing(u)) ≤

∑

i∈I

(5ri)
n−2 = 5n−2

∑

i∈I

rn−2
i

≤ 5n−2

ε20

∑

i∈I

∫

Bri
(xi)

|∇u|2 dx

=
5n−2

ε20

∫

∪
i∈I

Bri
(xi)

|∇u|2 dx

≤ C

∫

(sing(u))δ

|∇u|2 < +∞

where (sing(u))δ is δ-neighborhood of sing(u). Hence Hn−2(sing(u)) = 0 after tak-
ing δ → 0 . 2

The refined dimension estimate on sing(u) is based on both the compactness of
minimizing harmonic maps in W 1,2(Ω, N) and Federer’s dimension reduction argu-
ment. In order to establish the compactness property of minimizing harmonic maps,
we need an extension lemma, which was first proved by [171] and later by Luckhaus
[139] (The readers can also consult with the lecture note by Simon [187, 188]).

Lemma 2.2.9 For n ≥ 2, suppose u, v ∈ H1(Sn−1, N). Then for any ε ∈ (0, 1)
there is w ∈ H1(Sn−1 × [1 − ε, 1],RL) such that w|Sn−1×{1} = u, w|Sn−1×{1−ε} = v,

∫

Sn−1×[1−ε,1]
|∇w|2 dx ≤ Cε

∫

Sn−1

(

|∇Tu|2 + |∇T v|2
)

+Cε−1

∫

Sn−1

|u− v|2, (2.25)

and

dist2(w(x), N) ≤ Cε1−n

(∫

Sn−1

(

|∇Tu|2 + |∇T v|2
)

)
1
2

·
(
∫

Sn−1

|u− v|2
) 1

2

+ Cε−n

∫

Sn−1

|u− v|2 (2.26)

for a.e. x ∈ Sn−1 × [1 − ε, 1]. Here ∇T is the gradient on Sn−1.

We will not present the proofs of this lemma by [171] and [139], which are rather
delicate. Instead, we will present a proof of an extension lemma by Hardt-Lin [83],
in which N is assumed to be simply connected. More precisely, we have

Lemma 2.2.10 If Ω ⊂ R
n is a bounded C2 domain and N ⊂ R

L is simply connected
(i.e., π0(N) = π1(N) = 0), then any map η : ∂Ω → N belonging to H

1
2 (∂Ω,RL)

admits an extension ω ∈ H1(Ω, N). Moreover, for Ω = B ⊂ R
n and ξ ∈ R

L, ω may
be chosen to satisfy the estimate

∫

B

|∇ω|2 ≤ λ

∫

∂B

|∇η|2 dHn−1 + cλ−1

∫

∂B

|η − ξ|2 dHn−1 (2.27)

for any 0 < λ < 1, where the constant c depends only on n and N .
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The proof of Lemma 2.2.10 is based on the following lemma on the existence of
Lipschitz retraction maps.

Lemma 2.2.11 If N ⊂ R
L satisfies π0(N) = π1(N) = 0, then there exists a com-

pact (L − 1)-dimensional Lipschitz polyhedron X in R
L and a locally Lipschitz re-

traction map P : R
L \X → N so that

∫

BR

|∇P |2(y) < +∞ whenever 0 < R < +∞. (2.28)

Proof. See [83] for the details. We sketch it here. First choose a Lipschitz nearest
point projection Π : Nδ → N . Thus π0(Nδ) = π1(Nδ) = 0. Let X be the interior
(L − 3)- skeleton of SL \ Nδ for some Lipschitz triangulation of SL \ Nδ, using the
usual compactification SL = R

L ∪ {∞} and placing the point ∞ on the interior
of a L-simplex. Then there is a strong deformation retraction of (RL \X,Nδ) onto
(W ∪Nδ, Nδ) for some 2-dimensional Lipschitz complex W in R

L\Nδ. By Alexander
duality and Eilenberg extension theorem we can extend the identity map of Nδ

to W ∪ Nδ and hence R
L \ X. Denote such an extension map as Φ. Since the

constructions are piecewise linear, we can assume |∇Φ|(y) ≤ c
dist(y,X) for a constant

depending only on N . Now letting

P =

{

Π on Nδ

Π ◦ Φ on R
L \Nδ,

we find that
∫

BR

|∇P |2 ≤ [cLip(Π)]2
∫

BR

dist−2(y,X).

To see that the latter integral is finite, we may assume that X is an affine space of
dimension at most (L− 3), so that

∫

BR

dist−2(y,X)

is finite by Fubini’s theorem. 2

Proof of Lemma 2.2.10:
First let h ∈ C∞(Ω,RL) be an extension of ω such that h ∈ H1 ∩L∞(Ω,RL) (e.g. h
is a harmonic extension). However, the image of h may not be contained in N . To
correct this, we compose h with a suitable projection onto N .
Choose P : R

L\X → N as in Lemma 2.21, and let B ⊂ R
L be a large ball containing

N ∪X. For τ < min{δ,dist(N ∪X, ∂B)} and a point a ∈ Bτ = {y ∈ R
L | |y| < τ},

define

Ba = B + {a} and Xa = X + {a}
and the projection Pa : Ba \Xa → N by Pa(y) = P (y − a). For τ sufficiently small,

Λ = sup
a∈Bτ

Lip(Pa|N)−1
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is, by the inverse function theorem, a finite number depending only on N . Since h is
smooth on Ω, Sard’s theorem implies that Pa ◦ h ∈ H1(Ω, N) for almost all a ∈ Bτ .
Using Fubini’s theorem and (2.28), we infer that

∫

Bτ

∫

Ω
|∇(Pa ◦ h)|2 ≤

∫

Ω
|∇h|2(x)

(
∫

Bτ

|∇Pa|2 (h(x))

)

dxda

≤
∫

Ω
|∇h|2(x)

(∫

Bτ

|(∇P )(h(x) − a)|2
)

dadx

≤
∫

Ω
|∇h|2(x)

(∫

B

|∇P |2
)

dx

≤ C

∫

Ω
|∇h|2 < +∞,

where C depends on N . Thus we may choose a ∈ Bτ so that

∫

Ω
|∇(Pa ◦ h)|2 ≤ C|Bτ |−1

∫

Ω
|∇h|2 .

We conclude that

ω = (Pa|N)−1 ◦ Pa ◦ h ∈ H1(Ω, N) and ω|∂Ω = η.

To prove the second conclusion we assume that
∫

∂Ω |∇η|2 dHn−1 is finite and choose
h to be the harmonic extension of η. Then the conclusion follows from the following
lemmas.

Lemma 2.2.12 Suppose h ∈ W 1,2(B,RL) is a harmonic function. Then for any
λ ∈ (0, 1), ξ ∈ R

L, we have

∫

B

|∇h|2 ≤ C

[

λ

∫

∂B

|∇h|2 dHn−1 + λ−1

∫

∂B

|h− ξ|2 dHn−1

]

. (2.29)

Proof. Define

v(r, θ) =

{

ξ, 0 ≤ r ≤ 1 − λ
(r−(1−λ))

λ
h(1, θ) + 1−r

λ
ξ, 1 − λ ≤ r ≤ 1.

Since v(1, θ) = h(1, θ) and h is harmonic, we have

∫

B

|∇h|2 ≤
∫

B

|∇v|2

=

∫

B\B1−λ

(

|vr|2 +
1

r2
|∇θv|2

)

=

∫

B\B1−λ

( |h(1, θ) − ξ|2
λ2

+
1

r2
(
r − (1 − λ)

λ
)2|∇θh|2

)

≤ C

[

λ−1

∫

∂B

|h− ξ|2 dHn−1 + λ

∫

∂B

|∇θh|2 dHn−1

]

.
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This completes the proof. 2

As an immediate consequence of Lemma 2.2.9, we have the following compactness
result of minimizing harmonic maps, due to [171] and [140].

Lemma 2.2.13 Let ui ∈ W 1,2(Ω, N) be a sequence of minimizing harmonic maps.
If ui → u weakly in W 1,2(Ω, N), then ui → u strongly in W 1,2

loc (Ω, N) and u is a
minimizing harmonic map.

Proof. For any unit ball B1 ⊂⊂ Ω and a small λ ∈ (0, 1), let w ∈ H1(B,N) be
such that w = u on B1 \ B1−λ. By Fatou’s lemma and Fubini’s theorem, there is
ρ ∈ (1 − λ0, 1) such that

lim
i→∞

∫

∂Bρ

|ui − u|2 dHn−1 = 0,

∫

∂Bρ

(

|∇ui|2 + |∇w|2
)

dHn−1 ≤ C < +∞.

Applying Lemma 2.2.9 to ui and w, we conclude that there is vi ∈ H1(Bρ,R
L) such

that for suitable λi ↓ 0,

vi(x) =

{

w
(

x
1−λi

)

, |x| ≤ ρ(1 − λi)

ui(x), |x| = ρ,

∫

Bρ\Bρ(1−λi)

|∇vi|2

≤ C

[

λi

∫

∂Bρ

(

|∇ui|2 + |∇w|2
)

dHn−1 + λ−1
i

∫

∂Bρ

|ui − u|2 dHn−1

]

→ 0 as i→ ∞, (2.30)

and dist(vi, X) → 0 uniformly in Bρ \Bρ(1−λi) as i→ ∞. Define a comparison map
for ui by

wi =

{

w
(

x
1−λi

)

, |x| ≤ ρ(1 − λi)

ΠN (vi(x)) , ρ(1 − λi) ≤ |x| ≤ ρ.

Then by minimality and (2.30) we have
∫

Bρ

|∇u|2 ≤ lim
i→∞

∫

Bρ

|∇ui|2 ≤ lim
i→∞

∫

Bρ

|∇wi|2

= lim
i→∞

[

∫

Bρ(1−λi)

∣

∣

∣

∣

∇w
( ·

1 − λi

)∣

∣

∣

∣

2

+

∫

Bρ\Bρ(1−λi)

|∇ (ΠN (vi))|2
]

≤ lim
i→∞

[

(1 − λi)
n−2

∫

Bρ

|∇w|2 + CLip(ΠN )2
∫

Bρ\Bρ(1−λi)

|∇vi|2
]

≤
∫

Bρ

|∇w|2.

This implies both minimality of u and strong convergence of ui to u. 2
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Remark 2.2.14 (1) The extension Lemma 2.2.10 may fail if N is not simply con-
nected. For example, let Ω = B ⊂ R

3, N = S1 ⊂ R
2. Then

η(x1, x2, x3) =
(x1, x2)

|(x1, x2)|
for (x1, x2, x3) ∈ ∂B \ {(0, 0, 1), (0, 0,−1)}

does not have an extension in H1(B,S1).

(2) If N ⊂ R
L is simply connected, then for any Ω̃ ⊂⊂ Ω there exists C(Ω̃,Ω, N) de-

pending only on Ω̃,Ω and N such that any minimizing harmonic map u ∈ H 1(Ω, N)
satisfies the uniform energy estimate

∫

Ω̃
|∇u|2 ≤ C(Ω̃,Ω, N) (2.31)

(3) (2.31) may fail if N is not simply connected.

Proof. (1) By constructing an extension of η in H 1(B,R2) by giving u two point

singularities, one at (0, 0, 1) and one at (0, 0,−1), we see that η ∈ H
1
2 (∂B, S1). On

the other hand, there exists no extension of η in H 1(Ω, S1). For, otherwise, there
would exist an extension u ∈ H1(B,S1) of minimal energy. Then, by the interior and
boundary regualarity theorey to be presented below, the restriction to a horizontal
disk, u|B̄ ∩{x3 = a}, would be continuous for all but finitely many a ∈ (−1, 1). But
this is impossible because u|∂(B̄∩{x3=a}) is a homeomorphism.

(2) First we claim that for any λ ∈ (0, 1) and any ball B2R ⊂ Ω, it holds

R2−n

∫

BR

|∇u|2 ≤ C

[

λ(2R)2−n

∫

B2R

|∇u|2 + (2R)−n

∫

B2R

|u− u2R|2
]

, (2.32)

where u2R is the average of u over B2R.

In fact, by Fubini’s theorem there exists R1 ∈ (R, 2R) such that

R3−n
1

∫

∂BR1

|∇u|2 ≤ 2n(2R)2−n

∫

B2R

|∇u|2,

R1−n
1

∫

∂BR1

|u− u2R|2 dHn−1 ≤ 2n+1(2R)−n

∫

B2R

|u− u2R|2.

Applying Lemma 2.2.10 with Ω = BR1 and ξ = u2R, there is an extension w ∈
H1(BR1 , N) of u|∂BR1

such that

R2−n
1

∫

BR1

|∇w|2

≤ C

(

λR3−n
1

∫

∂BR1

|∇u|2 + λ−1R1−n
1

∫

∂BR1

|u− u2R|2 dHn−1

)

≤ C

(

λ(2R)2−n

∫

B2R

|∇u|2 + λ−1(2R)−n

∫

B2R

|u− u2R|2
)

.
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This, combined with the fact that
∫

BR1
|∇u|2 ≤

∫

BR1
|∇w|2 (since u is energy mini-

mizing), implies (2.32). It is well-known (see Giaquinta [65]) that iterations of (2.32)
implies

R2−n

∫

BR

|∇u|2 ≤ C(2R)−n

∫

B2R

|u− u2R|2 ≤ C(N) (2.33)

whenever B2R ⊂ Ω. For any subdomain Ω̃ ⊂⊂ Ω, we can apply simple covering
argument and (2.33) to obtain (2.31).
(3) Note that for j ≥ 1, uj(x1, · · · , xn) = (cos jx1, sin jx1) : B ⊂ R

n → S1 ⊂ R
2 are

minimizing harmonic maps that have unbounded energy on each subdomain. 2

2.3 Federer’s dimension reduction principle

In this section we will first present the dimension reduction principle, which was first
developed by Federer [54] in the study of area minimizing currents, of minimizing
harmonic maps by [171]. Then we will complete the proof of Theorem 2.2.4. Here
we follow the presentation by Simon [187, 188].
We begin with

Definition 2.3.1 Let u ∈ H1(Ω, N) be a minimizing harmonic map and x0 ∈
sing(u), a map φ ∈ H1

loc(R
n, N) is a tangent map of u at x0 if there exists ri ↓ 0

such that ux0,ri
(x) ≡ u(x0 + rix) ⇀ φ weakly in H1

loc(R
n, N).

We now collect some basic properties of tangent maps.

Proposition 2.3.2 Let u ∈ H1(Ω, N) be a minimizing harmonic map and φ ∈
H1

loc(R
n, N) be a tangent map of u at x0 ∈ sing(u). Then

(1) there exists ri ↓ 0 such that ux0,ri
→ φ in H1

loc(R
n, N) and φ is a minimizing

harmonic map.
(2) φ is homogeneous of degree zero and

0 < Θn−2(u, x0) = Θn−2(φ, 0)(= ρ2−n

∫

Bρ

|∇φ|2 ∀ρ > 0).

(3)
Θn−2(φ, 0) = max

x∈Rn
Θn−2(φ, x). (2.34)

(4)
S(φ) ≡

{

y ∈ R
n | Θn−2(φ, y) = Θn−2(φ, 0)

}

(2.35)

is a linear subspace in R
n. φ is invariant under composition with translation by

elements of S(φ).

Proof. (1) directly follows from Lemma 2.2.13. (2) follows from (1) and the mono-
tonicity formula (2.20).
For (3), note that the monotonicity formula (2.20) implies that for any R > 0 and
y ∈ R

n,

R2−n

∫

BR(y)
|∇φ|2 = Θn−2(φ, y) + 2

∫

BR(y)
r2−n
y | ∂φ

∂ry
|2,
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where ry(x) = |x− y| and ∂
∂ry

= (x−y)·∇
|x−y| . Now since BR(y) ⊂ BR+|y|(0), we have

R2−n

∫

BR(y)
|∇φ|2 ≤

(

1 +
|y|
R

)n−2
(

(R + |y|)2−n

∫

BR+|y|(0)
|∇φ|2

)

=

(

1 +
|y|
R

)n−2

Θn−2(φ, 0).

Thus letting R ↑ ∞, we get

Θn−2(φ, 0) ≥ Θn−2(φ, y) + 2

∫

Rn

r2−n
y | ∂φ

∂ry
|2, (2.36)

which implies (2.34) and (3). We can also see that equality holds in (2.36) only if
∂φ
∂ry

= 0 a.e., that is only if φ(y+ λx) = φ(y+ x) for any λ > 0 and x ∈ R
n. Since φ

is also homogeneous of degree zero, we have that for any x ∈ R
n and λ > 0,

φ(x) = φ(λx) = φ(y + (λx− y)) = φ(y + λ−2(λx− y))

= φ(λ(y + λ−2(λx− y))) = φ(x+ ty)

for any y ∈ S(φ), where t = λ−λ−1 is an arbitrary real number. In particular, φ is a
function that is independent of y-direction for any y ∈ S(φ). Combining this with the
fact that if z ∈ R

n and φ(x+z) = φ(x) for all x ∈ R
n, then Θn−2(φ, z) = Θn−2(φ, 0),

we conclude that S(φ) is a linear subspace and (4). 2

Since 0 is a singular point for a (minimizing) tangent map φ, we have S(φ)
is at most a (n − 1)-dimensional subspace of R

n. Moreover, since Θn−2(φ, z) =
Θn−2(φ, 0) > 0 for all z ∈ S(φ), S(φ) is a subset of sing(φ), the singular set of
φ. Since it is proved in Corollary 2.2.8 that Hn−2(sing(φ)) = 0, this yields that
dim(S(φ)) ≤ n− 3 for any tangent map φ.

Now for 0 ≤ j ≤ n− 3 we define a stratification of sing(u) as follows.

Sj(u) = {y ∈ sing(u) | dim(S(φ)) ≤ j for all tangent maps φ of u at y} .

Then we have

S0(u) ⊂ S1(u) ⊂ · · · ⊂ Sn−3(u) = sing(u). (2.37)

We now have a refined version, due to Almgren [4], of the dimension reduction
argument of Federer [54].

Lemma 2.3.3 For j = 0, · · · , n− 3, dimH(Sj(u)) ≤ j.

As an immediate consequence, we can now complete the proof of Theorem 2.2.4.

Corollary 2.3.4 For n ≥ 3, let u ∈ H1(Ω, N) be a minimizing harmonic map.
Then sing(u) has Hausdorff dimension at most (n− 3), and is discrete for n = 3.
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Proof. The first conclusion follows directly from Lemma 2.3.3. For the second
conclusion, we argue by contradiction. Suppose it were false. Then there exist {xi}
and x0 in sing(u) such that xi → x0. Set ri = |xi − x0| → 0. Define vi(x) =
u(x0 + rix) : B2 → N . Then we have

lim
i→∞

∫

B2

|∇vi|2 = lim
i→∞

(

r2−n
i

∫

B2ri
(x0)

|∇u|2
)

= 2n−2Θn−2(u, x0).

Hence by lemma 2.2.13 we may assume that vi → v in H1
loc(B2, N). By the mono-

tonicity formula (2.20), we have v(x) = v
(

x
|x|

)

a.e. in B2. Moreover, if

q = lim
i→∞

xi − x0

|xi − x0|
∈ Sn−1

then both 0 and q are singular points of v and H1(sing(v)) > 0, which is impossible.
2

The following fact plays an important role in the proof of Lemma 2.3.3.

Lemma 2.3.5 For each y ∈ Sj(u) and each δ > 0, there is an ε > 0 depending on
u, y, δ such that for each ρ ∈ (0, δ]

Dy,ρ

(

{x ∈ Bρ(y) | Θn−2(u, x) ≥ Θn−2(u, y) − ε}
)

⊂ the δ neighborhood of Ly,ρ

for some j-dimensional subspace Ly,ρ of R
n, where

Dy,ρ(x) = ρ−1(x− y), ∀x ∈ R
n.

Proof. If it were false. Then there are δ > 0 and y ∈ Sj(u) and ρk ↓ 0, εk ↓ 0 such
that

{x ∈ B1(0) | Θn−2(uy,ρk
, x) ≥ Θn−2(u, y) − εk} 6⊂ the δ neighborhood of L (2.38)

for any j-dimensional subspace L of R
n. But uy,ρk

→ φ, a tangent map of u at
y. Since y ∈ Sj(u), we have dim(S(φ)) ≤ j so there is a j-dimensional subspace
L0 ⊂ S(φ) and α > 0 such that

Θn−2(φ, x) < Θn−2(φ, 0) − α for all x ∈ B1(0) with dist(x,L0) ≥ δ. (2.39)

Then by the upper semicontinuity of Θn−2(·, ·) with respect to both arguments, we
must have, for all k sufficiently large, that

Θn−2(uy,ρk
, x) < Θn−2(φ, 0) − α for all x ∈ B1(0) with dist(x,L0) ≥ δ. (2.40)

But this precisely implies that for all k sufficiently large,

{x ∈ B1(0) | Θn−2(uy,ρk
, x) ≥ Θn−2(φ, 0) − α}

is contained in the δ-neighborhood of L0, which contradicts (2.38). 2
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Proof of Lemma 2.3.3:
First we decompose Sj(u) into subsets Sj,i, i ∈ {1, 2, · · · }, defined to be the set of
y ∈ Sj(u) such that the conclusion of Lemma 2.3.5 holds with ε = i−1. Then we
have Sj(u) = ∪i≥1Sj,i. Next for any integer q ≥ 1 we let

Sj,i,q =

{

x ∈ Sj,i : Θn−2(u, x) ∈ (
q − 1

i
,
q

i
]

}

so that Sj(u) = ∪i,qSj,i,q. For x ∈ Sj,i,q, we have that

Sj,i,q ⊂
{

x | Θn−2(u, x) ≥ Θn−2(u, y) − i−1
}

and hence by Lemma 2.3.5, for each ρ ≤ i−1

ηy,ρ (Sj,i,q ∩Bρ(y)) ⊂ the δ neighborhood of Ly,ρ (2.41)

for some j-dimensional subspace Ly,ρ of R
n.

We now recall that if L is a j-dimensional subspace of R
n and for each δ ∈ (0, 1

8)
we can find β = β(δ) with limδ→0 β(δ) = 0 and σ = σ(δ) ∈ (0, 1) such that for
each R > 0 a 2δR-neighborhood of L∩BR(0) can be covered by balls BδR(yk) with
centers yk ∈ L ∩BR(0), k = 1, · · · , Q such that Q(δR)j+β(δ) < 1

2R
j+β(δ).

Now the lemma follows by using successively finer covers of A by balls. For sim-
plicity assume A is bounded, we first take an initial cover of A by balls B ρ0

2
(yk)

with A ∩ B ρ0
2

(yk) 6= ∅, k = 1, · · · , Q, and let T0 = 1
2(ρ0

2 )j+β(δ). For each k pick

zk ∈ A ∩B ρ0
2

(yk). Then by (2.41) with ρ = ρ0 there is a j-dimensional affine space

Lk such that A ∩ Bρ0(zk) is contained in the δρ0-neighborhood of Lk. Note that
Lk ∩ B ρ0

2
(yk) is a j-dimensional disk of radius ≤ ρ0

2 , and so we can cover its δρ0-

neighborhood by balls B δρ0
2

(zj,l), l = 1, · · · , P such that P ( δρ0

2 )j+β(δ) ≤ 1
2(ρ0

2 )j+β(δ).

Thus A can be covered by balls B δρ0
2

(wl), l = 1, · · · ,M , so that M( δρ0

2 )j+β(δ) ≤ 1
2T0.

Iterating q-times we can find a cover of A by balls B δqρ0
2

(wk), k = 1, · · · , Rq, so that

Rq(
δqρ0

2 )j+β(δ) ≤ 2−qT0. Therefore we conclude that H j+β(δ)(A) = 0 and hence A
has Hausdorff dimension at most j. 2

It is not hard to see from this lemma that we have a useful criterion for showing
that the singular set is smaller (or empty) for minimizing maps into certain target
manifolds. More precisely,

Remark 2.3.6 Suppose 3 ≤ l ≤ n is the largest integer such that there doesn’t
exist any nontrivial weakly harmonic map φ ∈ H1(Sj−1, N) whose homogeneous of

degree zero extension φ̄(x) = φ
(

x
|x|

)

: R
j → N (for j = 3, · · · , l) is a minimizing

harmonic map. Then any minimizing harmonic map u ∈ H 1(Ω, N) has its singular
set S(u) of Hausdorff dimension at most n− l − 1.

Proof. By (2.37) and Lemma 2.3.3, it suffices to show that Sj(u) = Sn−l−1(u) for
any n− l ≤ j ≤ n− 3. For simplicity, let us just verify this for j = n− l. Suppose
that there is a x0 ∈ Sn−l(u) \ Sn−l−1(u). Then by the definition we have that there
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is a tangent map φ of u at x0 such that dim(S(φ)) = n − l. Assume S(φ) = R
n−l

and write the coordinate z = (x, y) ∈ R
n = R

n−l × R
l for x ∈ R

n−l and y ∈ R
l.

Then φ̂(y) ≡ φ(z)(= φ( y
|y|)) : R

l → N gives a nontrivial minimizing harmonic map
of homogeneous of degree zero, contradicting our assumption. 2

Using this criterion and some Liouville theorem on stable harmonic maps into
spheres, Schoen-Uhlenbeck [174] proved the following theorem, which has been ex-
tended to the class stable-stationary harmonic maps by Hong-Wang [98] and Lin-
Wang [132] very recently (see §3.4 below for details).

Theorem 2.3.7 For k ≥ 2, if u ∈ H1(Ω, Sk) is a minimizing harmonic map then
dimH(sing(u)) ≤ n− d(k) − 1, where

d(k) =











2 for k = 2

3 for k = 3

min{[k
2 ] + 1, 6} for k ≥ 4

with [t] denotes the greatest integer part of t.

2.4 Boundary regularity for minimizing harmonic maps

In this section, we will discuss the boundary regularity for minimizing harmonic maps
under the Dirichlet boundary value problem. In contrast with the interior regularity
problem, it has been proved by Schoen-Uhlenbeck [172] that for smooth boundary
data any minimizing harmonic map is completely smooth near the boundary. More
precisely,

Theorem 2.4.1 Let Ω ⊂ R
n be a bounded smooth domain and φ ∈ C∞(∂Ω, N) be

given. Suppose u ∈ H1(Ω, N) is a minimizing harmonic map with u = φ on ∂Ω.
Then there exists δ > 0 depending on ∂Ω, N , φ and u such that u ∈ C∞(Ωδ, N),
where Ωδ = {x ∈ Ω | dist(x, ∂Ω) ≤ δ}.

The approach is similar to [171]. There are four steps: (i) boundary ε0-regularity
theorem, (ii) boundary compactness theorem, (iii) boundary monotonicity inequal-
ity, and (iv) the non-existence of tangent maps at any boundary point.
Since the first two steps can be proved by suitable modifications of Lemma 2.2.7 and
lemma 2.2.13, we will state them without proof and indicate some details of proofs
for (iii) and (iv). We start with the derivation of boundary monotonicity inequality.

Lemma 2.4.2 For n ≥ 3, Ω ⊂ R
n a bounded C1 domain and φ ∈ Lip(Ωδ0 , N) for

some δ0 > 0, suppose u ∈ H1(Ω, N) is a minimizing harmonic map with u = φ on
∂Ω. Then there are R0 ∈ (0, δ0) and C0 > 0 depending on ∂Ω, φ, and N such that
for any 0 < r ≤ R ≤ R0 and x0 ∈ ∂Ω,

r2−n

∫

Br(x0)∩Ω
|∇u|2 +

∫

(BR(x0)\Br(x0))∩Ω
|y − x0|2−n

∣

∣

∣

∣

∂u

∂|y − x0|

∣

∣

∣

∣

2

≤ eC0RR2−n

∫

BR(x0)∩Ω
|∇u|2 +C0(R− r). (2.42)
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Proof. By translation and locally flatting the boundary, we may assume x0 = 0 and
Bδ0(0)∩Ω = B+

r (0) ≡ Bδ(0)∩ {xn ≥ 0}. For 0 < R < δ0, define v : B+
R (0) → R

L be
letting

v(x) = φ(x) + (u− φ)(
Rx

|x| ) for x ∈ B+
R (0),

then it is easy to check that v = φ on ∂B+
R (0)∩{xn = 0} and v = u on ∂B+

R(0)∩{xn >
0}. Moreover

dist(v(x), N) ≤ C‖φ‖LipR ≤ CR for x ∈ B+
R (0).

Therefore for R0 > 0 sufficiently small, v lies in the δ-neighborhood of N , where
ΠN : Nδ → N is the smooth nearest point projection, and û = ΠN ◦v is a comparison
map for u. Hence by the minimality we have

∫

B+
R (0)

|∇u|2 ≤
∫

B+
R(0)

|∇û|2

≤
(

1 +C‖(∇ΠN )(v(x))‖L2(B+
R (0))

)

∫

B+
R (0)

|∇v|2

≤ (1 + CΛR)

∫

B+
R(0)

∣

∣

∣

∣

∇
(

u(
Rx

|x| )
)∣

∣

∣

∣

2

+ CΛRn−1,

where Λ = ‖∇ΠN‖L∞(Nδ). By direct calculations, we have

∫

B+
R(0)

|∇(u(
Rx

|x| ))|
2 =

1

n− 2
R
d

dR

(

∫

B+
R(0)

|∇u|2
)

− 1

n− 2

∫

∂B+
R(0)∩{xn>0}

|∂u
∂r

|2 dHn−1. (2.43)

Putting these two inequalities together and integrating R yields (2.42). 2

Next we show that there is no minimizing tangent maps at the boundary.

Theorem 2.4.3 Any minimizing harmonic map u0 ∈ H1(B+, N) that is homoge-
neous of degree zero and that is constant on B ∩ {xn = 0} must be constant.

Proof. We follow the construction by Hardt-Lin [83]. We will consider the energy of
a comparison map obtained by homogeneous of degree zero extension from a point
(0, · · · , 0, α), where 0 < α < 1. We use spherical polar coordinates to represent
x ∈ ∂B ∩ {xn ≥ 0} by (ω, φ) ∈ Sn−2 × [0, π

2 ].
Let θ be the angle of Sn−1 with (0, · · · , 0, α). Then we have

θ = φ+ sin−1 (α sin θ) .

As the angle φ varies from 0 to π
2 , the angle θ varies from 0 to

Θ(α) = π − sin−1
(

(

1 + α2
)− 1

2

)

.
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The distance between x and (0, · · · , 0, α) is R(φ, α) =
[

(α− cosφ)2 + sin2 α
] 1

2 . The
comparison map is given by

vα(θ, ω) = u0(φ, ω) for θ ∈ [0,Θ] and ω ∈ Sn−2,

its energy E(α) equals

∫ Θ(α)

0

∫ R(φ,α)

0

∫

Sn−2

(

|∂vα

∂ω
|2 sin−2 θ + |∂vα

∂θ
|2
)

sinn−2 θrn−3 dωdrdθ

= (n− 2)−1

∫ Θ(α)

0

∫

Sn−2

(

|∂vα

∂ω
|2 sin−2 θ + |∂vα

∂θ
|2
)

sinn−2 θRn−2(φ, α) dωdθ.

Changing variables according to θ = θ(φ, α) : [0, π
2 ]× [0, 1) → [0,Θ(α)), E(α) equals

(n− 2)−1

∫ π
2

0

∫

Sn−2

(

|∂u0

∂ω
|2 sin−2 θ(φ, α) + |∂u0

∂φ
|2|∂φ
∂θ

|2
)

· sinn−2 θ(φ, α)Rn−2(φ, α)| ∂θ
∂φ

| dωdφ.

Since E(α) has a minimum at α = 0, we have I ′(0+) ≥ 0. To compute it, we use
the following facts:

R(φ, α)|α=0 = 1,
∂φ

∂α
|α=0 = sinφ,

∂θ

∂φ
|α=0 = 1 =

∂φ

∂θ
|α=0,

∂R

∂α
|α=0 = − cosφ,

∂2θ

∂φ∂α
|α=0 = cosφ,

∂2φ

∂θ∂α
|α=1 = − cosφ.

Letting e(u0) =
(

|∂u0
∂ω

|2 sin−2 φ+ |∂u0
∂φ

|2
)

sinn−2 φ, we conclude that

0 ≤ (n− 2)I ′(0+) = (n− 2)

∫ π
2

0
cosφ

∫

Sn−2

e(u0) dωdφ

−(n− 2)

∫ π
2

0
cosφ

∫

Sn−2

e(u0) dωdφ

+

∫ π
2

0
cosφ

∫

Sn−2

e(u0) dωdφ

−2

∫ π
2

0
cosφ

∫

Sn−2

e(u0) dωdφ

= −
∫ π

2

0
cosφ

∫

Sn−2

e(u0) dωdφ ≤ 0,

hence e(u0) = 0 for almost all (ω, φ) and u0 is a constant. 2

We now sketch briefly how to prove Theorem 2.4.1. First note that since ∂Ω ∈ C 1

implies that there are R0, C0 > 0 depending only on ∂Ω such that for any a ∈ ∂Ω,
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there is Ψa : R
n−1 → R with Ψ(0) = 0 = |∇Ψ(0)| and Lip(Ψa) ≤ C0 so that after

suitable rotation and translation of the coordinate system we have

Ω ∩BR0(a) =
{

x = (x′1, xn) ∈ Bn
R0

: xn < Ψa(x
′)
}

(≡ ΩΨa),

and

∂Ω ∩BR0(a) =
{

x = (x′1, xn) ∈ Bn
R0

: xn = Ψ(x′)
}

(≡ ∂ΩΨa ∩BR0).

Then it suffices to prove the boundary regularity for such a graphic domain.
Given a minimizing harmonic map u on ΩΨ with u|∂ΩΨ∩BR0

= φ(x′,Ψ(x′)), we
define an odd extension ũ of u to BR0 as follows.

ũ(x) =

{

u(x) − φ (x′,Ψ(x′)) for x ∈ ΩΨ,

− (u(x′,−xn + 2Ψ(x′)) − φ(x′,Ψ(x′))) for x ∈ BR0 \ ΩΨ.

Note that
∣

∣

∣

∣

r2−n

∫

Br

|∇ũ|2 − 2r2−n

∫

ΩΨ∩Br

|∇u|2
∣

∣

∣

∣

≤ C (Lipφ+ Lip(Ψ)) r2−n

∫

ΩΨ∩Br

|∇u|2.

For ũ, we have the following ε0-energy improvement lemma, which can be proved by
modifying the argument of Lemma 2.2.7 (see also [83]).

Lemma 2.4.4 There are positive constants ε, ν, and θ < 1 such that if Ψ is as in
above and u ∈ H1(ΩΨ, N) is a minimizing harmonic map, with u|B∩∂ΩΨ

= φ, and
∫

B1
|∇ũ|2 ≤ ε2, then

θ2−n

∫

Bθ

|∇ũ|2 ≤ 1

2
max

{∫

B1

|∇ũ|2 , ν (Lip φ+ Lip Ψ)

}

, (2.44)

By iterating this lemma, we then get the following consequence.

Corollary 2.4.5 Suppose that Ω ∈ C1, b ∈ ∂Ω, φ : ∂Ω → N is C1 near b. If R > 0
is small enough and u ∈ H1(Ω, N) is a minimizing harmonic map with u|∂Ω = φ
and R2−n

∫

B2R(b)∩Ω |∇u|2 ≤ ε2 then u ∈ Cα(Ω ∩BR(b), N) for some α ∈ (0, 1).

The final step for the full boundary regularity of minimizing harmonic maps is
to rule out any possible boundary tangent map. For any a ∈ ∂Ω and ri ↓ 0, define

ua,ri
(x) = u(a+ rix), x ∈ r−1

i (Ω \ {a}) → N.

Then (2.42) implies that after taking subsequences, ua,ri
→ Φ weakly inH1

loc(R
n
+, N).

Φ(x) = Φ( x
|x|) and Φ|∂Rn

+
= const. Moreover, a slight modification of Lemma 2.2.13

implies that ua,ri
converges to Φ strongly in H1

loc(R
n
+, N). Hence if a ∈ ∂Ω is a

singular point of u, i.e.

Θn−2
+ (u, a) = lim

r↓0
r2−n

∫

Br(a)∩Ω
|∇u|2 ≥ ε20
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then any tangent map Φ of u at a is a minimizing harmonic map on R
n
+, which

is homogeneous of degree zero and constant on ∂R
n
+. But this contradicts Lemma

2.4.3. Therefore Theorem 2.4.1 is proven. 2

Now we present an application (see [172]) of the regularity theorems we have
developed for minimizing harmonic maps.

Proposition 2.4.6 Suppose that N is compact without boundary. Any smooth map
v : S2 → N which does not extend continuously to B3 is homotopic to a sum of
smooth harmonic maps uj : S2 → N .

Proof. Since v is smooth, it is easy to see that v̄(x) = v
(

x
|x|

)

: B3 → N is an

extension of v of finite energy. Let u ∈ H1(B3, N) be a minimizing harmonic map
with u|∂B3 = v. Then by Theorems 2.2.4 and 2.4.1 we have that there are finite
points x1, · · · , xp (p ≥ 1) in B3 such that u ∈ C∞ (B \ {x1, · · · , xp}, N

)

. Moreover

each xj, 1 ≤ j ≤ p is associated with a minimizing tangent map φj

(

x
|x|

)

: R
3 → N ,

which is smooth when restricted to S2. This proves the required result. 2

To conclude this section, we add some remarks on minimizing harmonic maps
among various classes of maps between manifolds.

Remark 2.4.7 (a) White [210, 211] studied the minimization problem of Dirich-
let energy among homotopy classes between two Riemannian manifolds. Duzaar-
Kuwert [44] studied the minimization of conformally invariant energies in homotopy
class. Riviere [162] has studied minimizing 3-harmonic maps from S3 to S2 in the
class of fixed Hopf invariant. Lin [124] studied the minimization of Lp-energy in the
class of continuous maps.
(b) For 1 < p ≤ n, there have been extensive studies by many people on the partial
regularity theory of minimizing p-harmonic maps. We refer interested readers to the
articles by Hardt-Lin [83], and Fuchs [61].

2.5 Uniqueness of minimizing tangent maps

For a singular point x0 ∈M of a minimizing harmonic map u ∈ H1(M,N), it follows
from the previous section that for any ri → 0, there exists an energy minimizing map
φ ∈ H1

loc(R
n, N) such that after taking a possible subsequence, u(x0 + ri·) converges

to φ in H1
loc(R

n, N). Any such a φ is called a minimizing tangent map of u at x0.

Note that by the monotonicity formula (2.20), φ(x) = φ0

(

x
|x|

)

is homogeneous of

degree zero and φ0 : Sn−1 → N is a weakly harmonic map. A very important
question is whether a minimizing tangent map is unique, that is, depending on the
original map u and the point x0, but independent of the rescaling sequence ri → 0.
If x0 is an isolated singularity for u, then any minimizing tangent map φ of u at
x0 has 0 as its only singularity. Such uniqueness would imply that the difference
u(x) − φ(x− x0) is continuous and vanishes at x0.
In this section, we will present the following fundamental result by Simon [181] in
1983.
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Theorem 2.5.1 Suppose u : M → N is a minimizing harmonic map, N is real
analytic, and suppose that there is a minimizing tangent map φ of u at x0 ∈ sing(u)
with sing(φ) = {0}. Then φ is the unique minimizing tangent map of u at x0.

Proof. The original proof in [181] of this theorem was technically rich and interesting.
Here we outline a simpler, elegant proof by Simon [182]. A crucial ingredient in the
proof is an “Lojasiewcz type” inequality for the energy functional on the sphere
Sn−1, whose proof can be found in [181].

Lemma 2.5.2 Suppose N is real analytic and φ0 ∈ C∞(Sn−1, N) is a harmonic
map. Then there are α ∈ (0, 1) and δ > 0 depending on φ0, n, and N such that

|ESn−1 (ψ) −ESn−1 (φ0)|1−
α
2 ≤ ‖τSn−1(ψ)‖L2(Sn−1) (2.45)

for any ‖ψ − φ0‖C3(Sn−1) < δ, where

τSn−1(ψ) = ∆Sn−1ψ +A(ψ) (∇Sn−1ψ,∇Sn−1ψ)

is the tension field of ψ from Sn−1 to (N,h).

We now outline a proof of Theorem 2.5.1. For simplicity, assume M = Ω ⊂ R
n

and x0 = 0 ∈ Ω. First recall, by the definition of minimizing tangent map, that
there is a seqeuence ρi ↓ 0 such that the rescaled maps uρi

(≡ u(ρix)) converge in

H1 to φ(x) = φ0

(

x
|x|

)

. By the assumption, we have φ0 ∈ C∞(Sn−1, N) is a smooth

harmonic map. Thus for any η > 0 there is a sufficiently large j such that for ρ = ρj

we have
∫

B 3
2
\B 3

4

|uρ − φ|2 < η2. (2.46)

Denote ũ = uρ and keep this ρ fixed for the moment and small enough so that
B2ρ ⊂ Ω, so that ũ is defined on B2. Now since φ is smooth in B 3

2
\ B 3

4
, it is clear

that if Bσ(z) ⊂ B 3
2
\ B 3

4
then

σ−n

∫

Bσ(z)
|ũ− φ(z)|2 ≤ 2σ−n

∫

Bσ(z)

(

|ũ− φ|2 + |φ− φ(z)|2
)

≤ 2σ−nη2 + βσ2, (2.47)

where β > 0 is a fixed constant depending on φ but not depending on σ or ρ. Thus
if γ > 0 is given, then for small enough η, σ (depending only on n,N, φ, γ) we can
apply the ε-regularity theorem to u (see Theorem 2.2.4 and Lemma 2.2.13) on Bσ(z)
to deduce that ‖u−φ‖C3(Bσ(z)) ≤ γ. Thus we obtain for any given γ > 0 that there
exists η = η(γ, φ) > 0 such that

‖ũ− φ‖L2(B 3
2
\B 3

4
) < η ⇒ ‖ũ− φ‖C3(B 5

4
\B 7

8
) < γ. (2.48)

Therefore, by Lemma 2.5.2 we have
∣

∣

∣

∣

∫

Sn−1

(

|∇Sn−1 ũ|2 − |∇Sn−1φ|2
)

∣

∣

∣

∣

≤ C ‖τSn−1(ũ)‖
2

2−α

L2(Sn−1)
. (2.49)
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Now by the monotonicity identity (2.20) we have

2

∫

B1

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2

=

∫

B1

|∇ũ|2 − Θ(ũ, 0), (2.50)

where Θ(ũ, 0) = limr↓0 r2−n
∫

Br
|∇ũ|2 satisfies

Θ(ũ, 0) = Θ(u, x0) = Θ(φ, 0) =
1

n− 2

∫

Sn−1

|∇Sn−1φ|2 . (2.51)

Also, in proving (2.20) we actually showed that ũ satisfies

(n− 2)

∫

B1

|∇ũ|2 =

∫

Sn−1

(

|∇ũ|2 − 2|∂ũ
∂r

|2
)

≤
∫

Sn−1

|∇Sn−1 ũ|2 . (2.52)

Hence we obtain

2(n− 2)

∫

B1

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2

≤
∫

Sn−1

(

|∇Sn−1 ũ|2 − |∇Sn−1φ|2
)

. (2.53)

Writing out the harmonic map equation (1.8) for ũ in terms of spherical coordinates
r = |x|, ω = x

|x| gives

r1−n ∂

∂r

(

rn−1∂ũ

∂r

)

+ r−2τSn−1(ũ) +A(ũ)

(

∂ũ

∂r
,
∂ũ

∂r

)

= 0.

This, combined with (2.49) and (2.53), implies

(

∫

B1

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2
)2−α

≤ C

∫

Sn−1

(

∣

∣

∣

∣

∂

∂r
(rn−1∂ũ

∂r
)

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2
)

, (2.54)

provided that ‖ũ− φ‖L2(B 3
2
\B 3

4
) < η.

To handle the second order derivative term, we observe that the domain deformation
ũ ((1 + t)x) is again a harmonic map. Thus d

dt
|t=0ũ ((1 + t)x) = r ∂ũ

∂r
satisfies the

associated Jacobi field equation:

L
(

r
∂ũ

∂r

)

= 0,

where L is the linear elliptic operator

Lv = ∆v + 2A(ũ) (∇v,∇ũ) +
∂A(u)

∂u
|u=ũ(v) (∇ũ,∇ũ) = 0.

Now since ‖ũ− φ‖C3(B 5
4
\B 7

8
) ≤ γ(<< 1), we see that L has the form

L(v) = ∆v + b · ∇v + cv,

where |b|+|c| ≤ β in the domain Ω = B 5
4
\B 7

8
. By the gradient estimate for L(v) = 0

(see [72]), we have
sup

B 1
16

(z)
|∇v| ≤ C ‖v‖L2(B 1

8
(z))
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for any ball B 1
8
(z) ⊂ B 5

4
\B 7

8
. Thus by covering Sn−1 by a family of such balls B 1

32

we conclude

sup
Sn−1

∣

∣

∣

∣

∇(r
∂ũ

∂r
)

∣

∣

∣

∣

2

≤ C

∫

B 5
4
\B 7

8

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2

,

provided that ‖ũ− φ‖L2(B 3
2
\B 3

4
) < η. Therefore we obtain

(

∫

B1

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2
)2−α

≤ C

∫

B 3
2
\B 3

4

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2

,

provided that ‖ũ− φ‖L2(B 3
2
\B 3

4
) < η. By rescaling, we in fact deduce

(

∫

B σ
2

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2
)2−α

≤ C

∫

Bσ\B σ
2

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2

, (2.55)

for any σ ∈ (0, 1] such that σ−n‖ũ−φ‖2
L2(Bσ\B σ

2
) < η2, where C depends only on φ.

Let I(σ) =
∫

Bσ
r2−n

∣

∣

∂ũ
∂r

∣

∣

2
. Note that by (2.48) and (2.53) we have all I(σ) ≤ Cγ

so long as σ−n ‖ũ− φ‖2
L2(Bσ\B σ

2
) < η2, so that by making a smaller choice of γ

from the start if necessary, we can assume that I(σ) ≤ 1 for each σ such that
σ−n ‖ũ− φ‖2

L2(Bσ\B σ
2

) < η2. Next we note that

0 < a < b ≤ 1, α ∈ (0, 1), β > 0 and a2−α ≤ β (b− a) ⇒ aα−1 − bα−1 ≥ C, (2.56)

where C > 0 is a fixed constant determined only by α, β. This is easy to check by
calculus, considering separately the cases when b ≥ 2a and b < 2a. Note that by
applying (2.56) with b = I(σ) and a = I( σ

2 ) we have

I
(σ

2

)α−1
− I (σ)α−1 ≥ C, (2.57)

provided that σ−n ‖ũ− φ‖2
L2(Bσ\B σ

2
) < η2.

Now note that if we use ũ(σ) to denote the function on Sn−1 given by ũ(σ)(ω) =
ũ(σω), then we have

∫

Bρ2\Bρ1
|ũ− φ|2 =

∫ ρ2

ρ1
σn−1 ‖ũ(σ) − φ‖2

L2(Sn−1) dσ, hence (2.57)

holds if we require

‖ũ(ρ) − φ‖L2(Sn−1) < η, ∀ρ ∈
[σ

2
, σ
]

. (2.58)

Now let us suppose σ ∈ (0, 1
2 ] is given, take the unique integer k ≥ 1 such that

σ ∈ [2−k−1, 2−k), and assume

‖u(s) − φ‖L2(Sn−1) < η, ∀s ∈ [σ, 1]. (2.59)

Then we can apply (2.57) with σ = 2−l for l = 0, · · · , k to obtain, by summing over
l = 0, · · · , j,

I
(

2−j
)α−1 − I(1)α−1 ≥ Cj, j = 1, · · · , k.
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For any τ ∈
[

2−k, 2−1
]

there is an integer 2 ≤ j ≤ k such that τ ∈
[

2−j , 2−j+1
]

.
Hence this gives

I(τ) ≡
∫ τ

0
r

∥

∥

∥

∥

∂ũ

∂r

∥

∥

∥

∥

L2(Sn−1)

dr ≤ C

| log τ |1+β
, where β = (1 − α)−1 − 1 > 0, (2.60)

provided that (2.59) holds. Since I(τ) is a nonincreasing function of τ this then also
holds for τ ∈

[

σ, 2−k
]

with a different but fixed constant C and hence (2.60) holds
for all τ ∈ (σ, 2−1], provided again that (2.59) holds. Note that integration by parts
gives the general formula

∫ 1

σ

|log r|1+
β
2 rf(r) dr = |log r|1+

β
2

∫ r

0
sf(s) ds|1σ

+

(

1 +
β

2

)∫ 1

σ

r−1 |log r|
β
2

∫ r

0
sf(s) ds dr

and using this with f(s) =
∥

∥

∂ũ
∂r

(s)
∥

∥

L2(Sn−1)
, we obtain by virtue of (2.60) that

∫ 1

σ

|log r|1+
β
2 r

∥

∥

∥

∥

∂ũ

∂r

∥

∥

∥

∥

2

L2(Sn−1)

dr ≤ C

∫ 1

σ

r−1 |log r|
β
2 I(r) dr

≤ C

∫ 1

σ

1

r |log r|1+
β
2

dr ≤ C, (2.61)

provided that (2.59) holds. But then we have by the Cauchy-Schwarz inequality
that

‖ũ(σ) − ũ(τ)‖L2(Sn−1) ≤
∫ τ

σ

∥

∥

∥

∥

∂ũ

∂r

∥

∥

∥

∥

L2(Sn−1)

≤
(

∫ τ

σ

r| log r|1+ β
2

∥

∥

∥

∥

∂ũ

∂r

∥

∥

∥

∥

2

L2(Sn−1)

)
1
2

·
(
∫ τ

σ

r−1 |log r|−1−β
2

) 1
2

≤ C |log τ |−
β
2 (2.62)

for any 0 < σ ≤ τ ≤ 1
2 , provided that (2.59) holds.

Next note that by direct application of the Cauchy-Schwarz inequality

‖ũ(τ) − ũ(1)‖L2(Sn−1) ≤
∫ 1

τ

∥

∥

∥

∥

∂ũ

∂r

∥

∥

∥

∥

L2(Sn−1)

dr

≤
(∫ 1

τ

r−1 dr

)

1
2

(

∫

B1

r2−n

∣

∣

∣

∣

∂ũ

∂r

∣

∣

∣

∣

2
) 1

2

≡ |log τ | 12 ε,

where ε =
(

∫

B1
r2−n|∂ũ

∂r
|2
) 1

2
. This, combined with the triangle inequality, implies

that
‖ũ(τ) − φ‖L2(Sn−1) <

η

2
, ∀σ ≤ τ ≤ 1, (2.63)
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if

ε| log σ| 12 < η

4
and ‖ũ(1) − φ‖L2(Sn−1) <

η

4
. (2.64)

So now suppose (2.64) holds and choose τ ∈ (σ, 1
2 ) such that C| log τ |−β

2 < η
4 . Then

‖ũ(σ) − φ‖L2(Sn−1) ≤ ‖ũ(σ) − ũ(τ)‖L2(Sn−1) + ‖ũ(τ) − φ‖L2(Sn−1)

and hence by (2.62) and (2.63) we deduce that ‖ũ(σ) − φ‖L2(Sn−1) <
η
2 so long as

‖ũ(s) − φ‖L2(Sn−1) < η for s ∈ (σ, 1]. Clearly this show that ‖ũ(σ) − φ‖L2(Sn−1) <
η
2

for all σ ∈ (0, 1] provided only we can ensure that ε can be selected so that (2.64)
holds. However, ũ = uρj

, so by choosing ρ = ρj with j sufficiently large we can
ensure both inequalities in (2.64). Hence we can apply (2.62) with any σ, τ . Then
letting σ = σj such that ũ(σj) → φ, which we can do because φ is a minimizing
tangent map of ũ at 0, we then have

‖ũ(τ) − φ‖L2(Sn−1) ≤ C |log τ |−
β
2 , ∀τ ∈ (0,

1

2
],

which is the required asymptotic decay. 2

Remark 2.5.3 (i) The real analyticity of N plays a crucial role for the uniqueness
of minimizing tangent maps of a minimizing harmonic map at its isolated singular
points. White [209] constructed a Riemannian manifold N which is not real analytic
such that there exists an energy minimizing map into N that has infinitely many
tangent maps at its isolated singularity.

(ii) Gulliver-White [64] constructed a real analytic Riemannian manifold N and an
energy minimizing map u from M to N with an isolated singular point x0 ∈ M
with the property that the convergence of u to its tangent map at x0 has at most
logarithmic decay.

2.6 Integrability of Jacobi fields and its applications

In this section, we will show that the logarithmic decay in the previous section can
be improved to a positive power decay provided that Jacobi fields along minimizing
tangent maps are integrable. Applications of the integrability of Jacobi fields were
first made by Allard-Almgren [3] in the study of uniqueness of tangent cones to area
minimizing surfaces, and later were explored by Simon [183, 185, 186] in the study
of minimal submanifolds and minimizing harmonic maps. Here we follow §6 of the
article [183] closely, except that we only discuss minimizing harmonic maps and make
estimates on the punctured ball B \ {0} rather than the cylinder Sn−1 × [0,+∞),
similar to the treatment by Hardt-Lin-Wang [82] §10.3.

For simplicity, we assume M = B \ {0}, the punctured ball in R
n, or Sn−1 ⊂

R
n through this section. For a harmonic map φ ∈ C2(M,N), recall that ψ ∈

C2(M,φ∗TN) is called a Jacobi field along φ if it is a solution of the Jacobi field
equation:

Lφ(ψ) :=
d

ds
|s=0τ(φs) = 0 in M (2.65)
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where φs ∈ C1
(

(−1, 1), C2(M,N)
)

is a C1-family of deformation maps of φ such
that

φ0 = φ and
d

ds
|s=0φs = ψ.

Direct calculations imply that (2.65) can be written as

Lφ(ψ) ≡ ∆ψ + 2A(φ) (∇φ,∇ψ) + ∇φA(φ)(ψ) (∇φ,∇φ) = 0 in M. (2.66)

It is well-known that if φs ∈ C1
(

(−1, 1), C2(M,N)
)

is a family of harmonic

maps, then ψ = d
ds
|s=0φs ∈ C2(M,φ∗TN) is a Jacobi field along φ. The integrablity

of Jacobi fields says that the converse also holds. More precisely,

Definition 2.6.1 For a harmonic map φ ∈ C2(M,N), we say that the Jacobi field
equation (2.66) is integrable, if for any ψ ∈ C2(M,φ∗TN) of Lφψ = 0 there exists a
C1-family of smooth harmonic maps φs ∈ C1

(

(−1, 1), C2(M,N)
)

such that

lim
s→0

∥

∥

∥

∥

φs − φ

s
− ψ

∥

∥

∥

∥

C2(M)

= 0. (2.67)

We need the following remark (see [183] §6.1).
Remark 2.6.2 Suppose that N ⊂ R

L is real analytic and φ ∈ C2(Sn−1, N) is
harmonic such that the Jacobi field equation Lφψ = 0 is integrable. Then for
sufficiently small δ > 0, there is a real analytic embedding

Ψ : KerLφ ∩
{

h ∈ C2
(

Sn−1, φ∗TN
)

: ‖h‖C2(Sn−1) < δ
}

→ L2(Sn−1)

with its image M a k-dimensional real analytic manifold (k = dim KerLφ) contain-
ing all solutions

Sδ =

{

φ̂ ∈ C2
(

Sn−1, N
)

: τ(φ̂) = 0,
∥

∥

∥φ̂− φ
∥

∥

∥

C2(Sn−1)
<
δ

2

}

.

In particular, there is δ0 > 0 such that for any φ̃ ∈ Sδ0

Lφ̃ψ = 0 with ‖ψ‖C2(Sn−1) < δ0 ⇒ ∃φ̂ ∈ S2δ0 with φ̂− φ̃ = ψ + ξ

with ‖ξ‖C2(Sn−1) ≤ c ‖ψ‖2
C2(Sn−1) , (2.68)

where c > 0 depends only on φ, n,N . Moreover, we have

ESn−1(φ̃)

(

≡
∫

Sn−1

∣

∣

∣
∇φ̃
∣

∣

∣

2
dHn−1

)

= ESn−1(φ) ∀φ̃ ∈ Sδ0 . (2.69)

The main theorem of this section is the following theorem (see [183] §6, Theorem
6.6).

Theorem 2.6.3 Assume that N ⊂ R
L is real analytic and u ∈ C2(Bn \{0}, N) is a

minimizing harmonic map with an isolated singular point at 0. Let φ(x) = φ
(

x
|x|

)

∈
C∞ (Rn \ {0}, N) be a tangent map of u at 0 such that Lφψ = 0 is integrable. Then
there exist r0 > 0, C0 > 0 and α ∈ (0, 1) such that

∣

∣

∣

∣

u(x) − φ

(

x

|x|

)∣

∣

∣

∣

≤ C0 |x|α , ∀ |x| ≤ r0. (2.70)
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We start to indicate a proof of this theorem. First we define, for 0 < ρ < σ ≤ 1,
the weighted C2-norm

‖u‖σ,ρ := sup
ρ≤r≤σ

(

‖u‖L∞(∂Br) + r‖∇u‖L∞(∂Br) + r2‖∇2u‖L∞(∂Br)

)

.

For any given harmonic map φ ∈ C2(Sn−1, N), ε > 0 and 0 < λ < 1
2 , we consider

the class
Q(φ, ε, λ)

of all minimizing harmonic maps u : B → N such that sing(u) = {0} and

Θn−2(u, 0)

(

≡ lim
r↓0

r2−n

∫

Br

|∇u|2
)

=
ESn−1(φ)

n− 2
,

∥

∥

∥

∥

u(x) − φ

(

x

|x|

)∥

∥

∥

∥

1,λ3

≤ ε. (2.71)

For Q(φ, ε, λ), we have the extension property that corresponding to (iii) of [183]
§6.2.

Lemma 2.6.4 For any harmonic map φ ∈ C2(Sn−1, N), λ > 0 and µ > 0 there is
a positive ε̂ ∈ (0, 1) depending only on µ and φ such that

Q (φ, ε̂, λ) ⊂ Q (φ, 1, µλ) . (2.72)

Proof. The argument was implicitly contained in the previous section. For the
convenience of readers, we sketch it.

First note that if u ∈ Q(φ, ε̂, λ) then v(x) = u(8λ3x) ∈ Q
(

φ, ε̂, 1
2

)

. Hence if
we verify that v ∈ Q

(

φ, 1, µ
2

)

, then u ∈ Q(φ, 1, µλ). Thus we may assume that
λ = 1

2 . Suppose the conclusion were false. Then there exist a harmonic map
φ ∈ C2(Sn−1, N), µ ∈ (0, 1) and minimizing harmonic maps ui : B → N such that

ui ∈ Q
(

φ, εi,
1

2

)

\ Q
(

φ, 1,
µ

2

)

, with εi ↓ 0.

By the monotonicity formula (2.20) and Θn−2(ui, 0) = 1
n−2ESn−1(φ), we have

2

∫

B1

|x|2−n

∣

∣

∣

∣

∂ui

∂r

∣

∣

∣

∣

2

=

∫

B1

|∇ui|2 − Θn−2(ui, 0)

=

∫

B1

|∇ui|2 −
1

n− 2
ESn−1(φ)

≤
∫

B1

∣

∣

∣

∣

∇
(

ui(
x

|x| )
)∣

∣

∣

∣

2

− 1

n− 2
ESn−1(φ)

≤ 1

n− 2
(ESn−1(ui) −ESn−1(φ))

≤ C ‖ui − φ‖1,2−3 (2.73)

where we have used the fact that

∫

B1

|∇ui|2 ≤
∫

B1

∣

∣

∣

∣

∇
(

ui

(

x

|x|

))∣

∣

∣

∣

2

(since ui is energy minimizing),
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and
ESn−1(ui) −ESn−1(φ) ≤ C ‖ui − φ‖2

C2(Sn−1) , (2.74)

since ESn−1(·) is uniformly C2 in
{

v ∈ C2(Sn−1, N) : ‖v − φ‖C2(Sn−1) ≤ ε0

}

for some

sufficiently small ε0 > 0.
If we define ui(σ)(ω) = ui(σω) : Sn−1 → N then by the Cauchy-Schwarz in-

equality and (2.73)

‖ui(τ) − ui(1)‖L2(Sn−1) ≤
∫ 1

τ

∥

∥

∥

∥

∂ui

∂r

∥

∥

∥

∥

L2(Sn−1)

dr

≤
(
∫ 1

τ

dr

r

)

1
2

(

∫

B1

r2−n

∣

∣

∣

∣

∂ui

∂r

∣

∣

∣

∣

2
) 1

2

≤ |log τ | 12 ‖ui − φ‖1,2−3 ≤ |log τ | 12 εi.

This, combined with the triangle inequality, implies that for any η > 0, if i is

sufficiently large so that max
{

εi, εi
∣

∣log(µ
4 )
∣

∣

1
2

}

≤ η
4 then

‖ui(τ) − φ‖L2(Sn−1) ≤ ‖ui(1) − φ‖L2(Sn−1) + ‖ui(τ) − ui(1)‖L2(Sn−1)

≤ εi

(

1 + | log(
µ

4
)| 12
)

≤ η

2
for all

µ

4
≤ τ ≤ 1. (2.75)

Now, by the virtue of the regularity theory [171] as in the previous section, we
conclude that

‖ui − φ‖1, µ
2
≤ 1.

This contradicts the choices of ui. 2

Now we are ready to prove the following decay lemma (cf. also [82] Lemma 10.4
or [183] §II 6.4).

Lemma 2.6.5 For any positive λ ≤ λ0 = λ0(n), there exists a positive ε so that
if φ1 ∈ C2(Sn−1, N) is a harmonic map with ‖φ1 − φ‖C2(Sn−1) < ε, and if u ∈
Q (φ, ε, λ), then

∥

∥

∥

∥

u− φ2

(

x

|x|

)∥

∥

∥

∥

λ,λ3

≤ 1

2

∥

∥

∥

∥

u− φ1

(

x

|x|

)∥

∥

∥

∥

1,λ2

(2.76)

for some harmonic map φ2 ∈ C2(Sn−1, N).

Proof. We prove it by contradiction. Suppose that the lemma were false for some
λ ≤ λ0. Then there exist εi ↓ 0, harmonic maps {φi} ⊂ C2(Sn−1, N) with ‖φi −
φ‖C2(Sn−1) ≤ 1

i
, and {ui} ⊂ Q(φ, εi, λ), but

inf
{

‖ui − φ̃‖λ,λ3 : φ̃ ∈ C2(Sn−1, N), τ(φ̃) = 0
}

>
1

2
‖ui − φi‖1,λ2 . (2.77)

By Lemma 2.6.4, there is a sequence of Ri ↓ 0 so that

lim
i→0

∥

∥

∥

∥

ui − φi

(

x

|x|

)∥

∥

∥

∥

1,Ri

= 0. (2.78)
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Since ‖φi − φ‖C2(Sn−1) ≤ 1
i
, we have by (2.69) that for i sufficiently large,

ESn−1(φi) = ESn−1(φ).

Hence by (2.73) and (2.74), we have

∫

B1

|x|2−n

∣

∣

∣

∣

∂ui

∂r

∣

∣

∣

∣

2

≤ 1

2(n− 2)
(ESn−1(ui) −ESn−1(φ))

=
1

2(n− 2)
(ESn−1(ui) −ESn−1(φi))

≤ C ‖ui − φi‖2
1,λ2 . (2.79)

This, combined with Lemma 2.6.4 and (2.78), implies that for any R ∈ (0, 1)

‖ui − φi‖1,R ≤ C(R) ‖ui − φi‖1,λ2 . (2.80)

Now we set βi = ‖ui − φi‖1,λ2 , wi = β−1
i (ui − φi). Then, by (2.79) and (2.80), we

have

‖wi‖1,R ≤ C(R) for all 0 < R < 1,

∫

B1

|x|2−n

∣

∣

∣

∣

∂wi

∂r

∣

∣

∣

∣

2

≤ C < +∞ (2.81)

for all i. Therefore we may assume that wi → w in C2
loc(B1 \ {0}, N) with

‖w‖1,R ≤ C(R) for all 0 < R < 1,

∫

B1

|x|2−n

∣

∣

∣

∣

∂w

∂r

∣

∣

∣

∣

2

< +∞. (2.82)

Since by (2.78) βi → 0, we can check that w ∈ C2(B1 \ {0}, φ∗TN) is a Jacobi field
along φ( x

|x|) in B1 \ {0}. By using the polar coordinate, it is not hard to check that

w(r, ω) = w(rω) satisfies

1

rn−1

∂

∂r

(

rn−1∂w

∂r

)

+ r−2Lφ(w) = 0 in B1 \ {0}, (2.83)

where Lφ(w) is the Jacobi field equation 2.66 along φ on Sn−1.
Since Lφ is a self-adjoint, elliptic operator on Sn−1, there are real eigenvalues

λ1 ≤ λ2 ≤ · · · (λj → ∞ as j → ∞) and corresponding eigenfunctions {φj} ⊂
C2(Sn−1, φ∗TN) with (φi, φj)L2(Sn−1) = δij for all i, j such that any function v ∈
L2(Sn−1, φ∗TN) can be represented as v =

∑∞
j=1 cjφj , with cj real and

∑∞
j=1 c

2
j <

+∞.
For 0 < r < 1, define w(r)(ω) = w(rω) : Sn−1 → φ∗TN . Then we can represent

w(r) =

∞
∑

j=1

aj(r)φj

and substitute it into (2.83) so that for j ≥ 1,

a′′j (r) +
n− 1

r
a′j(r) −

λj

r2
aj(r) = 0, 0 < r < 1.
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Solving this ODE, we get aj(r) = rγj with

γj =
2 − n

2
±
√

(n− 2)2

4
+ λj.

Hence we have

w(x) =
∑

j∈J1

cjφj

(

x

|x|

)

|x|γj +
∑

j∈J3

(aj + bj ln |x|)φj

(

x

|x|

)

+
∑

j∈J2

(dj cos (βj ln |x|) + ej sin (βj ln |x|))φj

(

x

|x|

)

|x| 2−n
2 , (2.84)

where aj , bj , cj , dj , ej ∈ R and

J1 =

{

j : λj > −(n− 2)2

4

}

, J2 =

{

j : λj < −(n− 2)2

4

}

and βj = Imγj ,

and

J3 =

{

j : λj = −(n− 2)2

4

}

.

By the second inequality in (2.82), we conclude J2 = ∅ and bj = 0 (the coefficient
of ln |x|) for j ∈ J3 so that

w(x) =
∑

j∈J1

cjφj

(

x

|x|

)

|x|γj +
∑

j∈J3

ajφj

(

x

|x|

)

, x ∈ B1 \ {0}.

It is easy to see that ψ(ω) =
∑

j∈J3
ajφj(ω) is a Jacobi field along φ(ω) on Sn−1.

Moreover, note that

γj ≥ γ1 =
2 − n

2
+

√

(n− 2)2

4
+ λ1 for all j ∈ J1.

Hence if we define

S(x) ≡
∑

j∈J1

cjφj

(

x

|x|

)

|x|γj for x ∈ B1 \ {0}, (2.85)

then

‖S‖λ,λ3 ≤ λγ1‖S‖1,λ2 ≤ 1

5
‖S‖1,λ2 (2.86)

provided that we choose λ0 > 0 so that λγ1
0 = 1

5 .
Since wi → w in C2

loc(B1 \ {0}) and w(x) = S(x) + ψ, we conclude that for i
sufficiently large,

∥

∥

∥

∥

ui − φi

(

x

|x|

)

− βi

(

ψ(
x

|x| ) + S

)∥

∥

∥

∥

λ,λ3

<
1

8
βi. (2.87)

Now we apply Remark 2.6.2 to conclude that there are Jacobi fields ψi along φi (i.e.
Lφi

(ψi) = 0 on Sn−1) such that

lim
i→∞

‖ψi − ψ‖C2(Sn−1) = 0,
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and for i sufficiently large,

βiψi = φ̃i − φi + o(βi)

for some harmonic maps φ̃i ∈ C2(Sn−1, N). Therefore we obtain

∥

∥

∥

∥

ui − φ̃i

(

x

|x|

)∥

∥

∥

∥

λ,λ3

≤ ‖βiS‖λ,λ3 +
βi

4

≤ 1

5
‖βiS‖1,λ2 +

βi

4
≤ 1

2
βi

for i sufficiently large. This contradicts (2.77) and completes the proof. 2

It is clear that iterations of Lemma 2.6.5 yields the following theorem.

Theorem 2.6.6 There exist positive constants λ0, ε0, η, C, and µ depending only
on n, φ so that if 0 < λ ≤ λ0, 0 < ε ≤ ε0, φ ∈ C2(Sn−1, N) is a harmonic

map, u ∈ Q(φ, ε, λ), and
∥

∥

∥
u− φ

(

x
|x|

)∥

∥

∥

λ,λ2
< ηε, then there exists a harmonic map

φ̃ ∈ C2(Sn−1, N) such that

∥

∥

∥

∥

u(x) − φ̃

(

x

|x|

)∥

∥

∥

∥

C2(Sn−1)

≤ Cηε |x|µ . (2.88)

Proof. By induction on k, repeated applications of Lemma 2.6.5, we get a sequence
of harmonic maps {φk} ⊂ C2(Sn−1, N) such that

∥

∥

∥

∥

u(x) − φk+1

(

x

|x|

)∥

∥

∥

∥

λk+1,λk+3

≤ 1

2

∥

∥

∥

∥

u(x) − φk

(

x

|x|

)∥

∥

∥

∥

λk ,λk+2

,

and

‖φk+1 − φk‖C2(Sn−1) ≤ Cηε2−k.

Hence we deduce that (i) φk → φ̃ in C2(Sn−1) and (ii)

∥

∥

∥

∥

u(x) − φk

(

x

|x|

)∥

∥

∥

∥

λk,λk+2

≤ Cηε2−k.

Thus the conclusions of this theorem follow easily. 2

Proof of Theorem 2.6.3:
Note, since φ ∈ C∞(Rn \{0}, N) is a tangent map of u at 0, that for any ε > 0 there
is ρ0 > 0 such that

‖u(ρ0·) − φ(·)‖C2(B1\B 1
2
) ≤ ε.

Hence, by considering uρ0(x) = u(ρ0x), we may assume that there exists 0 < λ =
λ(ε, n) < 1 such that

‖u− φ‖1,λ3 ≤ ε. (2.89)
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Since also Θn−2(u, 0) = 1
n−2ESn−1(φ), it follows u ∈ Q(φ, ε, λ) and hence Theorem

2.6.3 follows from theorem 2.6.6. 2

It seems difficult to check the integrability criterion in higher dimensions. How-
ever, Gulliver-White [64] verified the integrability condition for harmonic maps from
S2 to any two dimensional Riemannian manifold N . Lemaire-Wood [115] verified
the integrability condition for harmonic maps from S2 to CP

2. More precisely, the
main theorem of [64] is

Theorem 2.6.7 If dim(N) = 2 and φ ∈ C2(S2, N) is a harmonic map, then the
Jacobi field equation Lφψ = 0 on S2 is integrable. In particular, if dim(M) = 3
and u : M → N is an energy minimizing map which is singular at x0 ∈ M , then
u converges to a unique tangent mapping u0 at x0 at a rate controlled by a positive
power of the distance ρ from x0.

In their important paper [19], Brezis-Coron-Lieb have classified all minimizing
tangent maps from R

3 to S2. More precisely, it was proved.

Theorem 2.6.8 Suppose φ ∈ C2(S2, S2) is a harmonic map such that φ
(

x
|x|

)

:

R
3 → S2 is a minimizing harmonic map. Then φ is the restriction on S2 of an

orthogonal rotation θ of R
3 .

Combining Theorems 2.6.8, 2.6.7 with Theorem 2.6.3, we immediately obtain
the following corollary.

Corollary 2.6.9 For any bounded domain Ω ⊂ R
3, let u : Ω → S2 be a minimizing

harmonic map which is singular at x0 ∈ Ω. Then there exist an orthogonal rotation
θ of R

3, C > 0, α ∈ (0, 1) and r0 > 0 such that

∣

∣

∣

∣

u(x0 + x) − θ

(

x

|x|

)∣

∣

∣

∣

≤ C |x|α for all |x| ≤ r0. (2.90)

To conclude this section, we would like to mention the very important work by
Simon [184] on the rectifiability of singular set of minimizing harmonic maps in
dimensions at least four. In dimensions ≥ 4, higher dimensional singularities may
occur for minimizing harmonic maps, and it is a great challenge to study their struc-
ture and asymptotics. In [184, 188] L. Simon has provided results on the uniqueness
of the minimizing tangent maps where the tangent object may be independent of
some variables and have an isolated singularity with respect to other variables (i.e.,
includes a whole line of singularities). Assuming a Jacobi-field integrability con-
dition and strict minimality condition, Simon [184, 188] has been able to extend
the analysis in §2.5 and §2.6 and proved the uniqueness results for such minimiz-
ing tangent maps. Furthermore, Simon [184] has proved the following remarkable
theorem.

Theorem 2.6.10 If u : M → N is minimizing harmonci map with N compact and
real analytic, then for each closed ball B ⊂ M , B ∩ sing(u) is the union of a finite
pairwise disjoint collection of locally (n− 3)-rectfiable locally compact sets.
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There are many new ideas in the proof of the above theorem in [184], and it is
beyond the scope of this book to outline them. Here we just briefly mention some
key steps. First, there is a new technical criteria for (n − 3)-rectifiability of a set
involving an alternative at each scale between being located near some (n−3)-plane
and having fixed size gaps. Second one reduces to consider singular points a at which
a tangent map φ depends on three vairable and sing(φ) = R

n−3. The analyticity
can be used to show that Θn−2(φ, 0) only takes finitely many values {α1, · · · , αl}.
It was shown that

sing(u)j =
{

x ∈ sing(u) |Θn−2 (φ, 0) ≥ αj

}

is locally (n− 3)-rectifiable. In the proof of this fact, Simon [184] introduced a gap
measure µ which is roughly a sum of Hn−3 restricted to the subset with no big gaps
and a weighted sum of pointed masses with significant gaps. Another powerful piece
of estimate is

∫

Tθρ

ψ ≤ C

(

∫

Tρ\Tθρ

ψ

) 1
2
−α

,

where

ψ =

∫

sing(u)j

|x− a|−n |(x− a) · ∇u(x)|2 dµ(a).

Here Tρ is the union of balls with radius ρ and centered in sing(u)j in which there
is an approximating (n − 3)-plane of small tilt contained in a δρ-neighborhood of
sing(u)j . The proof involves energy estimates, Lojaciewicz inequality, and L2 esti-
mate concerning u and its tangent map.

In a couple of special case, much can be said about the topology of the singular
set. For example, Hardt-Lin [85] have proved

Theorem 2.6.11 If u : B4 → S2 is a minimizing harmonic map with smooth
boundary data, then sing(u) consists of a finite set and finitely many Hölder contin-
uous closed curves with only finitely many crossings.

The proof of this theorem involves the Reifenberg topological disk lemma [159],
which involes two sides approximation of sing(u) by lines. The fact that sing(u) is
locally in a small neighborhood of some lines follows from the small energy regularity
theorem. The opposite fact that the approximating line is in a small neighborhood
of sing(u) is by a topological obstruction in the case M = B4 and N = S2.

Very recently, Lin-Wang [132] have been able to extend Theorem 2.6.11 to stable-
stationary harmonic maps from B5 to S3. More precisely, we have

Theorem 2.6.12 If u : B5 → S3 is a stable-stationary harmonic map with smooth
boundary data. Then sing(u) consists of a finite set and finitely many Hölder con-
tinuous closed curves with only finitely many crossings.



Chapter 3

Regularity of stationary

harmonic maps

In this chapter, we will present the regularity theorem of weakly harmonic maps
in dimension two, due to Hélein [90, 91, 92], and the partial regularity theorem of
stationary harmonic maps in higher dimensions, due to Evans [45] and Bethuel [11].
We will also present some optimal partial regularity theorems on stable-stationary
harmonic maps into spheres, due to Hong-Wang [98] and Lin-Wang [132]. The
interested readers can consult with the paper by Chang-Wang-Yang [24] for an
alternative proof of the main theorem in [45]. We would like to remark that Riviére
[161] has found a set of new conservation law for harmonic maps in dimensions
two and given a new proof of the main theorem in [92], subsequentially Riviére-
Struwe [163] have found simplifications and improvement on the regularity theory
of stationary harmonic maps by [11] in higher dimensions.

This chapter is organized as follows. In §3.1, we present the classical theorem
on weakly harmonic maps into regular balls by Hildebrandt-Kaul-Widman [95]. In
§3.2, we present the regularity of weakly harmonic maps by Hélein [90, 91, 92]. In
[93], Hélein has given a detailed account of his important works. In §3.3, we present
the partial regularity of stationary harmonic maps. In §3.4, we present some optimal
partial regularity for stable-stationary harmonic maps.

3.1 Weakly harmonic maps into regular balls

In this section, we will present the fundamental theorem, due to Hildebrandt-Kaul-
Widman [95], on the regularity of weakly harmonic maps whose images are contained
in any regular ball of N . The presentation here follows the book by Jost [102]
Chapter 4 closely. We begin with

Definition 3.1.1 For q ∈ N , let Br(q) = {p ∈ N : distN (p, q) ≤ r} be the geodesic
ball in N with center q and radius r, and let C(q) be the cut locus of q. We say
that Br(q) is a regular ball in N if

(i)
√
κr <

√
π

2 , where κ = max
{

0, supBr(q)K
N
}

,

(ii) C(q) ∩Br(q) = ∅.

49
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Note that by virtue of a theorem of Hadamard (cf. [63]), if N is simply connected
and KN ≤ 0, then each ball in N is a regular ball.

The crucial property of regular balls we need is the following proposition (see
[95] or [102]).

Proposition 3.1.2 For a regular ball Br(q) ⊂ N , we have dist2N (y, q) ∈ C2(Br(q))
is a strictly convex function, and any pair of points y1, y2 ∈ Br(q) can be connected
by a unique geodesic contained in Br(q) which contains no pair of conjugate points.

A main result of this section is the regularity theorem (cf. [95]).

Theorem 3.1.3 Let (M, g) be a compact Riemannian manifold without boundary
and Ω ⊂M be a domain. Let Br(p) ⊂ N be a regular ball and u ∈ H1(Ω, Br(p)) be
a weakly harmonic map. Then for any x0 ∈ Ω and δ > 0, there is ρ > 0 such that

oscBρ(x0)u ≤ δ,

where ρ depends only on δ, dist(x0, ∂Ω), the injectivity radius of Ω, M , and the
curvature bounds of N on Br(p). In particular, u is smooth in Ω.

To simplify the presentation, we assume that (M, g) = (Rn, dx2) and Ω ⊂ R
n

is a bounded domain. There are two critical steps. The first step is the following
lemma.

Lemma 3.1.4 Suppose that u : Ω → Y ⊂ N is a weakly harmonic map and f ∈
C2(Y ) is a strictly convex function on u(Ω). Then for any ε > 0 and 0 < R0 <
dist(x0, ∂Ω), there is R1 > 0 depending only on f and Ω such that for some R ∈
[R1, R0], we have

R2−n

∫

BR(x0)
|∇u|2 ≤ ε. (3.1)

Proof. Set h = f ◦ u. By the chain rule of harmonic maps (cf. [102]), there is λ > 0
depending only on f such that

∆h ≥ λ|∇u|2. (3.2)

Assume x0 = 0 ∈ Ω. Let

gρ(x) = min
{

|x|2−n − ρ2−n, (
ρ

2
)2−n − ρ2−n

}

on Bρ.

Then, since gρ = 0 on ∂Bρ and ∆gρ = 0 in Bρ \ B ρ
2
, we have

λ

∫

Bρ

|∇u|2gρ ≤
∫

Bρ

∆hgρ = −
∫

Bρ\B ρ
2

〈∇h,∇gρ〉

= −
∫

∂(Bρ\B ρ
2
)
h
∂gρ

∂ν

=
n− 2

ρn−1

∫

∂Bρ

h− n− 2

(ρ
2 )n−1

∫

∂B ρ
2

h. (3.3)
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Denote gi = gR0
2i

for all i ≥ 0. Then we have

|x|2−n ≤
(

R0

2i+1

)2−n

and gi ≥
(

1 − 22−n
)

|x|2−n on BR0
2i

\ B R0
2i+1

.

Thus we have

∫

BR0

|x|2−n|∇u|2 ≤ 2n−2
∞
∑

i=0

(

R0

2i

)2−n ∫

B R0
2i

\B R0
2i+1

|∇u|2

≤ cn

∞
∑

i=0

∫

B R0
2i

gi|∇u|2

where cn depends only on n. Therefore, applying (3.3), we have

∫

BR0

|x|2−n|∇u|2

≤ cn
λ

∞
∑

i=0











(

R0

2i

)1−n ∫

∂B R0
2i

h−
(

R0

2i+1

)1−n ∫

∂B R0
2i+1

h











≤ cn
λ
R0

1−n

∫

∂BR0

h ≤ c(n, λ)‖f‖L∞(Y ). (3.4)

Denote µi =
(

R0

2i

)1−n ∫

∂B R0
2i

h for all i ≥ 0. Then, since h is sub harmonic, µi ≥ µi+1

for all i ≥ 0. From (3.4), we have

∞
∑

i=0

(µi − µi+1) ≤ c(n, λ)‖f‖L∞(Y ) < +∞

so that limi→∞ (µi − µi+1) = 0. Therefore, for any ε > 0 there exists a sufficiently
large i0 = i0(ε) depending only on f and Ω such that µi0−µi0+1 ≤ ε. This, combined
with (3.3), implies that (3.1) holds with R1 = R0

2i0
. 2

Next we have

Lemma 3.1.5 Under the same assumptions as in Lemma 3.1.4, there exist R2 =
R2(ε) > 0 and R ∈ [R2(ε), R0] such that if B2R0(x0) ⊂ Ω, then

f(u(y)) ≤ f(ux0,R) + 4ε− cn

∫

BR(x0)
|x− y|2−n∇2f(u)(∇u,∇u)(x) dx, (3.5)

holds for all y ∈ BR(x0), where cn depends only on n, and ux0,R is given by

ux0,R =
1

|TR(x0)|

∫

TR(x0)
u, where TR(x0) = B2R(x0) \ BR(x0).
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Proof. Assume x0 = 0 and denote TR = TR(x0). Let η ∈ Lip(Ω) be such that
supp(η) ⊂ B2R, 0 ≤ η ≤ 1, η ≡ 1 on BR, and |∇η| ≤ CR−1. Fixed y ∈ BR

2
. For

small δ > 0, define gδ : B2R → R by

gδ(x) =

{

|x− y|2−n if |x− y| ≥ δ,

δ2−n if |x− y| ≤ δ.

Since ∆u ⊥ TuN in the distribution sense and ∇f(u)ηgδ ∈ TuN , we have
∫

B2R

∇(ηf(u)) · ∇gδ = −
∫

B2R

ηgδ∇2f(∇u,∇u) −
∫

B2R

gδ∇η · ∇(f(u))

+

∫

B2R

f(u)∇η · ∇gδ

= Iδ + IIδ + IIIδ. (3.6)

It is easy to see that the left hand side of (3.6) can be estimated by
∫

B2R

∇(ηf(u)) · ∇gδ =

∫

B2R\Bδ(y)
∇(ηf(u)) · ∇gδ

=

∫

∂(B2R\Bδ(y))
ηf(u)

∂gδ

∂ν

=

∫

∂Bδ(y)
ηf(u)

∂gδ

∂|x− y|

= −(n− 2)δ1−n

∫

∂Bδ(y)
ηf(u)

→ −(n− 2)ωnf(u(y)), as δ → 0, (3.7)

where ω = Hn−1(Sn−1) is the volume of the sphere Sn−1.
Note that since y ∈ BR

2
,

∫

TR

ηgδ∇2f(u)(∇u,∇u) ≤ CR2−n

∫

B2R

|∇u|2 ≤ ε

holds for some R, R1(ε) ≤ R < R0

(

= 1
2dist(x0, ∂Ω)

)

, whereR1(ε) is given by Lemma
3.1.4. Hence we have

lim
δ→0

Iδ = − lim
δ→0

{∫

BR

+

∫

TR

}

ηgδ∇2f(u)(∇u,∇u)

≥ −
∫

BR

η|x− y|2−n∇2f(u)(∇u,∇u) − ε. (3.8)

Since ∇η = 0 outside TR, it is easy to see

lim
δ→0

|IIδ| ≤ lim
δ→0

CR−1

∫

TR

gδ|∇u| ≤ CR1−n

∫

TR

|∇u|

≤ C

(

R2−n

∫

B2R

|∇u|2
) 1

2

≤ ε (3.9)
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for some R chosen as in above, where we have used the fact that

gδ(x) ≤
(

3R

2

)2−n

on TR,

since y ∈ BR
2
.

To estimate IIIδ, we write f(u) = f(uR) + (f(u) − f(uR)) and observe that

∫

B2R

∇η · ∇gδ =

∫

B2R\Bδ(y)
∇η · ∇gδ =

∫

∂Bδ(y)

∂gδ

∂|x− y| → −(n− 2)ωn,

as δ → 0. Hence we obtain

lim
δ→0

IIIδ ≤ −(n− 2)ωnf(uR) +

∫

TR

(f(u) − f(uR))∇|x− y|2−n · ∇η

≤ −(n− 2)ωnf(uR) + CR−n

∫

TR

|f(u) − f(uR)|

≤ −(n− 2)ωnf(uR) + C‖∇f‖L∞

(

R−n

∫

TR

|u− uR|2
)

1
2

≤ −(n− 2)ωnf(uR) + C

(

R2−n

∫

TR

|∇u|2
) 1

2

≤ −(n− 2)ωnf(uR) + ε, (3.10)

where we have used both Hölder inequality and Poincaré inequality.

Putting together (3.6), (3.7), (3.8), (3.9) and (3.10), we obtain (3.5). 2

Proof of Theorem 3.1.3:
Let

h0 = min

{

π

2r
√
κ
− 1, 1

}

and ε1 ∈ (0, 1) be such that

h1 =
π

2
√
κ
−
{

(1 − h0)
2r2 + ε1

}
1
2 > 0.

Let

h = min

{

2h1
√
κ

π
, h0

}

, and 0 < ε2 ≤ δ2.

Choose ε in Lemma 3.1.4 by

ε =
1

8
h(2 − h)min

{

ε1,
ε2
8

}

and let s be the smallest positive integer such that

(1 − h)2s <
ε2
8r2

.



54 CHAPTER 3. REGULARITY OF STATIONARY HARMONIC MAPS

Let’s start with R0 = 1
2dist(x0, ∂Ω) and p0 = p. Let c0 be the unique geodesic from

p0 to uR0 , and let p1 be the unique point in c0 such that

dist(p1, p0) = h0dist(ux0,R0 , p0).

Then for any q ∈ Br(p), we have

dist(q, p1) ≤ dist(q, p0) + dist(p1, p0) ≤ (1 + h0)r <
π

2
√
κ
.

Hence, by Proposition 3.1.2, dist2(q, p1) is strictly convex on Br(p). Then, by Lemma
3.1.4 and Lemma 3.1.5, we have that for any y ∈ BR1(x0), with 2R1 the radius
R ≤ R0 such that (3.5) holds, (3.5) implies

dist2 (u(y), p1) ≤ dist2 (ux0,R0 , p1) + 4ε

≤ (1 − h0)
2 sup

x∈B2R0
(x0)

dist2 (u(x), p1) + 4ε. (3.11)

Now we can iterate (3.11) as follows. Let j ∈ N, suppose that there are pi ∈ Br(p)
and radius Ri for i ≤ j − 1 with the property that for y ∈ BRi

(x0)

dist2 (u(y), pi) ≤ (1 − h0)
2 sup

x∈B2R0
(x0)

dist2 (u(x), p1) + ε21 (3.12)

and
dist2 (u(y), pi) ≤ (1 − h)2 sup

x∈B2Ri
(x0)

dist2 (u(x), pi−1) + 4ε. (3.13)

Then we want to show (3.12) and (3.13) hold for i = j and some pj ∈ Br(p) and
radius Rj.

First, by (3.12) we have

dist2 (u(y), pj−1) ≤
π

2
√
κ
− h1 for y ∈ BRj−1(x0).

Note that, since dist
(

ux0,Rj−1 , pj−1

)

< π
2
√

κ
, there exists a unique geodesic cj−1 ⊂

Br(p) from pj−1 to ux0,Rj−1 . Let pj ∈ cj−1 be the point such that

dist (pj , pj−1) = hdist
(

ux0,Rj−1 , pj−1

)

.

Then for y ∈ BRj−1(x0),

dist (u(y), pj) ≤ dist (u(y), pj−1) + dist (pj, pj−1)

≤
(

(1 − h0)
2r2 + ε1

)
1
2 + hr

≤ π

2
√
κ
− h1 + hr <

π

2
√
κ
.

Hence, dist (u(y), pj) is strictly convex on BRj−1(x0), and from (3.13) we have that

there is Rj ≤ Rj−1

2 such that for y ∈ BRj
(x0)

dist2 (u(y), pj) ≤ dist2 (u(y), pj−1) + 4ε

≤ (1 − h)2dist2
(

ux0,Rj−1 , pj−1

)

+ 4ε

≤ (1 − h)2 sup
x∈B2Rj

(x0)
dist2 (u(x), pj−1) + 4ε
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Thus (3.13) holds for i = j. Iterating (3.13), we obtain

sup
y∈BRj

(x0)
dist2 (u(y), pj) ≤ (1 − h)2j sup

BR0
(x0)

dist2 (u(y), p0) +
4ε

1 − (1 − h)2
.

For j ≥ 1, 1
1−(1−h)2

+ (1 − h)2j ≤ 2
h(2−h) . Thus we have

sup
y∈BRj

(x0)
dist2 (u(y), pj) ≤ (1 − h)2jr2 + min

{

ε1,
ε2
8

}

. (3.14)

In particular, (3.12) holds for i = j. Moreover, (3.14) implies

(

oscBRj
(x0)u

)2
≤ 4(1 − h)2jr2 +

ε2
2

≤ ε2

and hence oscBRj
(x0)u ≤ δ. Since δ > 0 is arbitrarily small, this implies that u is

continuous in Ω. Then by the hole filling argument similar to Chapter 2.1, we can
show u ∈ Cα(Ω, N) for some α ∈ (0, 1). Then by the bootstrap argument, we can
finally prove u ∈ C∞(Ω, N) (see also [102] Chapter 4.5). This completes the proof. 2

Weakly harmonic maps from a Riemannian manifold with boundary, with smooth
Dirichlet boundary data, into regular balls are also smooth near the boundary. In
fact, we have the following theorem, due to Giaquinta-Hildebrandt [68], whose proof
can also be found in [102] Theorem 4.7.1.

Theorem 3.1.6 Suppose u : Ω ⊂ M → Br(p) ⊂ N is a weakly harmonic map,
where Br(p) ⊂ N is a regular ball. Suppose ∂Ω is of class C 2, and the sectional
curvature |KM | ≤ Λ2 on Ω. For any given g(= u|∂Ω) ∈ C0(∂Ω, N), then for any
ε > 0 there is δ > 0, depending on ε, M,Λ,Ω, N and the modulus of continuity of
g, such that for any x0 ∈ ∂Ω,

dist (u(y), u(x0)) ≤ ε for y ∈ Bδ(x0) ∩ Ω. (3.15)

If g ∈ Cα(Ω, N) for some α ∈ (0, 1), then there β ∈ (0, 1) and cβ > 0 depending on
α, M,Λ,Ω, N and ‖g‖Cα such that for any x0 ∈ ∂Ω

dist (u(y), u(x0)) ≤ cβ|y − x0|β for y ∈ Bδ(x0) ∩ Ω. (3.16)

In particular, if ∂Ω is of class C∞ and g ∈ C∞(∂Ω, N), then u ∈ C∞(Ω, N).

Using both theorem 3.1.3 and 3.1.6, Hildebrandt-Kaul-Widman [95] have estab-
lished the existence of smooth harmonic maps with given boundary data contained
in a regular ball that admit an extension with finite energy. More precisely,

Theorem 3.1.7 Suppose that Br(p) ⊂ N is a regular ball and Ω ⊂M is a bounded
domain and g : Ω → Br(p) has finite energy. Then there exists a harmonic map
u ∈ C2,α(Ω, N) with u|∂Ω = g. Moreover, at ∂Ω, u is as regular as g and ∂Ω permit.

To prove this theorem, we first need the following maximum principle for mini-
mizing harmonic maps (cf. [102] Lemma 4.10.1).
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Lemma 3.1.8 Suppose that B0 and B1, B0 ⊂ B1, are closed subsets of N , and
π : B1 → B0 is a C1-retraction map such that

|∇π(v)| < |v| if 0 6= v ∈ TxN, x ∈ B1 \B0.

If h : Ω → B1 is an energy minimizing map with a given boundary value g : ∂Ω → B0,
then h(Ω) ⊂ B0.

Proof. Since π|B0 is the identity map, we have (π ◦ h)(Ω) ⊂ B0 and π ◦ h|∂Ω = h|∂Ω.
Hence the minimality of h implies

∫

Ω
|∇h|2 ≤

∫

Ω
|∇(π ◦ h)|2

=

∫

Ω1

|∇h|2 +

∫

Ω2

|∇π(h)|2|∇h|2

<

∫

Ω1

|∇h|2 +

∫

Ω2

|∇h|2 =

∫

Ω
|∇h|2

if Ω2 has positive Lebesgue measure, where Ω1 = {x ∈ Ω | h(x) ∈ B0} and
Ω2 = Ω \ Ω1. Therefore Ω2 must have zero Lebesgue measure and h(Ω) ⊂ B0.

2

Proof of Theorem 3.1.7:

Let r1 ∈
(

r, π
2
√

κ

)

be such that Br1(p) ⊂ N is also a regular ball. Consider

minv∈V

∫

Ω
|∇v|2, where V ≡

{

v ∈ H1(Ω, Br1(p)), v|∂Ω = g
}

.

By the direct method, there is a minimizing harmonic map u ∈ V .

Let B0 = Br(p) and B1 = Br1(p). Then B0 ⊂ B1. Moreover, there exists a
C1-retraction map π : B1 → B0 that is distance decreasing in B1 \ B0. Hence the
assumptions of Lemma 3.1.8 are satisfied. Therefore u(Ω) ⊂ B0. We claim that
u is a weakly harmonic map. In fact, since for any η ∈ C 1

0 (Ω,Rl) (l = dim(N))
(u+ tη)(Ω) ⊂ Br1(p) for |t| sufficiently small, we have

d

dt
|t=0

∫

Ω
|∇(u+ tη)|2 = 0.

Finally we can apply Theorems 3.1.3 and 3.1.6 to deduce both the interior and
boundary regularity of u. 2

Remark 3.1.9 If Br(p) ⊂ N is a regular ball, g ∈ C0(Ω, Br(p)) ∩ H1(Ω, Br(p)),
then there is a unique harmonic map u : Ω → Br(p) with u|∂Ω = g, which is also
a minimizing harmonic map. This is a consequence of the uniqueness theorem by
Jäger-Kaul [108].
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3.2 Weakly harmonic maps in dimension two

For domain dimension n = 1, the regularity of a weakly harmonic map is immediate
from the geodesic ODE. For n = 2, the problem is much more difficult. Here
the regularity was established for energy minimizers by Morrey [145] in 1948, for
conformal harmonic maps by Grüter [75] in 1981, for stationary harmonic maps
by Schoen [166] in 1983 and finally for general weakly harmonic maps by Hélein
[90, 91, 92] in 1991. In the section, we will present a proof of Hélein’s regularity
theorem. The interested readers should also consult with [93] where many powerful
analytic techniques were presented.

Theorem 3.2.1 For a Riemannian surface M with ∂M = ∅, if u ∈ H 1(M,N) is a
weakly harmonic map then u ∈ C∞(M,N).

Hélein [90] first discovered this theorem for a round spherical target manifold
N = SL−1 ⊂ R

L, in which he made a crucial observation that the nonlinearity
|∇u|2u exhibits a Jacobian determinant structure and hence belongs to the Hardy
space H1(R2) through earlier results by Coifman-Lions-Meyers-Semmes [35], a much
better space than the usual L1(R2). More precisely,

Lemma 3.2.2 Let Ω ⊂ R
n be a bounded domain. If u ∈ H1(Ω, SL−1) is a weakly

harmonic map, then for any 1 ≤ i, j ≤ L, V ij ≡ ∇uiuj − ∇ujui ∈ L2(Ω,Rn), is
divergenc free (i.e., div(V ij) = 0 in the distribution sense). Moreover, u satisfies

− ∆ui =

n
∑

j=1

∇uj · V ij , 1 ≤ i ≤ L. (3.17)

Proof. Since ∆u+ |∇u|2u = 0, direct calculations give

div(V ij) = div(∇uiuj −∇ujui) = ∆uiuj − ∆ujui

= |∇u|2ujui − |∇u|2uiuj = 0.

This implies V ij is divergence free. To see (3.17), observe that since |u|2 = 1, we
have

∑L
j=1 u

j∇uj = 0. Therefore we have

−∆ui = |∇u|2ui =
L
∑

j=1

∇uj · (ui∇uj)

=

L
∑

j=1

∇uj · (ui∇uj − uj∇ui) =

L
∑

j=1

∇uj · V ij.

This completes the proof. 2

Note that the right hand of (3.17) has a special structure, i.e., the product of
a curl free vector field and a div free vector field, and it belongs to H1, the Hardy
space, which we now define.
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Definition 3.2.3 A function f ∈ L1(Rn) belongs to the Hardy space H1(Rn) if

f∗(x) = sup
t>0

|(ηt ∗ f) (x)| ∈ L1(Rn), (3.18)

where η ∈ C∞
0 (Rn) is a function such that

∫

Rn η = 1, ηt(x) = t−nη
(

x
t

)

for t > 0,
and

(ηt ∗ f) (x) =

∫

Rn

ηt(x− y)f(y) dy =

∫

Rn

ηt(y)f(x− y) dy

is the convolution of f by ηt. We equip H1(Rn) with the norm

‖f‖H1(Rn) = ‖f‖L1(Rn) + ‖f∗‖L1(Rn). (3.19)

The following is the Hardy space analogue of Calderón-Zygmund Lp-theory [192]
(1 < p < +∞).

Theorem 3.2.4 For f ∈ H1(Rn), let φ ∈ L1(Rn) be a solution of

−∆φ = f in R
n.

Then ∇2φ ∈ L1(Rn) and
∥

∥∇2φ
∥

∥

L1(Rn)
≤ C ‖f‖H1(Rn) . (3.20)

We also have the following theorem due to [35].

Theorem 3.2.5 For 1 < p < +∞ and q = p
p−1 , suppose h ∈ W 1,p(Rn) and G ∈

Lq(Rn,Rn) is a divergence free vector field. Then the function f := ∇h·G ∈ H1(Rn).
Moreover, there exists a positive constant Cn depending only on n such that

‖f‖H1(Rn) ≤ Cn‖h‖W 1,p(Rn)‖G‖Lq(Rn). (3.21)

For the need of later development, we recall the definition of Lorentz spaces on
R

n (cf. [93, 198]).

Definition 3.2.6 Let Ω ⊂ R
n be an open subset, p ∈ (1,+∞), q ∈ [1,+∞]. The

Lorentz space L(p,q)(Ω) is the set of measurable functions f : Ω → R such that

‖f‖L(p,q)(Ω) =











(

∫ +∞
0 (t

1
p f∗(t))q dt

t

)
1
q

if 1 ≤ q < +∞
∥

∥

∥t
1
p f∗(t)

∥

∥

∥

L∞(0,+∞)
if q = +∞

is finite, where f ∗ : [0, |Ω|) → R denotes the nonincreasing rearrangement of |f | such
that

|{x ∈ Ω | |f(x)| ≥ s}| = |{t ∈ [0, |Ω|) | f ∗(t) ≥ s}| , ∀s ≥ 0.

For any p > 1, L(p,q) can be viewed as a deformation of Lp. In fact, there holds

L(p,p) = Lp, L(p,1) ⊂ L(p,q′) ⊂ L(p,q′′) ⊂ L(p,+∞) if 1 < q′ < q′′.

Moreover, for any p ∈ (1,+∞) and q ∈ [1,+∞] we have L
( p

p−1
,

q
q−1

)
is the dual of

L(p,q).
Now we have the following embedding theorem.
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Theorem 3.2.7 For n ≥ 2, W 1,1(Rn) is continuously embedded in L( n
n−1

,1)(Rn).

Proof. See [198] for more details. Here we sketch the proof from [93] (page 142-
143). Without loss of generality, assume f ∈ C∞

0 (Rn). Let f̂ be the nonincreasing
rearrangement of |f |. Then we have

f∗ (α(n)rn) = f̂(r), α(n) = Hn(B1).

Hence we have
∫

Rn

|∇f | ≥
∫

Rn

|∇f̂ |

=

∫ +∞

0

(

∫

Sn−1

−∂f̂
∂r
rn−1 dHn−1

)

dr

= −Hn−1(Sn−1)

∫ +∞

0
−∂f̂
∂r
rn−1 dr

= (n− 1)Hn−1(Sn−1)

∫ +∞

0
f̂(r)rn−2 dr

= (n− 1)α(n)
1
n

∫ +∞

0
t

n−1
n f∗(t)

dt

t

≥ C(n)‖f‖
L

( n
n−1 ,1)

(Rn)
.

This proves the lemma. 2

In order to present the proof of Theorem 3.2.1 for N = SL−1, we need one last
theorem.

Theorem 3.2.8 If f ∈ H1(R2) has compact support and ∇f ∈ L(2,1)(R2), then
f ∈ C0(R2).

Proof. Note that K(x) = 1
2π

log 1
|x| is the fundamental solution of the Laplacian

equation in R
2 i.e., −∆K = δ0 in R

2 in D′(R2). Its derivative

∇K(x) = − 1

2π

x

|x|2 , x ∈ R
2,

belongs to L(2,∞)(R2).

Let’s assume, in additions, f ∈ C∞
0 (R2). Then we have

f(x) =

∫

R2

δ0(x− y)f(y) dy

= −
∫

R2

∆K(x− y)f(y) dy

= −
∫

R2

∇K(x− y) · ∇f(y) dy (3.22)
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this implies that

‖f‖L∞(R2) ≤ sup
x∈R2

‖∇K(x− ·)‖L(2,∞)(R2) ‖∇f‖L(2,1)(R2)

≤ C ‖∇f‖L(2,1)(R2) . (3.23)

For any f ∈ H1(R2) with supp(f) compact and ∇f ∈ L(2,1)(R2), by the density
theorem we have that there are {fi} ⊂ C∞

0 (R2) with supports contained in a compact
set such that

lim
i→∞

(

‖fi − f‖H1(R2) + ‖∇(fi − f)‖L(2,1)(R2)

)

= 0.

Hence applying (3.23) with f replaced by fi − fj we have

‖fi − fj‖L∞(R2) ≤ C‖∇(fi − fj)‖L(2,1)(R2),

so that {fi} ⊂ L∞(R2) is a Cauchy sequence. In particular, f is a uniform limit of
a sequence of uniformly continuous functions in R

2 and hence f is continuous. 2

Proof of Theorem 3.2.1 for N = SL−1:
Since the regularity is a local property, we assume that M = B ⊂ R

2 is a unit ball.
For 1 ≤ i, j ≤ L, let V ij ∈ L2(B,R2) be the divergene free vector fields given by
lemma 3.2.2. Let û ∈ H1(R2,RL) be an extension of u such that ‖∇û‖L2(R2) ≤
C ‖∇u‖L2(B) , and V̂ ij ∈ L2(R2,R2) be an extension of V ij such that

div
(

V̂ ij
)

= 0,
∥

∥

∥
V̂ ij
∥

∥

∥

L2(R2)
≤ C

∥

∥V ij
∥

∥

L2(R2)
. (3.24)

The existence of such V̂ ij can be obtained as follows. Since div(V ij) = 0 on B, there
exists φ ∈ H1(B) such that

V ij =

(

∂φ

∂x2
,− ∂φ

∂x1

)

in B.

Let φ̂ ∈ H1(R2) be an extension of φ such that

∥

∥

∥
∇φ̂
∥

∥

∥

L2(R2)
≤ C ‖∇φ‖L2(B) .

Then V̂ ij ≡
(

∂φ̂
∂x2

,− ∂φ̂
∂x1

)

satisfies (3.24).

For 1 ≤ i ≤ L, let vi ∈ L1(R2) be a solution of

− ∆vi =

L
∑

j=1

∇ûj · V̂ ij in R
2. (3.25)
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By Theorem 3.2.5 and Theorem 3.2.4, we have that ∇2vi ∈ L1(R2) and

∥

∥∇2vi
∥

∥

L1(R2)
≤ C

L
∑

j=1

∥

∥

∥∇ûj · V̂ ij
∥

∥

∥

H1(R2)

≤ C
L
∑

j=1

∥

∥∇ûi
∥

∥

L2(R2)

∥

∥

∥
V̂ ij
∥

∥

∥

L2(R2)

≤ C

L
∑

j=1

∥

∥∇uj
∥

∥

L2(B)

∥

∥V ij
∥

∥

L2(B)
≤ C ‖∇u‖2

L2(B) .

Hence Theorem 3.2.7 implies that ∇vi ∈ L(2,1)(R2). Hence by Theorem 3.2.8 we
have vi ∈ C0

loc(R
2).

Let wi = ui − vi : B → R. Then it is readily seen that

∆wi = 0 in B

so that wi ∈ C0(B). This implies that u ∈ C0(B,SL−1) and hence u ∈ C∞(B,SL−1)
by the higher order regularity theory for harmonic maps. 2

It is clear that the symmetry of SL−1 plays an important role in the proof. For
general target manifolds N without symmetry, Hélein [92] has developed a moving
frame approach to the regularity issue of harmonic maps which we will present as
follows.

Since a harmonic map u : M → N is invariant under a totally geodesic, isomet-
rically embedding Φ : N → N̂ (i.e., û = Φ ◦ u : M → N̂ is harmonic), suitably
choosing N̂ and Φ can yield that the tangent bundle T N̂ |Φ(N) is trivial, so that

there exists an orthonormal tangent frame {ẽα} of N̂ on Φ(N). Hence êα = ẽα ◦ û,
1 ≤ α ≤ dim(N̂), is a moving frame along û. Because of this reduction, one can
always assume that there exists an orthonormal frame {ẽα}, 1 ≤ α ≤ k = dim(N),
of u∗TN , the pull back tangent bundle of N , such that

max
1≤α≤k

‖∇ẽα‖L2(M) ≤ C ‖∇u‖L2(M) . (3.26)

By suitably rotating this frame, one then obtains a Coulomb gauge frame of u∗TN .
More precisely, we have

Lemma 3.2.9 There exists an orthonormal frame {eα}, 1 ≤ α ≤ k, of u∗TN , such
that

div (〈∇eα, eβ〉) = 0 in M, 1 ≤ α, β ≤ k, (3.27)

and

max
1≤α≤k

∫

M

|∇eα|2 ≤ C

∫

M

|∇u|2 . (3.28)

Proof. Denote SO(k) ⊂ R
k×k as the special orthogonal group of order k, and define

H1(M,SO(k)) =
{

R ∈ H1(M,Rk×k) | Rt(x)R(x) = Ik, detR = 1 a.e. x
}

.
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For any R ∈ H1(M,SO(k)), let eα ≡∑k
β=1Rαβ ẽβ, 1 ≤ α ≤ k, be another orthonor-

mal frame of u∗TN , and define

E(R) =

k
∑

α,β=1

∫

M

|〈∇eα, eβ〉|2 .

Now we consider the minimization problem:

min
{

E(R) | R ∈ H1 (M,SO(k))
}

(3.29)

It was prove by [9] that E(R) is sequentially lower semicontinuous with respect to
weak convergence in H1(M,SO(k)) and there exists R ∈ H1(M,SO(k)) (see also
[93] page 173-176) such that

E(R) = min
{

E(R̂) | R̂ ∈ H1(M,SO(k))
}

.

By a simple comparison, we have E(R) ≤ E(Ik) so that

E(R) ≤
k
∑

α=1

∫

M

|∇ẽα|2 ≤ C

∫

M

|∇u|2.

Note that

∇eα =
k
∑

β=1

〈∇eα, eβ〉eβ + (∇eα)⊥,

where (∇eα)⊥ ∈ (TuN)⊥ denotes the normal component of ∇eα and can be esti-
mated by

∣

∣

∣(∇eα)⊥
∣

∣

∣ ≤ C|∇u|.

Hence we obtain (3.28). Direct computation of the first variational formula of E(R)
implies (3.27). 2

Now we are ready to present the elegant proof of Theorem 3.2.1 by [92].
Proof of Theorem 3.2.1 for general N :
Assume M = B2 ⊂ R

2 and
∫

B2

|∇u|2 ≤ ε20

for some small ε0 > 0 to be determined later. Let {eα}, 1 ≤ α ≤ k, be the
Coulomb gauge frame of u∗TN obtained by Lemma 3.2.9. For 1 ≤ α, β ≤ k, denote
ωαβ = 〈∇eα, eβ〉 as the connection of u∗TN . Since div(ωαβ) = 0 in B2, there is
φαβ ∈ H1(B2) such that

ωαβ =

(

∂φαβ

∂x2
,−∂φαβ

∂x1

)

in B2. (3.30)

Therefore we have

∆φαβ =

〈

∂eα
∂x1

,
∂eα
∂x2

〉

−
〈

∂eα
∂x2

,
∂eα
∂x1

〉

in B2. (3.31)
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Let ēα be an extension of eα to R
2 such that

‖∇ēα‖L2(R2) ≤ C ‖∇eα‖L2(B2) .

Then by Theorem 3.2.5 we have that
〈

∂ēα

∂x1
, ∂ēα

∂x2

〉

−
〈

∂ēα

∂x2
, ∂ēα

∂x1

〉

∈ H1(R2). Hence if

we let ψαβ ∈W 2,1(R2) solve

∆ψαβ =

〈

∂ēα
∂x1

,
∂ēα
∂x2

〉

−
〈

∂ēα
∂x2

,
∂ēα
∂x1

〉

,

then Theorems 3.2.4 and 3.2.7 imply that ∇ψαβ ∈ L(2,1)(R2) so that we can assume
that ∇φαβ ∈ L(2,1)(B2) (since ∆(φαβ −ψαβ) = 0 in B2) and hence ωαβ ∈ L(2,1)(B2)
with

‖ωαβ‖L(2,1)(B2) ≤ C ‖∇u‖L2(B2) ≤ Cε0. (3.32)

Now we use the complex notations. Let

z = x1 + ix2,
∂

∂z
=

∂

∂x1
− i

∂

∂x2
,
∂

∂z̄
=

∂

∂x1
+ i

∂

∂x2
,

and set

Aα =

〈

∂u

∂z
, eα

〉

, 1 ≤ α ≤ k,

ωβ
α =

〈

∂eα
∂z̄

, eβ

〉

, 1 ≤ α, β ≤ k.

Then the harmonic map Equation (1.8) for u can be written as

∂Aα

∂z̄
=

k
∑

β=1

ωα
βAβ, 1 ≤ α ≤ k. (3.33)

Putting

A =







A1

...
Ak






∈ C

k, ω =











0 ω1
2 · · · ω1

k

ω2
1 0 · · · ω2

k
...

...
. . .

...
ωk

1 ω2
k · · · 0











∈ SO(k) ⊗ C,

we can write (3.33) as
∂A
∂z̄

= ωA in B2. (3.34)

Note that by (3.32) we have that ω ∈ L(2,1)(B2,SO(k) ⊗ C) and extend ω to C by
taking the value 0 outside B2. Then we have

‖ω‖L(2,1)(R2) ≤ Cε0. (3.35)

We now define a linear operator T : L∞(C,Ck×k) → L∞(C,Ck×k) by

T (B)(z) ≡
(

(
1

πz
) ∗ (ωB)

)

(z) =

∫

C

ω(w)B(w)

π(z − w)
.
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Since 1
πz

∈ L(2,∞)(C), we can apply the duality between L(2,1)(C) and L(2,∞)(C) to
conclude that T maps L∞(C,Ck×k) continuously to itself, with the operator bound

‖T‖ ≤
∥

∥

∥

∥

1

πz

∥

∥

∥

∥

L(2,∞)(C)

‖ω‖L(2,1)(C) ≤ Cε0 <
1

2
(3.36)

provided that ε0 is chosen to be sufficiently small.

It is easy to see that ∂
∂z̄

(T (B)) = ωB. Hence any solution B of (3.34) is also a
solution of

B − T (B) = h, (3.37)

where h : C → C
k×k is a holomorphic function. Using a fixed point argument, we

can conclude that for h = Ik, the identity matrix of order k, (3.37) has a unique
solution B ∈ L∞(C,Ck×k) such that

‖B − Ik‖L∞(C) <
1

2
.

In particular, B takes values in the nonsingular matrices, GL(k,C). Furthermore, it
is easy to see that B is also a solution of (3.34).

Let B−1 be the inverse matrix of B. Then it follows from (3.33) and (3.34) that
we have

∂

∂z̄

(

B−1A
)

=
∂B−1

∂z̄
A + B−1∂A

∂z̄
= −B−1(ω − ω)A = 0 in B2,

where we have used the fact that

∂B−1

∂z̄
= −B−1∂B

∂z̄
B−1 = −B−1ω.

Hence B−1A is holomorphic in B2 and is locally bounded. This implies that A is
locally bounded in B2, i.e. u is locally Lipschitz. Therefore ∆u ∈ L∞

loc(B
2). By the

Lp-theory and the Sobolev embedding theorem, we then have u ∈ C 1,δ(B2) for some
0 < δ < 1. By virture of higher order regularity theory, we have u ∈ C∞(B2, N). 2

Remark 3.2.10 For a Riemannian surface M with boundary ∂M , the boundary
regularity of weakly harmonic maps under Dirichlet boundary data has been proved
by Qing [156].

3.3 Stationary harmonic maps in higher dimensions

Weakly harmonic maps into manifolds whose sectional curvatures are either positve
or changing signs can have wild behaviors in higher dimensions (n ≥ 3). An example
constructed by Riviére [160] shows that there exists a weakly harmonic map from
B3 to S2 which is singular everywhere in B3. On the other hand, there have been
several important partial regularity theorems, due to Evans [45] and Bethuel [11], on
the class of stationary harmonic maps. In this section, we will present these results.
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Definition 3.3.1 A weakly harmonic map u ∈W 1,2(M,N) is stationary harmonic
map, if it is a critical point of E with respect to the domain variations, i.e., for any
family of differeomorphisms Ft ∈ C1(M × [−1, 1],M) with F0(x) = x for x ∈M and
Ft(x) = x for any x ∈ ∂M and t ∈ [−1, 1], we have

d

dt
|t=0

∫

M

|∇ (u ◦ Ft)|2g dvg = 0. (3.38)

Note that the differeomorphisms Ft take the form Ft = etX , where X is a smooth
tangent vector field with compact support on M . Write E(u = Eg(u) to indicate
the role of the metric g. Then it is easy to see that, by a change of variables, we
have

Eg(u ◦ Ft) = EF ∗
t g(u),

where F ∗
t g is the pull-back of the metric g by Ft. By direct computation, we have

E(M,Ft∗g)(u) = E(M,g)(u) + t

∫

M

(

LXg
ij
)

Sij(u) dvg + o(t), (3.39)

where

Sij(u) :=
1

2
|∇u|2 gij −

〈

∂u

∂xi
,
∂u

∂xj

〉

,

is called the stress-energy tensor, and LX is the Lie derivative in the direction of X.
Since (Sij(u)) is symmetric, we have

(

2gik∇ ∂
∂xk

Xj + LXg
ij

)

Sij(u) = 0.

Hence, by integration by parts, we obtain the following stationarity identity.

Proposition 3.3.2 A map u ∈ W 1,2(M,N) is stationary harmonic map iff Sij(u)
is covariantly divergence free, i.e.,

∇i

(

gikSkj(u)
)

= 0, ∀1 ≤ j ≤ n. (3.40)

Remark 3.3.3 (i) If M = Ω ⊂ R
n and g is the Euclidean metric, then, since the

covariant derivative becomes the ordinary derivative, the stationarity identity (3.40
becomes a system of n conservation laws:

∑

1≤i≤n

∂Sij(u)

∂xi
= 0, 1 ≤ j ≤ n

in the sense of distributions. Namely,

∫

Ω

{

|∇u|2div(Y ) − 2 〈ui, uj〉 Y j
i

}

dx = 0, for all Y ∈ C1
0 (Ω,Rn) . (3.41)
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(ii) if n = 2 then (Sij(u)) is trace free. Moreover, if z = x1 + ix2 is a local,
conformal coordinate on M , then we can identify Sij(u) with the quadratic form
S := Sij(u) dxi dxj so that

−2S = Re

{(

| ∂u
∂x1

|2 − | ∂u
∂x2

|2 − 2i〈 ∂u
∂x1

,
∂u

∂x2
〉
)}

= 4ReH

where H is the Hopf differential of u given by

H = h

(

∂u

∂z
,
∂u

∂z

)

dz2.

In particular, u is a conformal map iff S = 0.

A very important property of stationary harmonic maps in dimension two is the
following fact.

Proposition 3.3.4 If u ∈ W 1,2(M2, N) is a stationary harmonic map, then its
Hopf differential H is holomorphic and hence smooth.

Proof. For simplicity, assume (M 2, g) = (Ω, g0) with Ω ⊂ R
2 a bounded domain and

g0 the Euclidean metric. For φ ∈ C1
0 (Ω), letting Y (x, y) = (φ(x, y), 0) and pluging

it into (3.41), we obtain

∫

Ω

((

|uy|2 − |ux|2
)

φx − 2 〈ux, uy〉φy

)

dxdy = 0.

Similarly, choosing Y (x, y) = (0, ψ(x, y)) for ψ ∈ C 1
0 (Ω), we get

∫

Ω

((

|ux|2 − |uy|2
)

ψy − 2 〈ux, uy〉ψx

)

dxdy = 0.

These two identities imply that
(

|ux|2 − |uy|2
)

− 2i 〈ux, uy〉 satisfies the Cauchy-
Riemann equation in the distribution sense. Hence, by Weyl’s lemma [145], H is
holomorphic and hence smooth. 2

Corollary 3.3.5 If u ∈ W 1,2(S2, N) is a stationary harmonic map, then u is con-
formal, i.e., |ux|2 − |uy|2 ≡ 〈ux, uy〉 ≡ 0 where (x, y) is a local conformal coordinate
on S2.

Proof. Let Π : S2 → R2 be the stereographic projection map, and v = u ◦ Π−1 :
R

2 → N . Then v ∈ W 1,2(R2, N) is also a stationary harmonic map. Hence
H(z) = (|vx|2 − |vy|2) − 2i〈vx, vy〉 ∈ L1(R2) is holomorphic. By the Liouville theo-
rem, we conclude H ≡ 0. This implies that v, and hence u, is a conformal map. 2

For n ≥ 3, we have the following monotonicity formula for stationary harmonic
maps derived by Price [155].
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Proposition 3.3.6 For n ≥ 3 and Ω ⊂ R
n, if u ∈ W 1,2(Ω, N) is a stationary

harmonic map, then for x ∈ Ω and 0 < r ≤ R < dist(x, ∂Ω), it holds

R2−n

∫

BR(x)
|∇u|2 − r2−n

∫

Br(x)
|∇u|2

= 2

∫

BR(x)\Br(x)
|y − x|2−n

∣

∣

∣

∣

∂u

∂|y − x|

∣

∣

∣

∣

2

. (3.42)

Proof. Assume x = 0. Let ηε = ηε(|x|) ∈ C∞
0 (Br) be such that ηε = 1 for |x| ≤

r(1 − ε). Let Y (x) = ηε(x)x, we have

Y j
i (x) = ηε(|x|)δij + η′ε(|x|)

xixj

|x| ,

divY = nηε(|x|) + η′ε(|x|)|x|.
Hence by (3.41), we have

∫

Br

|∇u|2
(

(n− 2)ηε(|x|) + 2η′ε(|x|)|x|
)

= 2

∫

Br

η′ε(|x|)|x|
∣

∣

∣

∣

∂u

∂r

∣

∣

∣

∣

2

.

Sending ε to 0, this implies

(2 − n)

∫

Br

|∇u|2 + r

∫

∂Br

|∇u|2 = 2r

∫

∂Br

∣

∣

∣

∣

∂u

∂r

∣

∣

∣

∣

2

,

or equivalently,
d

dr

(

r2−n

∫

Br

|∇u|2
)

= 2r2−n

∫

∂Br

|∂u
∂r

|2.

Integrating it from r to R leads to (3.42). 2

Remark 3.3.7 (i) It is clear that

{ minimizing harmonic maps } ⊂
6=
{ stationary harmonic maps } .

By [19], if g(z) = z2 : S2 ∼ C2 → S2 and u(x) = g( x
|x|) : R

3 → S2, then u is a
stationary, non-minimizing harmonic map.
(ii) Any C2-harmonic map u : M → N is a stationary harmonic map.

Proof. For (ii), assume M = Ω ⊂ R
n. For Y ∈ C1

0 (Ω,Rn), multiplying (1.8) by
Y · ∇u and integrating over Ω, we have by integration by parts

0 =

∫

Ω
〈∆u, Y · ∇u〉 dx

=

∫

Ω

(

div(〈∇u, Y · ∇u〉) − 〈ui, uj〉Y j
i − 〈ui, uji〉Y j

)

dx

= −
∫

Ω
〈ui, uj〉Y j

i dx−
∫

Ω

( |∇u|2
2

)

j

Y j dx

=
1

2

∫

Ω
|∇u|2divY dx−

∫

Ω
〈ui, uj〉 Y j

i dx.
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This yields (3.41) and hence u is stationary harmonic map. 2

For stationary harmonic maps, we have the following partial regularity theorem.

Theorem 3.3.8 For n ≥ 3, if u ∈W 1,2(M,N) is a stationary harmonic map, then
Hn−2(sing(u)) = 0 and u ∈ C∞(M \ sing(u), N).

Remark 3.3.9 Theorem 3.3.8 was first proved by Evans [45] for N = SL−1 ⊆ R
L

and then by Bethuel [11] for any Riemannian manifold N ⊆ R
L. An alternative

simpler proof of the main theorem of [45] was found by Chang-Wang-Yang [24].
Very recently, Riviére-Struwe [163] have improved [11].

In this section, we will present the proofs by [45] and [11]. First, introduce the
Morrey space M p,n−p for 1 ≤ p ≤ n.

Definition 3.3.10 For 1 ≤ p ≤ n and an open subset U ⊂ Ω, a function f ∈ Lp(U)
belongs to the Morrey space, M p,n−p(U), if

‖f‖p

Mp,n−p(U)
:= sup

Br(x)⊂U

{

rp−n

∫

Br(x)
|f |p

}

< +∞.

It is clear that M p,n−p(U) equipped with the norm ‖ · ‖Mp,n−p(U) is a Banach space.

Note that Ln(U) = Mn,0(U) ⊂ Mp,n−p(U) for any 1 ≤ p < n. On the other
hand, from the point of view of scalings a function in M p,n−p(U) behaves exactly
like a function in Ln(U).

We also need to introduce BMO spaces.

Definition 3.3.11 For any open subset U ⊂ R
n, a function f ∈ L1

loc(U) belongs to
the BMO space, BMO(U), if

[f ]BMO(U) := sup
Br(x)⊂U

{

r−n

∫

Br(x)
|f − fx,r|

}

< +∞,

where fx,r = 1
|Br(x)|

∫

Br(x) f(y) dy is the average of f over Br(x). It is clear that

[·]BMO(U) is a seminorm on BMO(U).

We need the duality between H1(Rn) and BMO(Rn), due to Fefferman-Stein [57].

Lemma 3.3.12 Suppose f ∈ H1(Rn), g ∈ L2(Rn,Rn) with div(g) = 0, and h ∈
BMO(Rn). Then (∇f · g)h is integrable in R

n and the following estimate holds

∣

∣

∣

∣

∫

Rn

(∇f · g)h
∣

∣

∣

∣

≤ C ‖∇f‖L2(Rn) ‖g‖L2(Rn) [h]BMO(Rn) . (3.43)

Proof. Since g ∈ L2(Rn) is divergence free, it follows from Theorem 3.2.5 that
∇f · g ∈ H1(Rn) and

‖∇f · g‖H1(Rn) ≤ C ‖∇f‖L2(Rn) ‖g‖L2(Rn) . (3.44)
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By Fefferman-Stein’s theorem [57], the dual space of H1(Rn) is BMO(Rn). Hence
(3.43) follows from (3.44). 2

Note that if u ∈ H1(Ω, N) is stationary harmonic map, then (3.42) implies that
for any ball B2r(x) ⊂ Ω, ∇u ∈M 2,n−2(Br(x)) and

‖∇u‖M2,n−2(Br(x)) ≤ C

(

r2−n

∫

B2r(x)
|∇u|2

) 1
2

.

Hence, by the Poincaré inequality and Hölder inequality, we have

[u]BMO(Br(x)) ≤ C ‖∇u‖M1,n−1(Br(x)) ≤ C ‖∇u‖M2,n−2(Br(x))

≤ C

(

r2−n

∫

B2r(x)
|∇u|2

)
1
2

. (3.45)

Proof of Theorem 3.3.8 for N = SL−1:
By localization, iteration and application of Lemma 2.1.10, it suffices to show the
following ε0-decay lemma.

Lemma 3.3.13 There are ε0 = ε0(n,L) > 0 and θ0 ∈ (0, 1
2) such that if u : B2 →

SL−1 is a stationary harmonic map satisfying

∫

B2

|∇u|2 dx ≤ ε20

then

θ2−n
0

∫

Bθ0

|∇u|2 ≤ 1

2

∫

B1

|∇u|2. (3.46)

Proof. First (3.45) implies that

[u]BMO(B1) ≤ C

(∫

B2

|∇u|2
) 1

2

≤ Cε0.

Next by Lemma 3.2.2 we can write the harmonic map equation of u as

∆ui =
∑

1≤j≤L

∇uj · V ij in B1, 1 ≤ i ≤ L, (3.47)

for a vector field V ij = (V ij
1 , · · · , V ij

n ) ∈ L2(B1,R
n), with div(V ij) = 0, and

‖V ij‖L2(B1) ≤ C‖∇u‖L2(B1).

Let û be an extension of u to R
n such that ‖∇û‖L2(Rn) ≤ C‖∇u‖L2(B1), and V̂ ij be

an extension of V ij to R
n such that

div
(

V̂ ij
)

= 0 in R
n,
∥

∥

∥
V̂ ij
∥

∥

∥

L2(Rn)
≤ C

∥

∥V ij
∥

∥

L2(B1)
.
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By Lemma 3.2.5 we have
∑L

j=1 ∇ûj · V̂ ij ∈ H1(Rn) for 1 ≤ i ≤ L, and

∑

1≤j≤L

∥

∥

∥
∇ûj · V̂ ij

∥

∥

∥

H1(Rn)
≤ C

∑

1≤i,j≤L

‖∇û‖L2(Rn)

∥

∥

∥
V̂ ij
∥

∥

∥

L2(Rn)

≤ C ‖∇u‖2
L2(B1)

(

≤ Cε20
)

(3.48)

We now let v : B1 → R
L solve the Dirichlet problem

∆v = 0, in B1

v = u, on ∂B1.

By Lemma 3.2.5 and Lemma 3.3.12, we obtain
∫

B1

|∇(u− v)|2 =
∑

1≤i,j≤L

∫

B1

∇ûj · V̂ ij · (u− v)i

≤ C
∑

1≤i,j≤L

∥

∥

∥∇ûj · V̂ ij
∥

∥

∥

H1(Rn)
‖u− v‖BMO(B1)

≤ Cε0

∫

B1

|∇u|2 dx

where we have used the fact

[u− v]BMO(B1) ≤ 2 [u]BMO(B1) ≤ Cε0.

Since v is harmonic, by the standard estimate we have that for any θ ∈ (0, 1),

θ2−n

∫

Bθ

|∇v|2 dx ≤ θ2 ‖∇v‖2
L∞(Bθ) ≤ Cθ2

∫

B1

|∇v|2 dx

≤ Cθ2

∫

B1

|∇u|2 dx.

Combining these estimates together, we obtain

θ2−n

∫

Bθ

|∇u|2 dx ≤
(

Cθ2−nε0 + θ2
)

∫

B1

|∇u|2 dx ≤ 1

2

∫

B1

|∇u|2 dx.

Therefore if we choose θ = θ0 ≤ (4C)−
1
2 and ε0 ≤ 1

4C
θn−2
0 then we obtain (3.46). 2

Proof of Theorem 3.3.8 for general N :
By utilizing the Coulomb gauge frame construction developed by [92], Bethuel [11]
has extended the argument by Evans [45] to show the partial regularity of stationary
harmonic maps into target manifolds without symmetry. Here we will outline a
slightly different proof of [11].

The crucial ingredient is the following decay lemma.

Lemma 3.3.14 Under the same assumption of Theorem 3.3.8, there exist ε0 > 0
and θ0 ∈ (0, 1

2 ) such that if B2r(x) ⊂ Ω and

(2r)2−n

∫

B2r(x)
|∇u|2 ≤ ε20, (3.49)
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then

‖∇u‖M1,n−1(Bθ0r(x)) ≤
1

2
‖∇u‖M1,n−1(Br(x)) . (3.50)

We first need a Hodge decomposition of vector fields (cf. Iwaniec-Martin [101]).

Lemma 3.3.15 For any 1 < p < +∞ and a ball B ⊂ R
n, let F ∈ Lp(B,Rn). Then

there exist G ∈W 1,p
0 (B) and vector field H ∈ Lp(B,Rn) that is divergence free such

that

F = ∇G+H in B, (3.51)

and

‖∇G‖Lp(B) + ‖H‖Lp(B) ≤ C‖F‖Lp(B) (3.52)

where C > 0 depending only on n and p.

Proof. It is standard that there exists a unique solution G ∈W 1,p
0 (B) of

∆G = div(F ) in B, (3.53)

which satisfies the estimate

‖∇G‖Lp(B) ≤ C ‖∇F‖Lp(B) .

Now set H = F −∇G. It is easy to see that div(H) = 0 in the distribution sense,
and

‖H‖Lp(B) ≤
(

‖F‖Lp(B) + ‖∇G‖Lp(B)

)

≤ C‖∇F‖Lp(B).

This completes the proof. 2

Next we need a dual characterization of ∇f ∈ Lp.

Lemma 3.3.16 For 1 < p < +∞ and a ball B ⊂ R
n, let f ∈W 1,p

0 (B). Then there
exists C > 0 depending on n and p such that

‖∇f‖Lp(B) ≤ sup

{∫

B

∇f · ∇h | h ∈W 1,p′

0 (B), ‖∇h‖Lp′ (B) ≤ C

}

(3.54)

where p′ = p
p−1 .

Proof. Note first that there exists F ∈ Lp′(B,Rn), with ‖F‖Lp′ (B) = 1, such that

‖∇f‖Lp(B) =

∫

B

∇f · F.

Applying Lemma 3.3.15 yields that there are G ∈ W 1,p′

0 (B) and H ∈ Lp′(B,Rn)
with div(H) = 0 such that

F = ∇G+H in B,

‖∇G‖Lp′(B) ≤ C ‖F‖Lp′(B) = C.



72 CHAPTER 3. REGULARITY OF STATIONARY HARMONIC MAPS

Hence, by integration by parts and using div(H) = 0, we have

∫

B

∇f · F =

∫

B

∇f · (∇G+H)

=

∫

B

∇f · ∇G.

This gives (3.54) and completes the proof . 2

Proof of Lemma 3.3.14:
For simplicity, assume x = 0, r = 1 and B2 ⊂ Ω. For any ball Bρ(z) ⊂ B1, by
Lemma 3.2.9 there is a Coulomb gauge frame {eα}, 1 ≤ α ≤ l, of u∗TN over Bρ(z)
such that

l
∑

α=1

‖∇eα‖L2(Bρ(z)) ≤ C‖∇u‖L2(Bρ(z)). (3.55)

Let η ∈ C∞
0 (Rn) be such that 0 ≤ η ≤ 1, η ≡ 1 on B 3ρ

4
(z), η = 0 outside Bρ(z), and

|∇η| ≤ 8ρ−1. Denote uz,ρ as the average of u over Bρ(z). For 1 ≤ α ≤ l, consider
the vector field φα = 〈∇(η(u− uz,ρ)), eα〉 : Bρ(z) → R

n. Note that by the Poincaré
inequality we have

‖φα‖L2(Bρ(z)) ≤ ‖∇u‖L2(Bρ(z) . (3.56)

Applying Lemma 3.3.15, we have that gα ∈ H1
0 (Bρ(z)) and hα ∈ L2(Bρ(z),R

n) such
that div(hα) = 0 in Bρ(z),

φα = ∇gα + hα in Bρ(z), (3.57)

and

‖∇gα‖L2(Bρ(z)) + ‖hα‖L2(Bρ(z)) ≤ C‖φα‖L2(Bρ(z)) ≤ C‖∇u‖L2(Bρ(z)). (3.58)

Taking divergence of both sides of (3.57), we have

∆gα = div(φα) in Bρ(z),

which implies that in B ρ
2
(z) (using the fact that u is weakly harmonic)

∆gα = div (〈∇u, eα〉) = 〈∇u,∇eα〉

=
l
∑

β=1

〈∇u〈∇eα, eβ〉, eβ〉 . (3.59)

Decompose gα in B ρ
2
(z) as follows:

gα = gα
1 + gα

2 in B ρ
2
(z), (3.60)

and
∆gα

2 = 0 in B ρ
2
(z), gα

2 = gα on ∂B ρ
2
(z). (3.61)

We estimate gα
i (i = 1, 2) and hα as follows.
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Step 1. Estimate hα:
Using (3.57) and div(hα) = 0 and integration by parts, we have

∫

Bρ(z)
|hα|2 =

∫

Bρ(z)
hα · (φα −∇gα) =

∫

Bρ(z)
hα · φα

=

∫

Bρ(z)
〈∇(η(u− uz,ρ)), eα〉 · hα

= −
∫

Bρ(z)
〈η(u− uz,ρ),∇eα〉 · hα.

Let êα be an extension of eα to R
n such that

‖∇êα‖L2(Rn) ≤ C‖∇eα‖L2(B ρ
2
(z)),

and ĥα be an extension of hα to R
n such that

div(ĥα) = 0 in R
n, ‖ĥα‖L2(Rn) ≤ C‖hα‖L2(B ρ

2
(z)).

Then we have

∫

B ρ
2
(z)

|hα|2 = −
l
∑

β=1

∫

Rn

〈η(u− uz,ρ),∇êα〉 · ĥα.

Since ∇êα · ĥα ∈ H1(Rn) and η(u− uz,ρ) ∈ BMO(Rn), we have
∫

B ρ
2
(z)

|hα|2 ≤ C
∥

∥

∥
∇êα · ĥα

∥

∥

∥

H1(Rn)
[η(u− uz,ρ)]BMO(Rn)

≤ C ‖∇êα‖L2(Rn)

∥

∥

∥ĥα
∥

∥

∥

L2(Rn)
[η(u− uz,ρ)]BMO(Rn)

≤ C ‖∇eα‖L2(B ρ
2
(z)) ‖hα‖L2(B ρ

2
(z)) [η(u− uz,ρ)]BMO(Rn) .

Now we claim that

[η(u− uz,ρ)]BMO(Rn) ≤ C ‖∇u‖M1,n−1(B1) . (3.62)

To prove (3.62), let z0 ∈ B 3ρ
4
(z) and 0 < r ≤ ρ

4 so that Br(z0) ⊂ Bρ(z). We first

have

sup
Br(z0)

∣

∣

∣
(η(u− uz,ρ))z0,r

− η (u− uz,ρ)z0,r

∣

∣

∣
≤ sup

Br(z0)
|η(x) − η(y)| |(u− uz,ρ)z0,r|

≤ C
r

ρ

(

1

rn

∫

Br(z0)
|u− uz,ρ|

)

≤ Cρ−1

(

∫

Br(z0)
|u− uz,ρ|n

) 1
n

≤ C

(

ρ−n

∫

Bρ(z)
|u− uz,ρ|n

) 1
n

≤ C [u]BMO(B1) ≤ C ‖∇u‖M1,n−1(B1) ,
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where we have used the Hölder inequality in the last two steps and John-Nirenberg
inequality [109] (using the fact that u ∈ BMO(B1)), namely

(

ρ−n

∫

Bρ(z)
|u− uz,ρ|n

) 1
n

≤ Cρ−n

∫

Bρ(z)
|u− uz,ρ| ≤ C [u]BMO(B1)

in the last step.
Therefore we obtain, for z0 ∈ B 3ρ

4
(z) and 0 < r ≤ ρ

4 ,

r−n

∫

Br(z0)
|η(u− uz,ρ) − (η(u− uz,ρ))z0 ,r|

≤ r−n

∫

Br(z0)
η |u− uz0,r| + sup

Br(z0)
|(η(u − uz,ρ))z0,r − η(u− uz,ρ)z0,r|

≤ Cr−n

∫

Br(z0)
|u− uz0,r| + C ‖∇u‖M1,n−1(B1)

≤ C ‖∇u‖M1,n−1(B1) .

A similar inequality holds trivially for either z0 ∈ B 3ρ
4

(z) and r > ρ
4 , or z0 ∈

R
n \ B 3ρ

4
(z) (since η = 0 outside B 3ρ

4
(z)). Hence (3.62) follows.

Applying (3.62) and using the Hölder inequality, we obtain

ρ1−n

∫

B ρ
2
(z)

|hα| ≤



ρ2−n

∫

B ρ
2
(z)

|hα|2




1
2

≤ C

(

ρ2−n

∫

Bρ(z)
|∇u|2

) 1
2

‖∇u‖M1,n−1(B1)

≤ Cε0‖∇u‖M1,n−1(B1). (3.63)

Step 2. Estimate ∇gα
1

Note that

∆gα
1 =

k
∑

β=1

〈∇u〈eα, eβ〉, eβ〉 in B ρ
2
(z) (3.64)

gα
1 = 0 on ∂B ρ

2
(z).

By Lemma 3.54, we have that for 1 < p < n
n−1 there is ξ ∈ W 1,p′

0 (B ρ
2
(z)) with

‖∇ξ‖
W

1,p′

0 (B ρ
2
(z))

≤ C such that

‖∇gα
1 ‖Lp(B ρ

2
(z)) =

∫

B ρ
2
(z)

∇gα
1 · ∇ξ.
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Multiplying (3.64) by ξ and using integration by parts and div (〈∇eα, eβ〉) = 0, we
have

‖∇gα
1 ‖Lp(B ρ

2
(z)) = −

k
∑

β=1

∫

B ρ
2
(z)
u 〈∇eα, eβ〉 · ∇(ξeβ).

Let û be an extension of u to R
n such that

[û]BMO(Rn) ≤ C [u]BMO(B ρ
2
(z))

(

≤ C‖∇u‖M1,n−1(B1)

)

,

and ωαβ be an extension of 〈∇eα, eβ〉 to R
n such that

div(ωαβ) = 0 in R
n,

‖ωαβ‖L2(Rn) ≤ C‖〈∇eα, eβ〉‖L2(B ρ
2
(z)) ≤ C‖∇u‖L2(Bρ(z)).

Then we have

‖∇gα
1 ‖Lp(B ρ

2
(z)) = −

k
∑

β=1

∫

Rn

〈û, ωαβ〉 · ∇(ξeβ)

≤ C

k
∑

β=1

‖ωαβ · ∇(ξeβ)‖H1(Rn)[û]BMO(Rn)

≤ C

k
∑

β=1

‖ωαβ‖L2(Rn)‖∇(ξeβ)‖L2(Rn)[û]BMO(Rn)

≤ C
k
∑

β=1

[u]BMO(B ρ
2
(z))‖∇u‖L2(Bρ(z))‖∇(ξeβ)‖L2(Rn). (3.65)

Note that since 1 < p < n
n−1 , we have p′ = p

p−1 > n. Hence by the Sobolev

embedding theorem, we have that ξ ∈W 1,p′

0

(

B ρ
2
(z)
)

⊂ C
1− n

p′

(

B ρ
2
(z)
)

and

‖ξ‖L∞(B ρ
2
(z)) ≤ Cρ

1− n
p′ ‖∇ξ‖Lp′(B ρ

2
(z)) ≤ Cρ

1− n
p′ .

Therefore by the Hölder inequality, we have

‖∇(ξeα)‖L2(Rn) ≤ ‖∇ξ‖L2(B ρ
2
(z)) + ‖∇eβ‖L2(B ρ

2
(z)) ‖ξ‖L∞(B ρ

2
(z))

≤ C

(

ρ
n
2
− n

p′ ‖∇ξ‖Lp′ (B ρ
2
(z)) + ρ

1− n
p′ ‖∇u‖L2(Bρ(z))

)

≤ C
(

1 + ‖∇u‖M2,n−2(B1)

)

ρ
n
2
− n

p′ ≤ Cρ
n
2
− n

p′ . (3.66)
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Putting (3.66) into (3.65) and using the Hölder inequality, we obtain

ρ1−n

∫

B ρ
2
(z)

|∇gα
1 | ≤ ρ

1−n
p ‖∇gα

1 ‖Lp(B ρ
2
(z))

≤ Cρ
(1−n

p
+n

2
− n

p′
) ‖∇u‖L2(Bρ(z)) [u]BMO(B ρ

2
(z))

≤ Cρ
(1−n

p
+n

2
− n

p′
+n−2

2
)
ε0 [u]BMO(B ρ

2
(z))

≤ Cε0 [u]BMO(B ρ
2
(z))

≤ Cε0 ‖∇u‖M1,n−1(B1) . (3.67)

Step 3. Estimate ∇gα
2

Since ∆gα
2 = 0 in B ρ

2
(z), by the standard estimate on harmonic functions we have

that for any θ ∈ (0, 1
2),

(θρ)1−n

∫

Bθρ(z)
|∇gα

2 | ≤ Cθρ1−n

∫

B ρ
2
(z)

|∇gα
2 |

≤ Cθρ−n

∫

B ρ
2
(z)

(|∇φα| + |∇gα
1 | + |hα|)

≤ Cθρ−n

∫

Bρ(z)
|∇ (η(u− uz,ρ))| + Cε0 ‖∇u‖M1,n−1(B1)

≤ C (θ + ε0) ‖∇u‖M1,n−1(B1) (3.68)

where we have used the Poincaré inequality, (3.67) and (3.68) in the last two in-
equalities.

Putting (3.63), (3.67) and (3.68) together gives that for any Bρ(z) ⊂ B1 and
θ ∈ (0, 1

2),

(θρ)1−n

∫

Bθρ(z)
|∇u| ≤ C

(

θ + ε0 + θ1−nε0
)

‖∇u‖M1,n−1(B1) . (3.69)

Taking supremum of (3.69) over all Bρ(z) ⊂ B1, we have

‖∇u‖M1,n−1(Bθ) ≤ C
(

θ + ε0 + θ1−nε0
)

‖∇u‖M1,n−1(B1) . (3.70)

Therefore if we first choose θ0 = θ ∈ (0, 1
2 ) sufficiently small and then choose ε0

sufficiently small to ensure C
(

θ + ε0 + θ1−nε0
)

< 1
2 , then (3.70) yields (3.50). The

proof of Lemma 3.3.14 is complete. 2

Proof of Theorem 3.3.8:
Let x ∈ Ω and choose R > 0 such that B4R(x) ⊂ Ω and

(4R)2−n

∫

B4R(x)
|∇u|2 ≤ ε20.
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Then an elementary calculation yields that

(2R)2−n

∫

B2R(y)
|∇u|2 ≤ 2n−2ε20, ∀y ∈ B2R(x).

Hence (3.42) implies that for any r ∈ (0, R),

r2−n

∫

B2r(y)
|∇u|2 ≤ 2n−2ε20, ∀y ∈ B2R(x).

Applying Lemma 3.3.14 we deduce that there is θ0 ∈ (0, 1
2) such that

‖∇u‖M1,n−1(Bθr(y)) ≤
1

2
‖∇u‖M1,n−1(Br(y)), ∀y ∈ B2R(x).

Hence by finitely many iterations we obtain that for any y ∈ B2R(x) and 0 < r ≤ R,

‖∇u‖M1,n−1(Br(y)) ≤ C
( r

R

)α0 ‖∇u‖M1,n−1(BR(y)) , (3.71)

where α0 = log 2
| log θ0| ∈ (0, 1). This, combined with the Poincaré inequality, implies

that for any y ∈ B2R(x) and 0 < r ≤ R, we have

1

rn

∫

Br(y)
|u− uy,r| ≤ Crα0

so that u ∈ Cα0(B2R(x), N) and by the higher order regularity u ∈ C∞(B2R(x), N).
2

Remark 3.3.17 When M 6= ∅, we can consider the Dirichlet boundary value prob-
lem of stationary harmonic maps with smooth boundary data φ ∈ C∞(∂Ω, N).
Wang [205] has proved a boundary partial regularity theorem: Under the additional
assumption that the corresponding boundary monotonicity inequality holds: there
exist r0 = ρ0(∂M,φ) > 0 and C0 = C0(∂M,φ) > 0 such that for any a ∈ ∂M and
0 < r ≤ R ≤ r0,

r2−n

∫

M∩Br(a)
|∇u|2 ≤ eC0RR2−n

∫

M∩BR(a)
|∇u|2 + C0(R− r). (3.72)

Then there exists a closed subset Σ ⊂ M , with Hn−2(Σ) = 0, such that u ∈
C∞(M \ Σ, N).

3.4 Stable-stationary harmonic maps into spheres

In this section, we will discuss the class of stable-stationary harmonic maps that lie
between minimizing harmonic maps and stationary harmonic maps. The notion is
motived by that of minimal hyersurfaces by Schoen-Simon [170]. The theorems we
will present here extend [174] on minimizing harmonic maps into spheres. We only
consider N = Sk ⊆ R

k+1, k ≥ 3.
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Definition 3.4.1 For k ≥ 3, a stationary harmonic map u ∈W 1,2(Ω, Sk) is stable,
if in addition

d2

dt2
|t=0

∫

Ω

∣

∣

∣

∣

∇
(

u+ tφ

|u+ tφ|

)∣

∣

∣

∣

2

≥ 0 for all φ ∈ C1
0 (Ω,Rk+1). (3.73)

It follows from §1.6 and [174] that (3.73) gives

∫

Ω
|∇η|2 ≥ k − 2

k

∫

Ω
|∇u|2 η2, for all η ∈ C1

0 (Ω). (3.74)

For stable-stationary harmonic maps, Hong-Wang [98] have proved the following
theorem.

Theorem 3.4.2 For k ≥ 3, if u ∈ W 1,2(Ω, Sk) is a stable-stationary harmonic
map, then dimH(sing(u)) ≤ n− d(k) − 1, where

d(k) =

{

3, k = 3

min
{[

k
2

]

+ 1, 6
}

, k ≥ 4

and [t] denotes the largest integer part of t.

Remark 3.4.3 For k ≥ 2, Schoen-Uhlenbeck [174] have proved Theorem 3.4.2 for
any minimizing harmonic maps. Since (3.74) is void for k = 2, it is unknown whether
Theorem 3.4.2 holds for stable-stationary harmonic maps into S2.

The crucial step to establish Theorem 3.4.2 is to establish the sequential compactness
among a family of stable-stationary harmonic maps. This is done by utlizing some
potential theory. More precisely, we have

Lemma 3.4.4 For any A > 0, let CA consist of stationary harmonic maps u ∈
W 1,2(Ω, N) satisfying

∫

Ω
|∇η|2 ≥ A

∫

Ω
|∇u|2η2 for all η ∈ C∞

0 (Ω). (3.75)

Then CA is sequentially compact in W 1,2(Ω, N).

Proof. Note first that (3.75) implies that CA ⊂ W 1,2(Ω, N) is locally uniformly
bounded. Hence for any {ui} ⊂ CA, we may assume that there is u ∈ W 1,2(Ω, N)
such that ui → u weakly in W 1,2(Ω, N) as i→ ∞. Define the concentration set

Σ =
⋂

r>0

{

x ∈ Ω : lim inf
i→∞

r2−n

∫

Br(x)
|∇ui|2 ≥ ε20

}

,

where ε0 > 0 is given by Lemma 3.3.14. Since ui satisfies (3.42), a standard covering
argument (see [166]) implies that Σ is closed and

Hn−2(Σ ∩K) <∞, ∀K ⊂⊂ Ω.
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Moreover, by Lemma 3.3.14, we can assume that

ui → u in C2
loc ∩W 1,2

loc
(Ω \ Σ, N) .

We claim that if Hn−2(Σ) = 0, then ui → u strongly in W 1,2(Ω, N). To prove it,
we proceed as follows. Note that there exists a nonnegative Radon measure ν on Ω
such that

|∇ui|2 dx→ |∇u|2 dx+ ν, as i→ ∞,

as convergence of Radon measures.

Denote µ = |∇u|2 dx+ ν. Then, by (3.42), we have

r2−nµ (Br(x)) ≤ R2−nµ (BR(x))

for any x ∈ Ω, 0 < r ≤ R < dist(x, ∂Ω). Hence

Θn−2(µ, x) = lim
r→0

r2−nµ (Br(x))

exists and is upper semicontinuous for any x ∈ Ω. Since ν(Ω \Σ) = 0, supp(ν) ⊆ Σ.
It follows from the definition of Σ that

ε20 ≤ Θn−2 (µ, a) , ∀a ∈ Σ.

On the other hand, we have, for any compact K ⊂⊂ Ω,

Θn−2 (µ, a) ≤ C (K,E) , ∀a ∈ Σ ∩K,

where E = sup
i

∫

Ω |∇ui|2 < ∞. In fact, for a ∈ Σ ∩K and r0 = 1
2dist(a, ∂Ω), we

have

Θn−2(µ, a) ≤ r2−n
0 µ (Br0(a)) = r2−n

0 lim
i→∞

∫

Br0 (a)
|∇ui|2 ≤ r2−n

0 E.

Now we have (cf. [48]) that for any compact K ⊂⊂ Ω,

ε20H
n−2(Σ ∩K) ≤ µ(Σ ∩K) ≤ C(K,E)Hn−2(Σ ∩K).

In particular, if Hn−2(Σ) = 0 then µ(Σ) = 0 and hence ν(Σ) = 0, since 0 ≤ ν ≤ µ.

To prove Hn−2(Σ) = 0, it is sufficient to show Hn−2(Σ∩K) = 0 for any compact
K ⊂⊂ Ω and hence we may assume that Σ ⊂⊂ Ω is compact. Since Hn−2(Σ) <∞,
it follows from that (cf. [48]) the 2-capacity of Σ, cap2(Σ) = 0. Therefore, for any
η > 0, there is φη ∈ C∞

0 (Ω,R) such that

Σ ⊂ int ({φη = 1}) ,
∫

Ω
|∇φη|2 ≤ η.

For any a ∈ Σ, there is 0 < δa ≤ η such that φη|Bδa(a) ≥ 1
2 . Since Σ is compact and

Σ ⊂ ∪
a∈Σ

B δa
5

(a), there exists 0 < kη <∞ such that {B δak
5

(ak)}kη

k=1 is an open cover
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of Σ. By Vitali’s covering theorem (cf. [55, 48], there is 0 < lη ≤ kη and mutually

disjoint balls {B δal
5

(al)}lη
l=1 such that

Σ ⊂
⋃

1≤l≤lη

Bδal
(al).

By the definition of Σ, there exists a sufficiently large iη > 0 such that

(

δal

5

)2−n ∫

B δal
5

(al)
|∇ui|2 ≥ ε20

2
, ∀i ≥ iη, 1 ≤ l ≤ lη.

Hence for i ≥ iη , we have

Hn−2
η (Σ) ≤

∑

1≤l≤lδ

δn−2
al

≤ 2 · 5n−2

ε20

∑

1≤l≤lδ

∫

B δal
5

(al)
|∇ui|2

=
2 · 5n−2

ε20

∫

∪1≤l≤lη B δal
5

(al)
|∇ui|2.

From (3.75), we have

∫

∪1≤≤l≤lη B δal
5

(al)
|∇ui|2 ≤ 4

∫

Ω
|∇ui|2φ2

η

≤ A−1

∫

Ω
|∇φη|2 ≤ A−1η.

Therefore

Hn−2
η (Σ) ≤ 8 · 5n−2

Aε20
η.

Sending η → 0, we obtain Hn−2(Σ) = 0.
Since {ui} converges strongly to u, we conclude that u is stationary harmonic map
and also satisfies the stability inequality with the same positive constant A. The
proof is complete. 2

Recently, Lin-Wang [132] have further improved Theorem 3.4.2 in the dimensions
k = 4, 5, 6, 7. More precisely, we have

Theorem 3.4.5 For k ≥ 3, if u ∈ W 1,2(Ω, Sk) is a stable-stationary harmonic
map, then dimH(sing(u)) ≤ n− d̂(k) − 1, where

d̂(k) =























3, k = 3

4 k = 4

5, 5 ≤ k ≤ 9

6, k ≥ 6.
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Note that by direct calculations, we have d̂(k) ≥ d(k) + 1 for 4 ≤ k ≤ 7. The
proof of Theorem 3.4.5 is based on a new observation on a sharp improved Kato
inequality (3.78). First,we need

Lemma 3.4.6 For m ≥ 2 and k ≥ 3, let φ ∈ H1(Sm, Sk) be a harmonic map such
that φ̄(x) = φ( x

|x|) : R
m+1 → Sk is a stable harmonic map. Then

∫

Sm

{

|∇η|2 +
(m− 1)2

4
η2 − k − 2

k
|∇φ|2η2

}

≥ 0, (3.76)

for all η ∈ C∞(Sm).

Proof. Note that φ̄ is homogeneous of degree zero. For any η ∈ C∞(Sm), let
η2(x) = η1(|x|)η( x

|x| ), where η1 ∈ C∞
0 (R+) satisfies

∫∞
0 (η′1(r))

2 rm dr
∫∞
0 η1(r)2rm−2 dr

= inf

{

∫∞
0 (η̃′(r))2 rm dr
∫∞
0 η̃(r)2rm−2 dr

| η̃ ∈ C∞
0 ((0,+∞))

}

=
(m− 1)2

4
.

Substituting η2 it into (3.74) and direct calculations then imply (3.76). 2

Now we recall the Bochner formula for smooth harmonic maps between spheres
(cf. §1.5).

Lemma 3.4.7 For m, k ≥ 2, if φ ∈ C∞(Sm, Sk) is a harmonic map, then

∆

(

1

2
|∇φ|2

)

= |∇2φ|2 + (m− 1)|∇φ|2

−
∑

1≤α,β≤m

{

|∇eαφ|2|∇eβ
φ|2 − 〈∇eαφ,∇eβ

φ〉2
}

(3.77)

where {eα}m
α=1 is any local orthonormal frame of Sm.

Next we need a sharp improved Kato’s inequality, which was also established by
Nakajima [149] independently when m = k = 3. For k = 1, it is a well-known fact
for harmonic functions (see Yau [214]).

Lemma 3.4.8 Let φ ∈ C∞(Sm, Sk) be a harmonic map. Then

|∇2φ|2 ≥ m

m− 1
|∇|∇φ||2 . (3.78)

Moreover, the equality holds iff φ is totally geodesic.

Proof. By choosing normal coordinates at x0 ∈ Sm and φ(x0) ∈ Sk, we have

∣

∣∇2φ
∣

∣

2
(x0) =

∑

1≤i≤k

∑

1≤α,β≤m

(

φi
αβ(x0)

)2
.



82 CHAPTER 3. REGULARITY OF STATIONARY HARMONIC MAPS

On the other hand, since φ is a harmonic map, we have

∑

1≤α≤m

φi
αα(x0) = 0, ∀1 ≤ i ≤ k.

For any 1 ≤ i ≤ k, let {λi
α}1≤α≤m ⊂ R be the eigenvalues of (φi

αβ(x0)) such that

|λi
1| ≤ · · · ≤ |λi

m|. Then we have

|∇2φ|2(x0) =
∑

1≤≤i≤k

∑

1≤α≤m

(λi
α)2,

and
∑

1≤α≤m

λi
α = 0, ∀1 ≤ i ≤ k. (3.79)

On the other hand, by the Cauchy-Schwarz inequality and (3.79), we have

∑

1≤α≤m−1

(

λi
α

)2 ≥ 1

m− 1





∑

1≤α≤m−1

λi
α





2

=
(λi

m)2

m− 1
, 1 ≤ i ≤ k

so that
∑

1≤α≤m

(

λi
α

)2 ≥ m

m− 1
(λi

m)2.

By the Releigh quotient formula, we have for 1 ≤ i ≤ k,

|λi
m|2 = sup

{06=v∈Rm}

∑

1≤α≤m

(

∑

1≤β≤m φi
αβ(x0)vβ

)2

|v|2 .

Therefore, for 1 ≤ i ≤ k we have

∣

∣∇φi
∣

∣

2
(x0)

∣

∣∇2φi
∣

∣

2
(x0) ≥

m

m− 1

∑

1≤α≤m





∑

1≤β≤m

φi
αβ(x0)φ

i
β(x0)





2

.

Taking sum of (3.4) over i and applying the Cauchy-Schwarz inequality and the
Minkowski inequality, we have at x0,

|∇φ|2|∇2φ|2 =





∑

1≤i≤k

|∇φi|2








∑

1≤i≤k

|∇2φi|2


 ≥





∑

1≤i≤k

|∇φi||∇2φi|





2

≥ m

m− 1















∑

1≤i≤k





∑

1≤α≤m





∑

1≤β≤m

φi
αβφ

i
β





2



1
2















2

≥ m

m− 1

∑

1≤α≤m





∑

1≤i≤k

∑

1≤β≤m

φi
αβφ

i
β





2

=
m

m− 1
|〈∇2φ,∇φ〉|2.
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Since |∇|∇φ||2 = |〈∇2φ,∇φ〉|2
|∇φ|2 , this yields (3.78).

Observe that equality in (3.4) holds at x0 ∈ Sm iff both the Cauchy-Schwarz
inequality and the Minkowski inequality are equalities. This implies
(i)

λi
1 = · · · = λi

m−1 = − λi
m

m− 1
, ∀1 ≤ i ≤ k, (3.80)

(ii)
|∇2φ1|2
|∇φ1| = · · · =

|∇2φk|
|∇φk| , (3.81)

(iii) ∇φi(x0) is an eigenfunction of ∇2φi(x0) with the eigenvalue λi
m, i.e.,

∑

1≤β≤m

φi
αβ(x0)φ

i
β(x0) = λi

mφ
i
α(x0), ∀1 ≤ i ≤ k, 1 ≤ α ≤ m, (3.82)

(iv)
∑

1≤β≤m

φi
αβ(x0)φ

i
β(x0)(= λi

mφ
i
α(x0))

is independent of 1 ≤ i ≤ k and 1 ≤ α ≤ m.
Thus we have that ∇φi(x0) = µi(1, · · · , 1) for some µi 6= 0 for 1 ≤ i ≤ k. Note

that (i) and (ii) imply
(λ1

m)2

(µ1)2
= · · · =

(λk
m)2

(µk)2
,

and (iii) implies
λ1

mµ
1 = · · · = λk

mµ
k.

These two identities imply |λi
1| = · · · = |λi

m|. Hence we have λi
α = 0 for all

1 ≤ α ≤ m, 1 ≤ i ≤ k, i.e. ∇2φ(x0) = 0. This completes the proof. 2

With these lemmas, we can prove the non-existence of certain stable tangent
maps, namely tangent maps at a singular point of a stable harmonic map. More
precisely,

Lemma 3.4.9 For m ≥ 2 and k ≥ 3, if φ ∈ C∞(Sm, Sk) is a stable tangent map,

then (m−1)2

4m
≥ k−2

k
.

Proof. Direct calculations give

∆

(

1

2
|∇φ|2

)

= |∇φ|∆ |∇φ| + |∇|∇φ||2 .

This, combined with (3.78), implies

∆ |∇φ| ≥ 4

m− 1

∣

∣

∣∇|∇φ| 12
∣

∣

∣

2
+ (m− 1)

(

|∇φ| − 1

m
|∇φ|3

)

. (3.83)

Integrating (3.83) over Sm, we obtain

∫

Sm

(

|∇|∇φ| 12 |2 +
(m− 1)2

4
|∇φ|

)

≤ (m− 1)2

4m

∫

Sm

|∇φ|3. (3.84)
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On the other hand, (3.76) implies

∫

Sm

(

|∇|∇φ| 12 |2 +
(m− 1)2

4
|∇φ|

)

≥ k − 2

k

∫

Sm

|∇φ|3. (3.85)

Therefore combining (3.84) with (3.85) yields

(

k − 2

k
− (m− 1)2

4m

)∫

Sm

|∇φ|3 ≤ 0.

Since φ is nonconstant, this implies k−2
k

≤ (m−1)2

4m
. Hence the proof is complete. 2

Proof of Theorems 3.4.2 and 3.4.5:
It follows from Lemma 3.4.4 that Federer’s dimension reduction argument is appli-
cable. This combines with Lemma 3.4.9 immediately implies the dimension estimate
of the singular set as stated in these theorems. 2

Note that when m = k = 3, then Lemma 3.4.9 and Lemma 3.4.8 imply that if a
harmonic map φ ∈ C∞(S3, S3) is such that φ( x

|x|) : R
4 → S3 is stable, then φ must

be conformal and totally geodesic and hence must be an isometry. In particular, we
have the following classification theorem (see also [149]).

Theorem 3.4.10 Suppose that φ ∈ C∞(S3, S3) is a nontrivial harmonic map such
that its homogeneous of degree zero extension φ̄(x) = φ( x

|x|) : R
4 → S3 is a stable

harmonic map. Then

φ̄(x) = Q(
x

|x|) (3.86)

for some orthogonal rotation Q ∈ O(3).

As a direct consequence of Theorem 3.4 is the following useful fact on stable-
stationary harmonic maps from R

4 to S3.

Proposition 3.4.11 For a bounded domain Ω ⊂ R
4, if u ∈ H1(Ω, S3) is a stable-

stationary harmonic map, then sing(u) is discrete, and for any x0 ∈ sing(u),

Θ2(u, x0) = lim
r→0

r−2

∫

Br(x0)
|∇u|2 =

3

2
|S3|. (3.87)

If there exists r0 > 0 such that
∫

Br0 (x0) |∇u|2 = 3
2 |S3|r20, then there exists Q ∈ O(3)

such that u(x) = Q
(

x−x0
|x−x0|

)

for x ∈ Br0(x0).

Proof. The discreteness of sing(u) follows from Theorem 3.4.2. Moreover, it follows
from (3.42) and Lemma 3.4.4 that for any x0 ∈ sing(u) and ri → 0, there exists a
nontrivial smooth harmonic map φ ∈ C∞(S3, S3) such that, after taking possible
subsequences,

lim
i→∞

∥

∥

∥

∥

u (x0 + rix) − φ

(

x

|x|

)∥

∥

∥

∥

H1(BR)

= 0, ∀R > 0.
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Hence φ
(

x
|x|

)

: R
4 → S3 is a stable harmonic map. Therefore implies φ = Q for

some Q ∈ O(3) and

Θ2(u, x0) =

∫

B1

∣

∣

∣

∣

∇
(

Q(
x

|x| )
)∣

∣

∣

∣

2

=

∫

B1

∣

∣

∣

∣

∇
(

x

|x|

)∣

∣

∣

∣

2

= 3(

∫ 1

0
r dr)|S3| =

3

2
|S3|.

This implies (3.87). The second part follows from (3.42) and the first part easily. 2

With Lemma 3.4.11, we can extend the corresponding theorems on the interior
energy bound on minimizing harmonic maps from B3 to S2 by Hardt-Lin [84] and
Almgren-Lieb [6] to stable-stationary harmonic maps from B4 to S3.

Theorem 3.4.12 Assume that u ∈ H1(B4, S3) is a stable-stationary harmonic
map. Then for any 0 < ε < 1, there exist positive constants Kε, Lε such that
(i)

r2−n

∫

Br(a)
|∇u|2 ≤ Kε, ∀Br(a) ⊂ B1−ε, (3.88)

and (ii) the number of singularities of u in B1−ε is bounded by Lε.

Proof. Since u ∈ H1(B4,S3) is a stable harmonic map so that (3.74) implies
∫

B4

|∇u|2η2 ≤ 1

3

∫

B4

|∇η|2,∀η ∈ C1
0 (B4).

This implies, for any 0 < ε < 1,
∫

B1−ε

|∇u|2 ≤ Cε−1.

Therefore (i) follows. To show (ii), we may assume for simplicity ε = 1
2 and prove

that the number of singular points of u inside B 1
2

is uniformly bounded. This follows

if we can prove that there exists a universal constant δ0 > 0 such that the distance
between any two singular points of u inside B 1

2
is at least δ0. Suppose that there

were false. Then we may assume that there exists a sequence of stable-stationary
harmonic maps ui ∈ H1(B4, S3) and a sequence of points xi ∈ B 1

2
with |xi| → 0 such

that {0, xi} ⊂ sing(ui). Now we claim that there exists another universal constant
δ1 > 0 such that

∫

B2|xi|

|∇ui|2 ≥
(

3

2
|S3| + δ1

)

(2|xi|)2 .

For otherwise, the rescaled maps vi(x) = ui(|xi|x) : B2 → S3 satisfy

lim
i→∞

2−2

∫

B2

|∇vi|2 =
3

2
|S3|

so that there exist a stable-stationary harmonic map v∞ ∈ H1(B4, S
3) and a point

x∞ ∈ S3 such that vi → v∞ in H1(B2), {0, x∞} ∈ sing(v∞), and

2−2

∫

B2

|∇v∞|2 =
3

2
|S3|.
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This, combined with Proposition 3.4.11, implies v∞(x) = Q( x
|x|) in B2 for some

Q ∈ O(3) and sing(v∞) = {0}. We get the desired contradiction and complete the
proof. 2

Remark 3.4.13 In general, it is an interesting question to find the existence of
stable-stationary harmonic maps even in lower dimensions (e.g. from B3 to S2). We
speculate that the method of relaxed energy for harmonic maps [14, 69, 70] might
be a possible approach to attack this issue.



Chapter 4

Blow up analysis of stationary

harmonic maps

In this chapter, we will study general properties of sequences of weakly convergent
stationary harmonic maps between two Riemannian manifolds (M, g) and (N,h).
More precisely, we will analyze the defect measures and energy concentration sets
associated with such weakly convergent sequences of stationary harmonic maps.
This includes (i) rectifiability of the energy concentration set, (ii) necessary and
sufficient conditions under which the set of stationary harmonic maps is compact in
H1(M,N), and (iii) both necessary and sufficient conditions for uniform interior gra-
dient estimates for stationary harmonic maps in terms of their total energy, namely,
under what conditions on the target manifold N that any stationary harmonic map
u : M → N is smooth and satisfies the estimate

‖u‖Ck(M) ≤ C (M,N, k,E) for k ≥ 1, where E =

∫

M

|∇u|2. (4.1)

The results presented here are from Lin [123].

4.1 Preliminary analysis

The first step to analyze the singular set of stationary harmonic maps is to under-
stand the behavior of a sequence of weakly convergent stationary harmonic maps.
We start with an example that illustrates the strong convergence may fail.

Example 4.1.1 Let v : S2 → S2 be any nontrivial conformal map and Φ : R2 → S2

be the inverse of the stereographic projection from S2 to R2. Then u = v ◦ Φ :
R

2 → S2 is a smooth harmonic map. For λ > 0, let uλ(x) = u(λx), x ∈ R
2.

Then uλ → constant = u(∞) weakly but not strongly in H1
loc(R

2, S2) as λ → 0,

since E(uλ) = 8π|deg(v)|(> 0) for any λ > 0. In fact, |∇uλ|2 dx → 8π|deg(v)|δ0 as
convergence of Radon measures, as λ→ 0. Now if we view u, uλ as smooth harmonic
maps from R

n (n ≥ 3) to S2 that are independent of variables x3, · · · , xn, then

uλ → constant weakly in H1(Rn),

87
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|∇uλ|2 dx→ 8π|deg(v)|Hn−2b
(

{(0, 0)} × R
n−2
)

as convergence of Radon measures.

For simplicity, we assume throughout this chapter that M is a bounded domain
Ω ⊂ R

n. Let u ∈ H1(Ω, N) be a stationary harmonic map. Then we have the
stationarity identity (see also (3.41)):

∫

Ω

n
∑

i,j=1

(

δij |∇u|2 − 2∇iu∇ju
)

∇iξ
j = 0, ξ ∈ C∞

0 (Ω,Rn), (4.2)

By choosing suitable ξ as §3.3, we obtain

(n− 2)

∫

Bρ(x)
|∇u|2 = ρ

∫

∂Bρ(x)

(

|∇u|2 − 2|uRx |2
)

, a.e. 0 < ρ < dist(x, ∂Ω), (4.3)

where

uRx(y) =
(y − x)

|y − x| · ∇u.

Hence by intergration we have

ρ2−n

∫

Bρ(x)
|∇u|2 − σ2−n

∫

Bσ(x)
|∇u|2 = 2

∫

Bρ(x)\Bσ(x)

|RxuRx |2
Rn

x

(4.4)

for any 0 < σ ≤ ρ < dist(x, ∂Ω), where Rx(y) = |y − x|. In particular,

ρ2−n

∫

Bρ(x)
|∇u|2

is monotonically non-decreasing with respect to ρ so that

Θn−2(u, x) = lim
ρ↓0

ρ2−n

∫

Bρ(x)
|∇u|2 (4.5)

exists and is upper semicontinuous for all x ∈ Ω. Letting σ → 0, (4.4) yields

ρ2−n

∫

Bρ(x)
|∇u|2 − Θn−2(u, x) = 2

∫

Bρ(x)

|RxuRx |2
Rn

x

. (4.6)

This, combined with (4.3), implies

2

∫

Bρ(x)

|RxuRx |2
Rn

x

≤ 1

n− 2
ρ3−n

∫

∂Bρ(x)
|∇u|2 dHn−1 − Θn−2 (u, x) (4.7)

for any Bρ(x) ⊂ Ω.
Denote by sing(u) the singular set of u. Then the ε0-regularity lemma 3.3.14

implies
x ∈ sing(u) ⇐⇒ Θn−2(u, x) ≥ ε20 ⇐⇒ Θn−2(u, x) > 0. (4.8)

For any Λ > 0, let HΛ be the set of stationary harmonic maps u from Ω to N
such that E(u,Ω) ≤ Λ.

Based on (4.4) and (4.8), we can modify the argument for smooth harmonic
maps by Schoen [166] to show
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Proposition 4.1.2 Any map u in the closure of HΛ with respect to weak conver-
gence in H1(Ω, N) is weakly harmonic and smooth outside a closed set Σ ⊂ Ω with
locally finite (n− 2)-dimensional Hausdorff measure.

Proof. Let ui ∈ HΛ be such that ui → u weakly in H1(Ω, N). Consider a sequence
of Radon measures µi = |∇ui|2 dx, i = 1, 2, · · · . Then we may assume that there is
a nonnegative Radon measure µ in Ω such that µi → µ as convergence of Radon
measures. By Fatou’s lemma, we can write

µ = |∇u|2 dx+ ν

for a nonnegative Radon measure ν, called defect measure.
Since each ui satisfies (4.4), ρ2−nµ(Bρ(x)) is monotonically non-decreasing in ρ for
any x ∈ Ω. Hence

Θn−2(µ, x) ≡ lim
ρ↓0

ρ2−nµ(Bρ(x))

exists and is upper semicontinuous for all x ∈ Ω. Define

Σ =
⋂

r>0

{

x ∈ Ω | lim inf
i→∞

r2−n

∫

Br(x)
|∇ui|2 ≥ ε20

}

=
{

x ∈ Ω : Θn−2 (µ, x) ≥ ε20
}

. (4.9)

The closeness of Σ follows from the upper semiconutinuity of Θn−2(µ, ·).
Suppose x0 ∈ Ω \ Σ, then there is r0 > 0 such that

lim inf
i→∞

r2−n
0

∫

Br0 (x0)
|∇ui|2 < ε20.

Hence Lemma 3.3.14 implies that there is a subsequence {i′} ⊂ {i} such that

sup
B r0

2
(x0)

|∇ui′ | ≤
Cε0
r0

for i′ sufficiently large. We may assume that ui′ → u in C2
(

B r0
4

(x0), N
)

. Hence,

after passing to a subsequence, ui → u in C2
loc ∩H1

loc (Ω \ Σ, N).
Note that for any compact subset K ⊂⊂ Ω, by (4.4) we have

ε20 ≤ Θn−2(µ, x) ≤ δ2−n
K µ(Ω), ∀x ∈ Σ ∩K, (4.10)

where δK = dist(K, ∂Ω). Therefore it is readily seen that

Hn−2(Σ ∩K) ≤ C(n,K)

ε20
µ(Ω) ≤ C (n,K, ε0,Λ) . (4.11)

A simple capacity argument (see §7 below) yields that u is a weakly harmonic map
in Ω. 2

Since u ∈ H1(Ω, N), it is well-known (see [56]) that for Hn−2 a.e. x ∈ Ω,

Θn−2(u, x) ≡ lim
r→0

r2−n

∫

Br(x)
|∇u|2 = 0. (4.12)

As a consequenc of (4.10) and (4.12), we have
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Lemma 4.1.3 On a closed ball B1+δ0 ⊂ Ω,
(1) Σ = supp(ν) ∪ sing(u),
(2) ν(x) = Θ(x)Hn−2bΣ for x ∈ B1, where ε20 ≤ Θ(x) ≤ C(δ0, n)Λ for Hn−2 a.e.
x ∈ Σ.

Proof. (1) is trivial. It follows from (4.10) that µbΣ is absolutely continuous with
respect to Hn−2bΣ. Hence, by Radon-Nikodym theorem, we have that there exist a
measurable function Θ such that

µbΣ = Θ(x)Hn−2bΣ.

This, combined with (4.12), implies

ν(x) = Θ(x)Hn−2bΣ

for Hn−2 a.e. x ∈ Σ. By the definition of Σ, one has Θ(x) ≥ ε20 for Hn−2 a.e. x ∈ Σ.
The upper bound of Θ follows from both (4.11) and that for Hn−2 a.e. x ∈ Σ (see
for example [189])

22−n ≤ lim sup
r↓0

Hn−2(Σ ∩Br(x))

rn−2
≤ 1.

2

To explore properties of Σ and µ, assume B1 ⊂ B1+δ0 = Ω. Denote by M the
set of all Radon measures µ on B1 such that µ is a weak limit of Radon measures
µi = |∇ui|2 dx on Ω, where {ui} ⊂ HΛ for some Λ > 0. Also denote by F the set of
all compact subset E of B1 such that E ⊂ Σ for some Σ defined by (4.9) associated
with {ui} ⊂ HΛ for some Λ > 0.

From proposition 4.1.2, we know that for µ ∈ M, there are Σ ∈ F , a weakly
harmonic map u ∈ H1(B1, N) ∩ C∞(B1 \ Σ, N) and a nonnegative Radon measure
ν on B1 such that µ = |∇u|2 dx+ ν in B1.

For E ∈ F and µ ∈ M, if y ∈ B1 and 0 < λ < 1 − |y| then we define

Ey,λ = λ−1 (E − y) ∩B1,

µy,λ(A) = λ2−nµ (y + λA) , ∀A ⊂ B1.

Then one has

Lemma 4.1.4 (i) For y ∈ B1 and 0 < λ < 1 − |y|, if E ∈ F and µ ∈ M, then
Ey,λ ∈ F and µy,λ ∈ M.
(ii) For µ ∈ M, y ∈ B1 and λk ↓ 0, there is η ∈ M such that, after taking
subsequences, µy,λk

→ η. Moreover, η0,λ = η for any λ > 0.
(iii) For E ∈ F , y ∈ B1 and λk ↓ 0, there exists F ∈ F such that, after taking
subsequence, Ey,λk

→ F in the Hausdorff metric. Moreover, F ⊂ Σ∗ for some Σ∗
defined as (4.9) and (Σ∗)0,λ = Σ∗ for any λ > 0.
(iv) M is closed with respect to the weak convergence of measures.
(v) Define a map π : M → F as follows:

π(µ) =

{

Σ if µ = |∇u|2 dx+ ν and 0 6= ν = Θ(x)Hn−2bΣ
sing(u) if ν = 0 and µ = |∇u|2 dx.
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Then
(a) For any |y| < 1 and 0 < λ < 1 − |y|, if µ ∈ M then

π(µy,λ) = λ−1 (π(µ) − y) on B1.

(b) If µk, µ ∈ M satisfies µk → µ, then for any ε > 0 there is k(ε) > 0 such that

π(µk) ∩B1 ⊂ {x ∈ B1+δ0 : dist (x, π(µ)) < ε} for k ≥ k(ε). (4.13)

Proof. (i) is trivial. In fact, let {ui} ⊂ HΛ be such that

µi = |∇u|2 dx→ µ.

Then ui,y,λ(x) = ui(y + λx) is defined for x ∈ B1+δ0 and

∫

B1+δ0

|∇ui,y,λ|2 = λ2−n

∫

Bλ(1+δ0)(y)
|∇ui|2 ≤

(

1 + δ0
δ0

)n−2

Λ.

This implies ui,y,λ ∈ HΛ̂, with Λ̂ =
(

1+δ0
δ0

)n−2
Λ. Since

|∇ui,y,λ|2 dx→ µy,λ

as convergence of Radon measures, we have µy,λ ∈ M. The statement on E ∈ F
can be proved similarly.
To prove (ii), observe that for any λk ↓ 0, one has

lim
k→∞

µy,λk
(BR) = Rn−2Θn−2(µ, y), ∀R > 0. (4.14)

Therefore we may assume that there is a nonnegative Radon measure η in R
n such

that µy,λk
→ η as convergence of Radon measures. Moreover, by a diagonal process,

there exists a subsequence {ik} ⊂ {i} such that

|∇uik,y,λk
|2 dx→ η.

Hence ηbB1 ∈ M.
By (4.14), we have

R2−nη (BR(0)) = Θn−2 (µ, y) for all R > 0. (4.15)

We can follow [123] (page 796-800) to show that η is a cone measure, i.e. (η)0,λ = η
for λ > 0. Here we present a short proof (see also Moser [147]). Denote vk = uik ,y,λk

and set µk
αβ =

〈

∇αv
k,∇βv

k
〉

dx for 1 ≤ α, β ≤ n. Since |µk
αβ |(Ω) is uniformly

bounded, we may assume that there is (signed) Radon measure µαβ on Ω such
that µk

αβ → µαβ as k → ∞ as convergence of Radon measures. Moreover, since
∑n

α=1 µ
k
αα = |∇uik,y,λk

|2 dx, we have

η =

n
∑

α=1

µαα in Ω.
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Since vk satisfies the monotonicity formula: for any 0 < r ≤ R < +∞ and x0 ∈ R
n,

R2−n

∫

BR(x0)
|∇vk|2 − r2−n

∫

Br(x0)
|∇vk|2

= 2
n
∑

α,β=1

∫

BR(x0)\Br(x0)
|x− x0|−n(x− x0)α(x− x0)β〈∇αv

k,∇βv
k〉 dx ≥ 0,

we have, by taking k → ∞,

R2−nη (BR(x0)) − r2−nη (Br(x0))

= 2

n
∑

α,β=1

∫

BR(x0)\Br(x0)
|x− x0|−n(x− x0)α(x− x0)β dµαβ ≥ 0. (4.16)

Taking x0 = 0 and using (4.15), (4.16) implies

n
∑

αβ=1

µαβbxαxβ = 0.

Note that for any φ ∈ C∞
0 (Rn,Rn), since





n
∑

α,β=1

∫

Rn

xαφβ dµ
k
αβ





2

≤





n
∑

α,β=1

∫

Rn

φαφβ dµ
k
αβ



 ·





n
∑

α,β=1

∫

supp(φ)
xαxβ dµ

k
αβ





we have, by taking k → ∞,

n
∑

α,β=1

∫

Rn

xαφβ dµαβ = 0. (4.17)

For any ψ ∈ C1
0 (B1) and λ > 0, define ψλ(x) = ψ(x

λ
). Since vk satisfies the identity

(4.2), we have

n
∑

α,β=1

∫

Rn

(

δαβ |∇vk|2 − 2〈∇αv
k,∇βv

k〉
)

∇α (ψλxβ) = 0.

Taking k → ∞ and applying (4.17) with φβ replaced by ∇β(ψλ), we obtain

∫

Rn

(

(n− 2)ψλ + λ−1x · ∇ψ(
x

λ
)
)

dη = 2

n
∑

α,β=1

∫

Rn

xα∇βψλ dµαβ = 0.

Since

d

dλ
(η0,λ(ψ)) =

d

dλ

(

λ2−n

∫

Rn

ψλ dη

)

= −λ1−n

∫

Rn

(

(n− 2)ψλ + λ−1x · ∇ψ(
x

λ
)
)

dη,
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we conclude that d
dλ

(η0,λ(ψ)) = 0 and hence η0,λ = η for any λ > 0.
(iii) and (iv) follow from (ii) easily, and (a) of (v) is also obvious. We sketch the
proof for (b) of (v). First, by Blaschike’s selection principle [55], we may assume
that after taking possible subsequences

π(µk) → F

for some closed subset F ⊂ B1 in the Hausdorff metric. Therefore for any ε > 0
there is k(ε) > 0 such that for k ≥ k(ε),

π(µk) ∩B1 ⊂ {x ∈ B1+δ0 | dist(x, F ) < ε} .
It suffices to show F ⊂ π(µ). For any x ∈ F , there is xk ∈ π(µk) such that xk → x.
Note that (4.16) implies that for any y ∈ B1+δ0 , Θn−2

r (µk, y) ≡ r2−nµk(Br(y)) is
monotonically nondecreasing. Hence Θn−2(µk, y) = limr↓0 Θn−2

r (µk, y) exists for any
y ∈ B1+δ0 and is upper semicontinuous with respect to both µk and y variables. In
particular,

Θn−2(µ, x) ≥ lim sup
k→∞

Θn−2(µk, xk).

On the other hand, xk ∈ π(µk) if and only if Θn−2(µk, xk) ≥ ε20. Therefore
Θn−2(µ, x) ≥ ε20 and x ∈ π(µ). The proof is complete. 2

For any µ ∈ M and x0 ∈ π(µ), we say η ∈ M is a tangent measure of µ at x0 if
there exists λk ↓ 0 such that

µx0,λk
→ η

as convergence of Radon measures. Denote by Tx0µ the set of all tangent measures
of µ at x0. By Lemma 4.1.4 (ii), we have that any η ∈ Tx0µ is a cone measure. It is
also not hard to see (4.16) implies that for any η ∈ Tx0µ,

Θn−2(η, 0) = Θn−2(µ, x0) = max
{

Θn−2(η, y) : y ∈ R
n
}

. (4.18)

Moreover, if 0 6= y ∈ R
n is such that

Θn−2(η, y) = Θn−2(η, 0),

then η satisfies ηy,λ = η for any λ > 0. In particular, as in §2.3, we have that η is
invariant in y-direction, i.e. ηy,1 = η. Hence

Lη =
{

y ∈ R
n : Θn−2(η, y) = Θn−2(η, 0)

}

is a linear subspace of R
n and dim(Lη) ≤ n−2 (since Θn−2(η, 0) is finite). Moreover,

if dim(Lη) = n− 2 then we may identify Lη = R
n−2 × {(0, 0)} ⊂ R

n so that

η = Θn−2(µ, x0)H
n−2b

(

R
n−2 × {(0, 0)}

)

.

As in §2.3, we can define a stratification of Σ = π(µ) for µ ∈ M as follows. For
0 ≤ j ≤ n− 2,

Σj = {x ∈ Σ : dim(Lη) ≤ j for all η ∈ Tx0µ} .
Then we have

Σ0 ⊂ Σ1 ⊂ · · · ⊂ Σn−2 = Σ. (4.19)

Moreover, the same proof of Lemma 2.3.3 gives
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Proposition 4.1.5 Let µ ∈ M and Σ = π(µ). Then Σ = ∪n−2
j=0 Σj, and dimH(Σj) ≤

j for j = 0, · · · , n− 2.

4.2 Rectifiability of defect measures

From the previous section, we know that any µ ∈ M can be written as

µ = |∇u|2 dx+ ν

where u ∈ H1(Ω, N) is a weakly harmonic map that is smooth away from the
concentration set Σ of locally finite Hn−2-measure, and ν is a defect measure such
that

ν(x) = Θ(x)Hn−2bΣ, ε20 ≤ Θ(x) ≤ C(µ) < +∞ for Hn−2 a.e. x ∈ Σ.

The purpose of this section is to show that Σ is a (n− 2)-dimensional rectifiable
set and ν is a Hn−2-rectifiable measure. First we recall (see [55, 189])

Definition 4.2.1 For l = 0, 1, · · · , n, a set E ⊂ R
n is called l-rectifiable if E ⊂

∪∞
j=0Nj, where H l(N0) = 0 and each Nj, j ≥ 1, is an l-dimensional embedded C1

submanifold of R
n.

Definition 4.2.2 For l = 0, 1, · · · , n, if E ⊂ R
n is H l-measurable and θ is a positive

locally H l-integrable function on E, then we say that a l-dimensional subspace
P ⊂ R

n is the approximate tangent space of E at x ∈ R
n with respect to θ, if

lim
λ↓0

∫

Ex,λ

f(y)θ(x+ λy) dH l(y) = θ(x)

∫

P

f dH l ∀f ∈ C0(R
n),

or equivalently

lim
λ↓0

λ−l

∫

E

f(λ−1(z − x))θ(z) dH l(z) = θ(x)

∫

P

f dH l ∀f ∈ C0(R
n).

The following theorem characterizes the rectifiability of a set in terms of approx-
imate tangent spaces.

Theorem 4.2.3 For l = 0, 1, · · · , n, suppose E ⊂ R
n is H l-measurable. Then E

is l-rectifiable if and only if there is a positive locally H l-integrable fucntion θ on E
with respect to which the approximate tangent space of E exists for H l a.e. x ∈ E.

We also recall

Definition 4.2.4 For l = 0, 1, · · · , n, a nonnegative Radon measure µ on R
n is

called to be l-rectifiable if there is a l-rectifiable set Σ ⊂ R
n and a positive locally

H l-integrable function θ on Σ such that µ = θH lbΣ.

The main theorem of this section, due to Lin [123], is
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Theorem 4.2.5 For any µ = |∇u|2 dx + ν ∈ M, the concentration set π(µ) is an
(n− 2)-rectifiable set and the defect measure ν is an (n− 2)-rectifiable set.

The crucial step to prove this theorem is the following geometric Lemma.

Lemma 4.2.6 Let x ∈ Σ be such that Θn−2(µ, y) is Hn−2-approximate continuous
at x, for y ∈ Σ. Then there exist s ∈ (0, 1

2) depending only on n and rx > 0 such
that for any 0 < r ≤ rx there are (n − 2) points {x1, · · · , xn−2} ⊂ Br(x) ∩ Σ and
ε(r) > 0 with limr↓0 ε(r) = 0 such that
(i) Θn−2(µ, xi) ≥ Θn−2(µ, x) − ε(r) for j = 1, 2, · · · , n− 2,
(ii) |x1| ≥ sr and for any k ∈ {2, · · · , n− 2}, dist(xk, x+ Vk−1) ≥ sr, where Vk−1 is
the linear space spanned by {x1 − x, · · · , xk−1 − x}.
Proof. Since Θn−2(µ, y) is Hn−2bΣ approximate continuous at x, we have by the
definition that there is a positive function ε(r) > 0 with limr↓0 ε(r) = 0 such that

Hn−2
({

y ∈ Σ ∩Br(x) :
∣

∣Θn−2(µ, y) − Θn−2(µ, x)
∣

∣ ≥ ε(r)
})

≤ s(n)

2
rn−2

<
1

2
rn−2, (4.20)

where s(n) > 0 is a sufficiently small number to be determined later.
We want to show that there are (n− 2) points {x1, · · · , xn−2} in the set

Σ(x, r) ≡
{

y ∈ Σ ∩Br(x) : |Θn−2(µ, y) − Θn−2(µ, x)| < ε(r)
}

that satisfies the condition (ii).
Suppose that the above statement were false. Then Σ(x, r) is contained in an sr-
neighborhood of a (n− 3)-dimensional plane Lx ⊂ R

n passing through x (note that
x ∈ Σ(x, r)). In other words, for ri ↓ 0 if y ∈ Bri

(x) ∩ Σ then one has either

|Θn−2(µ, y) − Θn−2(µ, x)| ≥ ε(ri)

or y belongs to the sri-neighborhood of Li ∩ Bri
(x) for some (n − 3)-dimensional

plane Li ⊂ R
n passing through x.

Now we want to estimate µ (Bri
(x) ∩ Σ). Note that for ri small,

µ (Bri
(x) ∩ Σ) ≥ 1

2
Θn−2 (µ, x) rn−2

i . (4.21)

On the other hand, by the upper semicontinuity of Θn−2(µ, y), we have for ri small,

Θn−2(µ, y) ≤ 2Θn−2(µ, x), ∀y ∈ Bri
(x).

This implies

Θn−2(µ, y) ≤ 2Θn−2(µ, x), Hn−2 for a.e. y ∈ Bri
(x) ∩ Σ.

Hence

µ
({

y ∈ Bri
(x) ∩ Σ : |Θn−2(µ, y) − Θn−2(µ, x)| ≥ ε(ri)

})

≤ 2Θn−2(µ, x)Hn−2
({

y ∈ Bri
(x) ∩ Σ : |Θn−2(µ, y) − Θn−2(µ, x)| ≥ ε(ri)

})

≤ 2Θn−2(µ, x)
s(n)

2
rn−2
i = s(n)Θn−2(µ, x)rn

i . (4.22)
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Note that we may cover sri-neighborhood of Li ∩ Bri
(x) by C(n)s3−n balls of

radius of sri, since Li is an (n− 3)-dimensional plane through x. Let {Bsri
(yj)}l

j=1,

yj ∈ Bri
(x), be such a cover with l = C(n)s3−n. Then

µ (sri − neighborhood of Li ∩Bri
(x)) ≤

l
∑

j=1

µ (Bsri
(yj)) .

To estimate the right hand side, observe that there is rx > 0 such that

µ(Br(r)) ≤
3

2
Θn−2(µ, x)rn−2, ∀0 < r ≤ rx.

Therefore, for 0 < ri << r = rx, we have

µ (Bsri
(yj)) = (sri)

n−2µ (Bsri
(yj))

(sri)n−2

≤ (sri)
n−2µ (Br−ri

(yj))

(r − ri)n−2

≤ (sri)
n−2

(

r

r − ri

)n−2 µ (Br(x)))

rn−2

≤ 2(sri)
n−2Θn−2(µ, x).

Therefore we obtain

µ (sri − neighborhood of Li ∩Bri
(x)) ≤ C(n)s3−n2(sri)

n−2Θn−2(µ, x)

= 2C(n)s(n)rn−2
i Θn−2(µ, x). (4.23)

Combining (4.22) with (4.23), we obtain

µ(Bri
(x) ∩ Σ) ≤ s(n) (1 + 2C(n)) Θn−2(µ, x)rn−2

i <
1

2
Θn−2(µ, x)rn−2

i

if we choose s(n) < 1
2(2C(n)+1) . This contradicts (4.21) and complete the proof. 2

By Federer’s structure theorem ([55] §3), it suffices to show that if E ⊂ Σ is
(n − 2)-purely unrectifiable subset (i.e. if F ⊂ R

n is a (n − 2)-rectifiable set then
Hn−2(E ∩ F ) = 0), then Hn−2(E) = 0. We divide the proof into several lemmas.

Lemma 4.2.7 For Hn−2 a.e. x ∈ Σ and for δ > 0 there is rx > 0 such that if
0 < r < rx then there exists a (n− 2)-plane L = L(x, r) ⊂ R

n through x so that

ν (Br(x) \ Lδr) = 0,

where Lδr is the δr-neighborhood of L in R
n. As a consequence, for any δ1, δ2 ∈ (0, 1)

there are r0 > 0 and E0 ⊂ Σ so that

(a) Hn−2(Σ \ E0) < δ1.

(b) For x ∈ E0 and 0 < r < r0, there is a (n− 2)-plane L = L(x, r) ⊂ R
n through x

such that ν(Br(x) \ Lδ2r) = 0.
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Proof. Note that for Hn−2 a.e. x ∈ Σ, Θn−2(u, x) = 0, Θn−2(µ, x) ≥ ε20 and
Θn−2(µ, y) is Hn−2-approximate continuous at x for y ∈ Σ. Suppose it was false for
such a x0 ∈ Σ. Then for some δ > 0, there is ri ↓ 0 such that

ν (Bri
(x0) \ Lδri

) > 0, ∀i ≥ 1,

for any (n− 2)-plane L ⊂ Rn through x0.
Applying Lemma 4.2.6, there are (n − 2) points {xi

1, · · · xi
n−2} ⊂ Σ ∩ Bri

(x0) such
that

Θn−2(µ, xi
j) ≥ Θn−2(µ, x0) − εi, with lim

i→∞
εi = 0

for all i ≥ 1 and 1 ≤ j ≤ n− 2, and

|xi
1| ≥ sri, dist(xi

j, x0 + Li
j−1) ≥ sri, 2 ≤ j ≤ n− 2,

where

Li
j−1 = span

{

xi
1 − x0, · · · , xi

j−1 − x0

}

.

Let

ξi
j =

xi
j − x0

ri
, 1 ≤ j ≤ n− 2, and µi = µx0,ri

= |∇ux0,ri
|2 dx+ νx0,ri

.

Then, after taking possible subsequences, we can assume that there exist ξj ∈ R
n for

1 ≤ j ≤ n− 2 and two nonnegative Radon measures µ∗ and ν∗ such that as i→ ∞,

ξi
j → ξj for 1 ≤ j ≤ n− 2, µi → µ∗ and νi → ν∗

Note that ν∗ = µ∗, since Θn−2(u, x0) = 0. It is also easy to see that ξj ∈ π(µ∗) for
1 ≤ j ≤ n− 2. By the upper semicontinuity of Θn−2(µ, x), we have

Θn−2(µ∗, ξj) ≥ lim sup
i→∞

Θn−2(µx0,ri
, ξi

j) = lim sup
i→∞

Θn−2(µ, xi
j) ≥ Θn−2(µ, x0)

for 1 ≤ j ≤ n− 2. On the other hand, since µ∗ is a tangent measure of µ at x0, it
follows from the discussion of the previous section that µ∗ is a cone measure and

Θn−2(µ∗, x) ≤ Θn−2(µ∗, 0) for all x ∈ R
n.

Therefore we have

Lµ∗

(

=
{

x ∈ R
n | Θn−2(µ∗, x) = Θn−2(µ∗, 0)

})

= L∗,

where

L∗ = span {ξ1, · · · , ξn−2} is a (n− 2)-plane in R
n.

This, combined with Lemma 4.1.4 (v), implies that there is a δ > 0 such that for i
sufficiently large

νi (B1 \ (L∗)δ) = 0.

This contradicts the choice of µi. Thus the first part of Lemma 4.2.7 holds.
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The second part follows from the first part easily. In fact, for any k, l ≥ 1, let
Σkl be the subset of Σ containing x ∈ Σ such that

ν (Br(x) \ Ll−1r) = 0, ∀0 < r < k−1

for some (n− 2)-plane L ⊂ R
n through x. Then we have

Hn−2 (Σ \ (∪∞
k=1(∪∞

l=1Σkl))) = 0.

This clearly implies that there is l = l(k) → ∞ so that

lim
k→∞

Hn−2
(

Σ \ Σkl(k)

)

= 0

and hence the conclusion of the second part also holds by choosing E0 = Σkl(k) for
k sufficiently large. 2

Lemma 4.2.8 If E ⊂ π(µ) is a purely (n − 2)-unrectifiable set for some µ ∈ M,
then

Hn−2 (PL(E)) = 0

for any (n− 2)-plane L ⊂ R
n, where PL is the orthogonal projection of R

n onto L.

Proof. We may assume Hn−2(E) > 0. For ε ∈ (0, 1
2), by Lemma 4.2.7 there are

E0 ⊂ E and r0 > 0 such that
(a) Hn−2(E \ E0) < ε.
(b) For x ∈ E0 and 0 < r < r0, there is a (n− 2)-plane L ⊂ R

n through x such that

E0 ∩ (Br(x) \ Lεr) = ∅,

and
(c)

µ (E ∩Br(x)) ≥
Θn−2(µ, x)

2
rn−2 ≥ ε20

2
rn−2.

Since E is purely unrectifiable, it follows from the characterization of rectifiable sets
(cf. [55] §3.3.5) that for Hn−2 a.e. x ∈ E0, there is y ∈ E0 ∩Br(x) ⊂ (Br(x) ∩ Lεr)
such that

|PL (y − x)| ≤ ε

4
|y − x|.

Therefore we have

Hn−2 (PL(Br(x) ∩E0)) ≤ Hn−2 (PL(Br(x) ∩ Lεr)) ≤ 4εrn−2. (4.24)

By (c) and the Vitali’s covering Lemma ([55] §2.8.15), we can almost cover E0 by
disjoint balls {Brj

(xj)} with xj ∈ E0 such that both (c) and (4.24) are valid. Hence

Hn−2 (PL(E0)) ≤
∞
∑

j=1

Hn−2
(

PL(E0 ∩Brj
(xj))

)

≤ 4ε

∞
∑

j=1

rn−2
j ≤ 8ε

ε20

∞
∑

j=1

µ
(

E0 ∩Brj
(xj)

)

≤ 8ε

ε20
µ(E).
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On the other hand

Hn−2 (PL(E \ E0)) ≤ Hn−2(E \ E0) ≤ ε.

Thus we have

Hn−2(PL(E)) ≤ ε

(

1 +
8µ(E)

ε20

)

.

This implies the conclusion, since ε > 0 is arbitrary. 2

Lemma 4.2.9 If µ = |∇u|2 dx+ ν ∈ M, π(µ) = Σ and E ⊂ Σ with Hn−2(E) > 0,
then

lim
r↓0

sup
L∈Gn−2(n)+{x}

Hn−2 (PL(E ∩Br(x)))

α(n− 2)rn−2
≥ 1

2
for Hn−2 a.e. x ∈ E. (4.25)

Proof. As in Lemma 4.2.7, let x0 ∈ E such that Θn−2(u, x0) = 0, Θn−2(µ, x0) ≥ ε20,
and Θn−2(µ, ·) is Hn−2-approximate continuous at x0 on E. Suppose this lemma
was false at x0. Then there exist ri ↓ 0 such that

lim
ri↓0

sup
L∈Gn−2(n)+{x}

Hn−2 (PL(E ∩Bri
(x0)))

α(n− 2)rn−2
i

<
1

2
. (4.26)

By passing to subsequences, we assume that

|∇ux0,ri
|2 dx→ 0, µx0,ri

→ µ∗, νx0,ri
→ ν∗.

Moreover, we have

µ∗ = ν∗ = Θn−2(µ, x0)H
n−2b

(

R
n−2 × {(0, 0)}

)

.

For i ≥ 1, there are sequences of stationary harmonic maps {uij}∞j=1 in B2 such that

|∇uij |2 dx→ νx0,ri
+ |∇ux0,ri

|2 dx as j → ∞.

Define

αij ≡
n−2
∑

k=1

|∂uij

∂xk

|2 dx.

Then, as in the proof of Lemma 4.2.7, we can find a diagonal subsequence j = j(i)
such that

|∇uij(i)|2 dx→ µ∗ as i→ ∞.

Hence for any δ > 0 there is a sufficiently large i0 such that for i ≥ i0

αij(B 3
2
) ≤ δ. (4.27)

Now we define Fij : (Rn−2 × {(0, 0)}) × (0, 1) → R+ by

Fij(a, ε) =

∫

Bn
2

|∇uij|2 (a+ x)ψε(x1)φ
2(x2) dx (4.28)
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where x = (x1, x2) ∈ R
n−2 × R

2, φ ∈ C∞
0 (B2

2), ψε(x1) = ε2−nψ(x1
ε

) with 0 ≤ ψ ∈
C∞

0 (Bn−2
1 ) and

∫

Rn−2

ψ(x1) dx1 = 1.

Direct calculations imply, for 1 ≤ k ≤ n− 2,

∂Fij

∂ak
= 2

n−2
∑

l=1

∂

∂al

∫

Bn
2

(

∂uij

∂xl

∂uij

∂xk

)

(a+ x)ψε(x1)φ
2(x2) dx

−2

n
∑

l=n−1

∫

Bn
2

(

∂uij

∂xl

∂uij

∂xk

)

(a+ x)ψε(x1)
∂φ2

∂xl
dx. (4.29)

Now we recall Allard’s strong constancy lemma (cf. [1]).

Lemma 4.2.10 Suppose F, f and G are smooth on Bn−2
1 and satisfy

∇F = f + divG in Bn−2
1 , (4.30)

and
‖f‖

L1(Bn−2
1 ) + ‖G‖

L1(Bn−2
1 ) ≤ δ. (4.31)

Then for any δ1 > 0 there is δ0 > 0 depending on δ1 and ‖F‖L1(B1) such that

‖F − c‖L1(B1) ≤ δ1 whenever δ ≤ δ0. (4.32)

Note that if we denote F ε = Fij(a, ε), the second term of (4.29) by f ε
k (1 ≤ k ≤

n− 2) and

Gε
kl =

∫

Bn
2

(

∂uij

∂xl

∂uij

∂xk

)

(a+ x)ψε(x1)φ
2(x2) dx.

Then we have
∇F ε = f ε + div(Gε) in Bn−2

2 ,

and since αij(i) → 0, we have for any δ > 0

‖f ε‖
L1(Bn−2

2 ) + ‖Gε‖
L1(Bn−2

2 ) ≤ δ

holds for uij(i) with i ≥ i0 sufficiently large. Therefore by Lemma 4.2.10 we conclude
that for any δ1 > 0

‖Fij(a, ε) − Cij(ε)‖L1(B 3
2
) ≤ δ1 (4.33)

holds for i sufficiently large and j = j(i) for some positive Cij(ε).
Taking ε→ 0, (4.33) gives that for i sufficiently large

‖Fij(a) − Cij‖L1(B 3
2
) ≤ δ1 (4.34)

holds for j = j(i) for some Cij > 0, where

Fij(a) =

∫

B2
2

|∇uij|2 (a, x2)φ
2(x2) dx2.
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Choosing φ to be a cut-off function of B2
1
2

, we can show that

lim
i→∞

Cij(i) = Θn−2(µ, x0).

Let σi be the projection of νx0,ri
on R

n−2 × {(0, 0)}. Then, by a variant of the
Fubini’s theorem on slice measures (cf. Evans [46]), we conclude that for any fixed
i,

Fij(x1) dx→ σi + εi(x1) dx1

as convergence of Radon measures on Bn−2
1 as j → ∞, where

εi(x1) =

∫

B2
2

|∇ux0,ri
|2(x1, x2)φ

2(x2) dx2.

Assume Ci = limj→∞Cij exists. Then by (4.34) we have

σi(x1) = Cidx1 − εi(x1) dx1 + βi(x1) (4.35)

where βi is a signed Radon measure with its total mass on B 3
2

bounded by δ. By

choosing δ > 0 sufficiently small and i sufficiently large, we conclude that

σi(B
n−2
1 ) ≥ Θn−2(µ, x0)

4
.

Hence PRn−2×{(0,0)} (supp(νx0,ri
∩B1)) contains at least half of Bn−2

1 . That is, for i
sufficiently large,

Hn−2
(

PRn−2×{(0,0)}(E ∩Bri
(x0)

)

α(n− 2)rn−2
i

≥ 1

2
.

This contradicts (4.26). Hence the proof is complete. 2

Proof of Theorem 4.2.5: Suppose that Σ = π(µ), µ ∈ M, is not (n− 2)-rectifiable.
Then there exists a purely (n − 2)-unrectifiable subset E ⊂ Σ with Hn−2(E) > 0.
But this is impossible according to Lemma 4.2.8 and Lemma 4.2.9. 2

4.3 Strong convergence and interior gradient estimates

In this section, we will show the obstruction for both strong convergence in HΛ and
the interior gradient estimates of stationary harmonic maps.

We begin with

Definition 4.3.1 For k = 2, · · · , n − 1, a smooth map ω ∈ C∞(Sk, N) is called a
harmonic Sk if it is a nonconstant harmonic map.

The main theorem of this section is

Theorem 4.3.2 Assume that N does not admit any harmonic Sk for k = 2, · · · , n−
1. Let M be a n-dimensional compact Riemannian manifold without boundary and
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u ∈ H1(M,N) be a stationary harmonic map, then u ∈ C∞(M,N) and the following
gradient estimate holds:

‖∇u‖L∞(M) ≤ C(M,N,E) (4.36)

where E =
∫

M
|∇u|2.

As an immediate corollary, we have

Corollary 4.3.3 If the universal cover Ñ of N supports a strictly convex function,
then any stationary harmonic map u ∈ H1(M,N) is smooth and satisifes (4.36).

For any sequence {ui} ⊂ HΛ, let u ∈ H1(Ω, N) be such that ui → u weakly in
H1(Ω, N) and

µi = |∇ui|2 dx→ µ = |∇u|2 dx+ ν

as convergence of Radon measures for some defect measure ν in Ω. From the dis-
cussion of previous sections, we know that

ui → u strongly in H1
loc ⇔ ν = 0 ⇔ Hn−2(Σ) = 0 where Σ = π(µ). (4.37)

The following lemma is the key to prove the interior gradient estimate for sta-
tionary harmonic maps.

Lemma 4.3.4 Suppose that for some µ ∈ M, Σ = π(µ) has positive Hn−2-measure.
Then there exists at least one harmonic S2 in N .

Proof. Since Hn−2(Σ) > 0, it follows from Proposition 1.1.5 that Σn−2 \ Σn−3 6= ∅
and hence there exist x0 ∈ Σn−2 and a tangent measure µ∗ ∈ Tx0µ (⊂ M) such that
Σ∗ = π(µ∗) satisfies

Σ∗ = R
n−2 × {(0, 0)} , µ∗ = Θn−2 (µ, x0)H

n−2bΣ∗. (4.38)

Let {vi} ⊂ HΛ (Λ ≥ Θn−2(µ, x0) > 0) be such that vi → constant weakly in
H1(Bn

1 , N) and in C2
(

Bn
1 \ (Bn−2

1 × {(0, 0)}), N
)

,

ηi = |∇vi|2 dx→ µ∗

as convergence of Radon measures in Bn
1 , and

lim
i→∞

n−2
∑

α=1

∫

Bn
1

|∇αvi|2 = 0. (4.39)

Set X1 = (x1, · · · , xn−2) and X2 = (xn−1, xn). For i ≥ 1, define fi : Bn−2
1
2

→ R by

fi(X1) =

n−2
∑

α=1

∫

B2
1

|∇αvi|2 (X1, X2) dX2.

Then Fubini’s theorem implies

lim
i→∞

‖fi‖L1(Bn−2
1
2

) = 0.
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Define the (local) Hardy-Littlewood maximal function (cf. [192])

M(fi)(X1) = sup
0<r≤ 1

2

r2−n

∫

Br(X1)
fi, for X1 ∈ Bn−2

1
2

.

By the partial regularity theorem of stationary harmonic maps and the weak L1-
estimate for the Hardy-Littlewood maximal functions, we conclude that there are
{Xi

1} ∈ Bn−2
1
2

such that

vi is smooth near {X i
1} ×B2

1
2
∀i ≥ 1, (4.40)

and
lim
i→∞

M(fi)(X
i
1) = 0. (4.41)

For i sufficiently large, there exist

0 < δi → 0, and X i
2 ∈ B2

1
4

with X i
2 → (0, 0)

such that

δ2−n
i

∫

Bn−2
δi

(Xi
1)×B2

δi
(Xi

2)
|∇vi|2 (4.42)

= max
X2∈B2

1
2

δ2−n
i

∫

Bn−2
δi

(Xi
1)×B2

δi
(X2)

|∇vi|2 =
ε20
c(n)

where c(n) > 0 is a large constant to be chosen later.
To see (4.42), we observe that since ui is smooth near {X i

1} × B2
1
2

we have that for

any i ≥ 1 fixed,

gi(δ) ≡ max
X2∈B2

1
2

δ2−n

∫

Bn−2
δ

(Xi
1)×B2

δ
(X2)

|∇vi|2 → 0

as δ ↓ 0. On the other hand, for any fixed δ > 0, we must have

lim
i→∞

gi(δ) > ε20.

For, otherwise, there exists δ0 > 0 such that gi(δ0) ≤ ε20 for i ≥ 1 sufficiently large.
Hence, by the small energy regularity theorem, we have

δ0 max
Bn−2

δ0
2

×B2
δ0
2

|∇vi| ≤ Cε0.

This contradicts |∇vi|2 dx → µ∗. Therefore for i sufficiently large, there is δi → 0
such that (4.42) holds.
Suppose X i

2 6→ (0, 0). Then we may assume that X i
2 → X0

2 for some (0, 0) 6= X0
2 ∈

B2
1
2

. Then by (3.42) we have, for r0 = |X0
2 | > 0,

(r0
2

)2−n
∫

B r0
2

(Xi
1,X0

2 )
|∇vi|2 ≥ ε20

c(n)
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for i sufficiently large. In particular,
∫

Bn−2
1 ×(B2

2r0
\B2

r0
2

)
|∇vi|2 ≥ C(ε0, r0) > 0

for sufficiently large i. This contradicts

vi → constant in C2
(

Bn
1 \ (Bn−2

1 × {(0, 0)}), N
)

.

Now we proceed the blow-up scheme as follows. Let pi = (X i
1, X

i
2), Ri = (4δi)

−1,
and Ωi = Bn−2

Ri
×B2

Ri
. Since Ri → ∞, Ωi converges to R

n. Define wi : Ωi → N by

wi(x) = vi(pi + δix), x ∈ Ωi.

Then wi is a stationary harmonic map on Ωi. Moreover, (4.41) and (4.42) imply

lim
i→∞

sup
0<R<Ri

{

R2−n

∫

Bn−2
R ×B2

Ri

n−2
∑

α=1

|∇αwi|2
}

= 0, (4.43)

∫

Bn−2
1 ×B2

1

|∇wi|2 =
ε20
c(n)

= max

{

∫

Bn−2
1 ×B2

1(X2)
|∇wi|2 : X2 ∈ B2

Ri−1

}

, (4.44)

sup
i

{

∫

Bn−2
R

×B2
R

|∇wi|2
}

≤ C(Λ)Rn−2, ∀0 < R < Ri. (4.45)

Let φ1 ∈ C∞
0 (Bn−2

1 ) be such that 0 ≤ φ1 ≤ 1 and φ1 = 1 on Bn−2
3
4

. Let φ2 ∈ C∞
0 (B2

1)

be such that 0 ≤ φ1 ≤ 1 and φ1 = 1 on B2
1
2

. Define Fi : Bn−2
1 ×B2

Ri−1 → R by

Fi(a) =

∫

Bn−2
1 ×B2

1

|∇wi|2 (a+ x)φ1(X1)φ2(X2) dx.

Then direct calculations imply, for k = 1, · · · , n− 2,

∂Fi

∂ak

= −2
n
∑

l=1

∫

Bn−2
1 ×B2

1

〈

∂wi

∂yl

,
∂wi

∂yk

〉

(y + a)
∂

∂yl

(φ1φ2) dy. (4.46)

Thus (4.43) yields

∂Fi

∂ak
→ 0 uniformly for a ∈ Bn−2

2 ×B2
Ri−1, as i→ ∞

for k = 1, · · · , n− 2. Hence by (4.44) if we choose c(n) = 2n+3, then

22−n

∫

Bn−2
2 ×B2

2

|∇wi|2 (Y1, Y2 + b) dY1dY2 ≤ ε20, for all b ∈ B2
Ri−2. (4.47)
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Therefore, by Theorem 3.3.8, we may assume that there exists a smooth harmonic
map w : Bn−2

3
2

× R
2 → N such that

wi → w in C2
loc

(

Bn−2
3
2

× R
2, N

)

as i→ ∞.

It follows from (4.43) that

n−2
∑

α=1

∫

Bn−2
3
2

×R2

|∇αw|2 = 0

so that w(Y1, Y2) = w(Y2) is independent of the first (n − 2)-variables. Hence
w : R

2 → N is a smooth harmonic map. This and (4.44) and (4.44) imply that

ε20
2n+3

≤
∫

R2

|∇w|2 ≤ Λ.

Therefore w can be lifted to be a nontrivial harmonic map from S2 to N by the re-
movability theorem of isolated singularity (see Sacks-Uhlenbeck [164] or §6 below).
This completes the proof. 2

Proof of Theorem 4.3.2:
Since N doesn’t support any harmonic S2, it follows that the set EΛ of stationary
harmonic maps from M to N whose energies are bounded by Λ is sequentially
compact in H1(M,N). In fact, if {ui} ⊂ EΛ then we can assume ui → u weakly
in H1(M,N). Let Σ be the concentration set associated with the sequence. Then
lemma 2.3.3 implies that Σn−2 \ Σn−3 = ∅. Hence Hn−2(Σ) = 0 and dimH(Σ) ≤
n− 3, and ui → u strongly in H1(M,N). Now we can apply the Federer dimension
reduction argument as in §2.3 to conclude that Σj = ∅ for all 0 = j, · · · , n − 3,
since there is no harmonic Sk for k = 3, · · · , n− 1. Therefore Σ = ∅ and ui → u in
C2(M,N). In particular any stationary harmonic map from M to N is smooth. To
see the estimate (4.36), we argue by contradiction. Suppose that there are smooth
stationary harmonic maps vi : M → N such that

‖∇vi‖C0(M) → +∞, but sup
i

∫

M

|∇vi|2 ≤ C < +∞.

Then {vi} ⊂ H1(M,N) is not compact in H1(M,N), which is impossible. The proof
is complete. 2

Proof of Corollary 4.3.3:
It suffices to prove that there is no harmonic Sk in N for k = 2, · · · , n − 1. Let
ω ∈ C∞(Sk, N) be any harmonic map. Let Π : Ñ → N be the covering map. Then
it is well-known that there exists a smooth harmonic map ω̃ : Sk → Ñ such that
ω = Π ◦ ω̃.

Let ρ : Ñ → R be a strictly convex function so that there is cN > 0 such that

∇2ρ(y)(ξ, ξ) ≥ cN |ξ|2 for any y ∈ N and ξ ∈ TyN.
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Then by the chain rule (cf. [102]) we have

∆(ρ ◦ ω̃) = tr
(

∇2ρ(ω̃)(∇ω̃,∇ω̃)
)

≥ cN |∇ω̃|2. (4.48)

This implies that ρ ◦ ω̃ is a subharmonic function on Sk. Hence, by the maximum
principle, we conclude that ρ ◦ ω̃ is constant. This yields |∇ω̃| ≡ 0 and ω̃ is a con-
stant. Therefore ω = Π ◦ ω̃ is also a constant. 2

4.4 Boundary gradient estimates

In this section we will address the boundary gradient estimates for smooth harmonic
maps. We would like to remark that the boundary monotonicity inequality similar
to (2.42) doesn’t seem to follow from the stationary identity (3.41) in which the
variational vector field X is required to be in C∞

0 (Ω,Rn). Hence if we consider the
class of stationary harmonic maps, then we need to impose the boundary mono-
tonicity inequality to analyze the boundary gradient estimate. In fact, Wang [205]
has proved a partial boundary regularity for stationary harmonic maps under the
extra assumption that the boundary monotonicity inequality (4.49) holds.

For simplicity we assume Ω = B+
1 ⊂ R

n and u ∈ C∞(B+
1 , N) is a smooth

harmonic map such that

E =

∫

B+
1

|∇u|2 ≤ K < +∞ and u|Γ = φ with ‖φ‖C2(Γ) ≤ K < +∞

for some K > 0, where Γ =
{

x = (x′, xn) ∈ B+
1 | xn = 0

}

.

Before we analyze the behavior of smooth harmonic maps near boundary points,
we need

Lemma 4.4.1 There is a constant Λ > 0 depending only on n,K such that for any
x ∈ Γ, 0 < σ ≤ ρ with B+

ρ (x) ⊂ B+
1 ,

∫

B+
ρ (x)\B+

σ (x)
|y − x|2−n

∣

∣

∣

∣

∂u

∂|y − x|

∣

∣

∣

∣

2

≤ Eρ(x) −Eσ(x), (4.49)

where

Eρ(x) = eΛρρ2−n

∫

B+
ρ (x)

|∇u|2 + C(Λ)ρ.

Proof. Let φ be an extension of φ|Γ to B+
1 such that ‖φ‖C2(B+

1 ) ≤ K. For simplicity,

assume x = 0. For 0 < r ≤ 1, multiply (1.8) by x · ∇(u− φ)(x) and integrate over
B+

r . By integration by parts, we have

∣

∣

∣

∣

r

∫

∂B+
r

|∇u|2 − 2r

∫

∂B+
r

|∂u
∂r

|2 − (n− 2)

∫

B+
r

|∇u|2
∣

∣

∣

∣

≤ C(K)

[∫

∂B+
r

(

r|∇u|2 + |∇u| + r|∇u|
)

+ r

∫

∂B+
r

|∂u
∂r

|
]

.
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It is easy to see that this yields (4.49). 2

It follows from (4.49) that Er(x) is a monotonically increasing function with
respect to r for any x ∈ Γ. In particular,

Θn−2(u, x) = lim
r↓0

(

eΛrr2−n

∫

B+
r (x)

|∇u|2
)

exists for any x ∈ Γ.
We also need the following small energy regularity at the boundary. For smooth

harmonic maps, the proof can be found in [31]. For stationary harmonic maps
satisfying (4.49), it was proved by [205].

Lemma 4.4.2 There exists ε0 = ε(n,N,K) > 0 such that if Er(x) ≤ ε2 for x ∈ Γ
and r > 0, then

r max
B+

r
2
(x)

|∇u| ≤ C (ε0, n,N,K) . (4.50)

We now are ready to prove the main theorem of this section (cf. [123] Page
822-824).

Theorem 4.4.3 Assume that N does not support any harmonic S2. Let u ∈
C∞(B+

1 , N) be a harmonic map on B+
1 given as above. Then there exists δ0 =

δ(K,n,N) > 0 such that

|∇u| (x) ≤ C (n,N,K) for all x ∈
{

x = (x′, xn) ∈ B+
1
2

| 0 ≤ xn ≤ δ0

}

. (4.51)

Proof. We argue by contradiction. Suppose that the theorem were false. Then for

any δ > 0 and K > 0, there exist {ui} ⊂ C∞(B+
1 , N) with ui|Γ = φi,

‖φ‖C2(Γ) ≤ K,

∫

B+
1

|∇ui|2 ≤ K,

but
sup

B+
1
2

∩Γδ

|∇ui| → ∞, where Γδ =
{

x = (x′, xn) ∈ B+
1 : 0 ≤ xn ≤ δ

}

.

In particular, ui → u weakly in H1(B+
1 , N) but not strongly in H1(B+

1 , N). Hence
there exists a nonnegative Radon measure ν on Γδ with ν(Γδ) > 0 such that

|∇ui|2 dx→ µ ≡ |∇u|2 dx+ ν

as convergence of Radon measures on Γδ. We may assume that there is φ ∈ C2(Γ, N)
such that φi → φ in C1,α(Γ) for any 0 < α < 1. As in §4.1 and §4.2, we let M+

denote all Radon measures µ on Γδ obtained as above and Π(µ) = Σ, where Σ is
the energy concentration set in B+

1 , associated with the sequences.
Write Σ = Σ1 ∩ Σ2, with Σ1 = Σ ∩ Γ and Σ2 = Σ \ Σ1. Since ν(Γδ ∩ B+

1 ) > 0,
we must have Hn−2(Σ) > 0. On the other hand, since there is no harmonic S2 in
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N , we already know that Hn−2(Σ2) = 0. Hence Hn−2(Σ1) > 0. Now we can modify
the argument in §4.1 and §4.2 to conclude that Σ1 ⊂ Γ is a (n − 2)-rectifiable set.
Moreover, for Hn−2 a.e. x0 ∈ Σ0, there exists ri ↓ 0 and a (n−2)-dimensional plane
L ⊂ ∂R

n
+ such that

νx0,ri
→ ν∗, and ν∗ = Θ0H

n−2bL for some Θ0 > 0. (4.52)

In particular, by a diagonal process, we may assume that there are {vi} of smooth
harmonic maps in B+

1 , with vi|Γ → const, so that

|∇vi|2 dx→ ν∗ = Θ0H
n−2bL,

∫

B+
1

|∇yvi|2 → 0 for all y ∈ T. (4.53)

Now we can follow the blow up scheme in §4.3 to conclude that there exist either a
nonconstant harmonic map from S2 to N or a harmonic map from R

2
+ to N with

finite energy and being constant on ∂R
2
+. The latter is impossible by a well known

theorem of Lemaire [114]. Hence there exists at least a nontrivial harmonic S 2 in
N , which contradicts our assumption.

The above argument shows that ui → u strongly in H1(B+
1 , N). Now we can

apply Federer’s dimension reduction argument to show if Σ 6= ∅, then there would
exist a 3 ≤ l ≤ n− 1 and a non trivial harmonic map φ ∈ C∞(Sl

+, N) with φ|∂Sl
+

=

const, where Sl
+ is the l-dimensional upper hemi sphere. But this is again impossible

by the following theorem due to Schoen-Uhlenbeck ([172] page 263). Namely,

Lemma 4.4.4 A smooth harmonic map u0 : Sl
+ → N taking constant value on ∂S l

+

is itself constant for l ≥ 2.

Proof. The result for l = 2 is proven by Lemaire [114]. For n ≥ 3, one can perform
a radial deformation on S l

+ with center at the north pole as a domain variation of
u. Since smooth harmonic maps are also critical points with respect to domain vari-
ations. Hence the first variation vanishes. On the other hand, direct computations
show that the first variation is equal to

(2 − l)

∫

Sl
+

(1 − ρ) e(u0) (ρ, ξ) .

Hence e(u0) ≡ 0 and u0 is constant. Applying this lemma, we then conclude that
Σ = ∅ and hence the original convergence is C2. Thus we can obtain the uniform
boundary gradient estimate (4.51). 2

Remark 4.4.5 A crucial property used in the blow-up analysis technique presented
in this Chapter is the energy monotonicity formula of the problem under considera-
tions. In particular, similar techniques have been employed by Tian in his important
work on higher dimensional Yang-Mills fileds [200].



Chapter 5

Heat flows to Riemannian

manifolds of NPC

In this chapter, we will present the classical theorem by Eells-Sampson [49] on the
existence of global smooth solutions to the heat flow of harmonic maps into compact
Riemannian manifolds with nonpositive sectional curvatures.

5.1 Motivation

Given two Riemannian manifolds (M, g) and (N,h), a fundamental problem in geo-
metric toplogy is to find harmonic maps representing any given free homotopy class
α ∈ [M,N ]. For example, one asks under what conditions, can

cα := inf

{
∫

M

e(u) dvg | u ∈ C∞(M,N), [u] = α ∈ [M,N ]

}

(5.1)

be achieved?
The answer to these questions is delicate. For example, the following theorem,

due to Eells-Wood [52], indicates that the problem may not always have solutions.

Proposition 5.1.1 Let
(

M = T 2 = S1 × S1, g
)

be the flat torus, N = (S2, h) be
the standard sphere, α ∈

[

T 2, S2
]

be the homotopy class whose topological degree is
1. Then there doesn’t exist any harmonic map in α.

Let’s also mention two more examples that illustrate non-existence of nontrivial
harmonic maps with constant boundary values. The first one is due to Lemaire
[114].

Proposition 5.1.2 For any ball B ⊂ R
2, if u ∈ C∞(B,N) is a harmonic map such

that u|∂B = constant, then u = constant.

Proof. First, by conformal transformation and conformal invariance of harmonic
maps in dimensions two, we may identify B with S2

+, the upper half sphere. Ex-
tending u from S2

+ to N by letting u(x1, x2, x3) = u(x1, x2,−x3) for x3 ≤ 0. Then
one can verify u : S2 → N is harmonic map. Hence it has zero Hopf differential.
This implies u : S2 → N is conformal, u|∂S2

+
= constant, so u = constant. 2

109
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Proposition 5.1.3 For n ≥ 3, let Bn ⊂ R
n be the unit ball. Then any harmonic

map u ∈ C∞(Bn, N), with u|∂Bn = constant, is constant.

Proof. By the monotonicity identity (3.42), we have

(2 − n)

∫

Bn

|∇u|2 +

∫

∂Bn

|∇u|2 = 2

∫

∂Bn

|∂u
∂r

|2. (5.2)

Since u = constant on ∂Bn, this implies

∫

∂Bn

|∂u
∂r

|2 + (n− 2)

∫

Bn

|∇u|2 = 0.

Hence u = constant in Bn. 2

These two examples indicate that for (M, g) with nonempty boundary ∂M , if
we consider harmonic map representing relative free homotopy classes, then it may
have no solutions.

The direct method to attack the above homotopy problem also has its limitation,
since the topological property may not be preserved under weak convergence in

W 1,2(M,N). For example, let uλ(z) = λz : R
2

= S2 → R
2

= S2, λ > 0. Then
∫

S2 e(uλ) = 8π for λ > 0, deg(uλ;S2) = 1, and uλ → (0, 0, 1) weakly in W 1,2(S2, S2),
as λ → ∞. Hence both the topological information and the Dirichlet energy have
lost in the limiting process.

To overcome these difficulties, Eells-Sampson in their 1964’s poineering work
[49] have proposed to study the corresponding evolution problem: for any u0 ∈
C∞(M,N), find u : M × R+ → N that solves

∂tu− ∆gu = A(u)(∇u,∇u) in M × (0,+∞) (5.3)

u|t=0 = u0. (5.4)

The basic ideas of [49] are two fold. First, a continuous deformation u(·, t) of u0

preserves the (given) homotopy class. Second, (5.3) is the negative L2-gradient flow
of the Dirichlet energy E, under which the energy is decreasing and hence one may
find critical points of E (i.e., harmonic maps) along the flow.

5.2 Existence of short time smooth solutions

Eells-Sampson [49] have established the following existence theorem on short time
smooth solutions to (5.3) and (5.4).

Theorem 5.2.1 Suppose both (M, g) and (N,h) ⊂ R
L are compact without bound-

aries. Then for any u0 ∈ C∞(M,N) there exists a maximal time 0 < Tmax =
Tmax(u0,M,N) ≤ ∞ such that (5.3)-(5.4) admits a unique, smooth solution u ∈
C∞(M × [0, Tmax), N). Moreover, if Tmax < +∞, then

lim
t↑T0

‖∇u(·, t)‖C0(M) = +∞. (5.5)
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Proof. It is similar to the presentation by Ding [41]. To simplify the proof, we
assume that M = R

n and g = g0 (the Euclidean metric). Let

G(x, t) =
1

(4πt)
n
2

exp

(

−|x|2
4t

)

, t > 0

be the fundamental solution to the heat equation:

(∂t − ∆)G(x, t) = 0, x ∈ R
n, t > 0

lim
t↓0+

G(x, t) = δ0(x), x ∈ R
n.

For 0 < T ≤ ∞, let u : R
n × [0, T ) → R

L be the solution of the Cauchy problem

∂tu− ∆u = f, (x, t) ∈ R
n × (0, T )

u = u0, x ∈ R
n.

Then we have the representation formula (cf. [47])

u(x, t) =

∫

Rn

G(x− y, t)u0(y) dy

+

∫ t

0

∫

Rn

G(x− y, t− s)f(y, s) dyds. (5.6)

We now recall some basic properties of (5.6) and linear parabolic equations (cf.
[120, 128]).
(i) If u0 ∈ C(Rn,RL) and f ∈ L∞(Rn × [0, T ],RL), then u ∈ C(Rn × [0, T ],RL) and
u(·, t) ∈ C1,α(Rn) uniformly in t ∈ [ε, T ] for any ε > 0.
(ii) For α ∈ (0, 1), if f(·, t) ∈ Cα(Rn) uniformly in t ∈ [ε, T ] for any ε > 0, then
ut,∇u,∇2u ∈ C(Rn × [ε, T ],RL).

Note that if u ∈ C∞(Rn × [0, T ), N) solves (5.3) and (5.4), then (5.6) implies

u(x, t) =

∫

Rn

G(x− y, t)u0(y) dy

+

∫ t

0

∫

Rn

G(x− y, t− s)A(u)(∇u,∇u)(y, s) dyds. (5.7)

For ε > 0, define

Xε =
{

u ∈ C0(Rn × [0, ε],RL) | u(·, 0) = u0, u(·, t) ∈ C1(Rn), 0 ≤ t ≤ ε
}

,

and endow Xε with the norm

‖u‖Xε
:= ‖u‖C0(Rn×[0,ε]) + sup

t∈[0,ε]
‖∇u(·, t)‖C0(Rn) , ∀u ∈ Xε.

Define T : Xε → Xε by

Tu(x, t) =

∫

Rn

G(x− y, t)u(y, 0) dy

+

∫ t

0

∫

Rn

G(x− y, t− s)A(u)(∇u,∇u)(y, s) dyds, (x, t) ∈ R
n × [0, ε).
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For u ∈ Xε, let

v0(x, t) =

∫

Rn

G(x− y, t)u(y, 0) dy for (x, t) ∈ R
n × [0, ε).

For δ > 0, let

Bδ =
{

u ∈ Xε | ‖u− v0‖Xε
≤ δ
}

be the ball in Xε with center v0 and radius δ.
We want to show that for any δ > 0, there exists ε > 0 such that

(i) T : Bδ → Bδ.

(ii) There exists β ∈ (0, 1) such that

‖Tu− Tv‖Xε
≤ β ‖u− v‖Xε

for any u, v ∈ Bδ.

Proof. For u ∈ Bδ, we have

‖u‖Xε
≤ ‖u− v0‖Xε

+ ‖v0‖Xε
≤ C0,

and

Tu− v0 =

∫ t

0

∫

Rn

G(x− y, t− s)A(u)(∇u,∇u)(y, s) dyds.

Hence for any (x, t) ∈ R
n × [0, ε), we have

|Tu− v0| (x, t) ≤ C1

∫ t

0

∫

Rn

G(x− y, t− s)|∇u|2(y, s) dyds

≤ C1 sup
t∈[0,ε]

‖∇u‖2
C0(Rn)

∫ ε

0

∫

Rn

G(x− y, t− s) dyds

≤ C1ε, (5.8)

and

|∇ (Tu− v0)| (x, t) ≤ C2

∫ t

0

∫

Rn

|∇xG|(x− y, t− s)|∇u|2(y, s) dyds

≤ C2 sup
t∈[0,ε]

‖∇u‖2
C0(Rn)

∫ ε

0

∫

Rn

|∇xG|(x− y, t− s) dyds

≤ C2ε. (5.9)

Therefore for any δ > 0, there exists ε > 0 such that T : Bδ → Bδ.
For (ii), let u, v ∈ Bδ, then we have

|Tu− Tv| (x, t)

≤
∫ t

0

∫

Rn

G(x− y, t− s) |A(u) (∇u,∇u) −A(v) (∇v,∇v)| (y, s)

≤ C

∫ t

0

∫

Rn

G(x− y, t− s)
{

|∇u|2|u− v| + (|∇u| + |∇v|) |∇(u− v)|
}

≤ Cε ‖u− v‖Xε
. (5.10)
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Similarly, we can show

|∇ (Tu− Tv)| (x, t) ≤ Cε ‖u− v‖Xε
, ∀(x, t) ∈ R

n × [0, ε].

Hence (ii) holds.
It follows from (i) and (ii) that there exists a unique u ∈ Bδ such that u = Tu,
namely u : R

n × [0, ε) → R
L solves (5.3) and (5.4).

Finally, we need to show u(Rn × [0, ε)) ⊂ N . For this, consider ρ(u) = |ΠN (u) −
u|2, where ΠN : Nδ → N is the smooth nearest point projection map. Note that
ρ(u)(·, 0) = 0, and

∂t(ρ(u)) − ∆ρ(u) = − |∇ (ΠN (u) − u)|2 ≤ 0. (5.11)

Hence by the maximum principle we have ρ(u) ≡ 0.
Since (5.3) is a quasi-linear parabolic system, it is well-known (cf. [128]) that if

lim
t↑ε

‖∇u‖L∞(Rn) < +∞,

then u can be extended to be a smooth solution of (5.3)-(5.4) beyond ε. There-
fore there exists a maximal time interval Tmax ∈ (0,+∞] such that u ∈ C∞(M ×
[0, Tmax), N) and Tmax satisfies (5.5). The proof is complete. 2

Remark 5.2.2 The characterization (5.5) of the first finite singular time Tmax is
not optimal in higher dimensions. By employing the unique continuation theorem of
backward heat equation by Escauriaza-Seregin-Sverák [53] to rule out the existence
of a quasi-harmonic Sn whose gradient is in Ln(Rn), Wang [207] has shown that for
n ≥ 3, the first finite singular time can be characterized by

lim sup
t↑Tmax

‖∇u(t)‖Ln(M) = +∞.

5.3 Existence of global smooth solutions under K
N ≤ 0

When the sectional curvature KN is nonpositive, Eells-Sampson [49] have proved
the following theorem on the existence of global smooth solutions.

Theorem 5.3.1 Suppose (M, g) is compact without boundary and the sectional cur-
vature KN of N is non-positive. Then for any u0 ∈ C∞(M,N) the Cauchy problem
(5.3) and (5.4) admits a unique, smooth solution u ∈ C∞(M × R+, N) which, as
t→ ∞ suitably, converges to a harmonic map u∞ ∈ C∞(M,N) in C2(M,N).

In order to prove this theorem, we first need the energy inequality for (5.3).

Lemma 5.3.2 For any 0 < T ≤ ∞, if u ∈ C∞(M × [0, T ), N) solves (5.3), then

E(u(t)) +

∫ t

0

∫

M

|∂tu|2 dvg dt = E(u0), ∀t ∈ [0, T ). (5.12)
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Proof. Since A(u)(∇u,∇u) ⊥ TuN , whenence multiplying (5.3) by ∂tu and integrat-
ing over M , we obtain

∫

M

|∂tu|2 dvg +
d

dt
(E(u(t))) = 0.

Integrating over [0, t] leads to (5.3.2). 2

Next we need the Bochner identity for (5.3).

Lemma 5.3.3 If u ∈ C∞(M × [0, T ), N) solves (5.3) and(5.4), then e(u) satisfies

(∂t − ∆g) e(u) = − |∇du|2 − RicM (∇u,∇u) +RN (∇u,∇u,∇u,∇u) . (5.13)

In particular, if KN ≤ 0, then it holds

(∂t − ∆g) e(u) ≤ Ce(u) (5.14)

for some C > 0 depending only on the Ricci curvature of M .

Proof. See also Ding [41]. For x0 ∈ M , let (xα) and (ui) be normal coordinates
center at x0 ∈M and u(x0) ∈ N respectively. Then we have

(∂t − ∆g) e(u) = 〈∂tuα, uα〉 − |uαβ |2 − 〈uα, uβα,β〉
= 〈∂tuα, uα〉 − |uαβ |2 − 〈uα, uββ,α〉 −RM

αβ (uα, uβ)

= − |uαβ|2 +
〈

uα, (∂tu− ∆gu)α

〉

−RM
αβ (uα, uβ)

where we have used the Ricci identity

uβα,β = uββ,α +RM
αβuβ.

On the other hand, by (5.3) we have

〈

uα, (∂tu− ∆gu)α
〉

= 〈uα, (A(u)(∇u,∇u))α〉
= −〈∆gu,A(u)(∇u,∇u)〉
= 〈A(u)(∇u,∇u), A(u)(∇u,∇u)〉
= 〈A(u)(uα, uα), A(u)(uβ , uβ)〉

where we have used

〈∂tu,A(u)(∇u,∇u)〉 = 0 and 〈uα, A(u)(∇u,∇u)〉 = 0.

For uαβ, similar to §1.6 we have

|uαβ |2 = |P (u)(uαβ)|2 + |A(u)(uα, uβ)|2 = |∇du|2 + |A(u) (uα, uβ)|2 .

Putting all these identities together, we obtain

(∂t − ∆g) e(u) = − |∇du|2 − RicM (∇u,∇u)
+
{

〈A(u)(uα, uα), A(u)(uβ , uβ)〉 − |A(u)(uα, uβ)|2
}

.
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This and the Gauss-Kodazi equation imply (5.13) and (5.14). Hence the proof is
complete. 2

We now recall Moser’s Harnack inequality for subsolutions of the heat equation
(cf. [146, 120]). Let L = ∂t − ∆g be the heat operator on M . For z0 = (x0, t0) ∈
M × (0,+∞) and 0 < R < min{iM ,

√
t0}, denote by PR(z0) the parabolic cylinder

PR(z0) =
{

z = (x, t) ∈M × (0,+∞) | |x− x0| ≤ R, t0 −R2 ≤ t ≤ t0
}

.

Then we have

Lemma 5.3.4 Suppose v ∈ C∞(PR(z0)) is nonnegative and satisfies

Lv ≤ Cv in PR(z0)

for some C > 0. Then there exists C1 > 0 such that

v(z0) ≤ C1R
−(n+2)

∫

PR(z0)
v dz. (5.15)

Proof of Theorem 5.3.1.
Applying Lemma 5.3.4 to (5.14), we have for any z0 = (x0, t0) ∈ M × (0,+∞)

and R > 0 small,

e(u)(z0) ≤ CR−(n+2)

∫

PR(z0)
e(u) dz

≤ CR−(n+2)

∫ t0

t0−R2

E(u(t)) dt

≤ CR−nE(u0) (5.16)

Hence |∇u| is uniformly bounded onM×[0, T ]. Hence, by the higher order regularity
of linear parabolic equations (cf. [120]), we conclude that u ∈ C∞ (M × [0,+∞), N)
and

sup
t∈[0,+∞)

‖∇mu‖C0(M) ≤ C (m,M,N, u0) , ∀m ≥ 1. (5.17)

Since by (5.3.2)
∫ t

0

∫

M

|∂tu|2 ≤ E(u0) < +∞, ∀t > 0,

we have

lim
t↑+∞

∫ t

t−2

∫

M

|∂tu|2 = 0.

Moreover, by (5.23) we have

(∂t − ∆g) |∂tu|2 = − |∇∂tu|2 +RN (u) (∇u, ∂tu,∇u, ∂tu) ≤ 0. (5.18)

Hence, by Lemma 5.3.4 we have for any 0 < α < 1,

‖∂tu‖Cα(M×[t−1,t]) ≤ C(α) ‖∂tu‖L2(M×[t−2,t]) (→ 0 as t→ 0).
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Hence we can choose tk ↑ ∞ be such that ut(·, tk) → 0 in Cα(M) and u(·, tk) → u∞
in C2(M,N). This implies that u∞ ∈ C2(M,N) satisfies

∆gu∞ +A(u∞) (∇u∞,∇u∞) = 0

so that u∞ is a smooth harmonic map. 2

Remark 5.3.5 When (M, g) has ∂M 6= ∅, one can consider the initial and boundary
value problem for (5.3). More precisely, for a given map φ ∈ C∞(M,N), consider
u : M × [0,+∞) → N :

(∂t − ∆g) u = A(u) (∇u,∇u) in M × (0,+∞) (5.19)

u|t=0 = φ on M (5.20)

u(x, t) = φ(x) x ∈ ∂M, t > 0. (5.21)

Then Hamilton [77] has extended [49] and showed that if KN ≤ 0, then there is a
unique, smooth solution u ∈ C∞(M × R+, N) to (5.19), (5.20, (5.21).

Remark 5.3.6 The harmonic map u∞ constructed by Theorem 5.3.1 is minimizing
energy in its homotopy class. This follows from the second variational formula for
E in §1.6: Let u1, u2 : M → N be two smooth maps and let Φ : M × [0, 1] → N
be a geodesic homotopy between u1 and u2, i.e., a smooth homotopy such that
Φ(·, 0) = u1 and Φ(·, 1) = u2 and, for any fixed x ∈M , Φ(x, ·) is a geodesic, if u1 is
a harmonic map, then

E(u2) −E(u1)

=

∫ 1

0
dσ

∫ σ

0
ds

{

|∇ d
ds
∇Φ|2 −RN

(

∇Φ,
dΦ

ds
,∇Φ,

dΦ

ds

)}

. (5.22)

Hence if KN ≤ 0, then u1 is an energy minimizer in its homotopy class.

The above remark plays an important role in Hartman’s paper [86] in which it was
proved that u∞ is independent of the choices of tk ↑ +∞.

Lemma 5.3.7 Suppose that N has its sectional curvature KN ≤ 0 and u ∈ C∞(M×
[0,+∞), N) solves (5.3). Then E(u(t)) is a convex function of t.

Proof. Direct calculations imply

d

dt
E(u(t)) = −

∫

M

|∂tu|2 ,

and
∂t |∂tu|2 = ∆g |∂tu|2 − |∇∂tu|2 +RN (u) (∇u, ∂tu,∇u, ∂tu) . (5.23)

Therefore by integration by parts we have

d2

dt2
E(u(t)) = − ∂

∂t

∫

M

|∂tu|2 = −
∫

M

∂t |∂tu|2

=

∫

M

(

|∇∂tu|2 −RN (u) (∇u, ∂tu,∇u, ∂tu)
)

≥ 0.
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This implies the convexity of E(u(t)). 2

For s0 > 0 and 0 < T ≤ +∞, let {φ(x; s)} ∈ C∞(M × [0, s0], N) and u(x, t; s) ∈
C∞(M × [0, T ] × [0, s0], N) solve the family of (5.3):

(∂t − ∆g)u(x, t; s) = A(u) (∇u,∇u) (x, t; s), x ∈M, t > 0, s ∈ [0, s0](5.24)

u(x, 0; s) = φ(x, s), x ∈M, s ∈ [0, s0]. (5.25)

Then we have

Lemma 5.3.8 Suppose that KN ≤ 0. Then for any s ∈ [0, s0], supx∈M

∣

∣

∂u
∂s

∣

∣

2
(x, t; s)

is nonincreasing in t. Hence supx∈M,s∈[0,s0]

∣

∣

∂u
∂s

∣

∣

2
(x, t; s) is nonincreasing function

of t.

Proof. Direct calculations yield

(∆g − ∂t)

∣

∣

∣

∣

∂u

∂s

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∇∂u

∂s

∣

∣

∣

∣

2

−RN (u)

(

∇u, ∂u
∂s
,∇u, ∂u

∂s

)

≥ 0.

Hence the conclusions follow from the maximum principle of the heat equation. 2

Assume that u1, u2 ∈ C∞(M.N) are homotopic, and h : M × [0, 1] → N is a
smooth homotopy between h(·, 0) = u1 and h(·, 1) = u2.

Let g(x, ·) : [0, 1] → N be the geodesic from u1(x) to u2(x) that is homotopic to
h(·, x) and parameterized proportionally to acr length.

For x ∈M , define d̂(u1(x), u2(x)) to be the length of this geodesic arc g(x, ·).

Corollary 5.3.9 Under the same assumptions as Lemma 5.3.8, set u(x, 0; s) =
g(x, s) for x ∈M and s ∈ [0, 1]. Then

sup
x∈M

d̂ (u(x, t; 0), u(x, t; 1))

is nonincreasing in t for all t ∈ [0, T ].

Proof. By construction, we have

sup
x∈M

d̂2 (u(x, 0; 0), u(x, 0; 1)) = sup
x∈M

d̂2 (g(x, 0), g(x, 1)) = sup
x∈M,s∈[0,1]

∣

∣

∣

∣

∂g

∂s

∣

∣

∣

∣

2

.

On the other hand, for t ∈ [0, T ],

d̂2 (u(x, t; 0), u(x, t; 1)) ≤ sup
s∈[0,1]

∣

∣

∣

∣

∂u

∂s

∣

∣

∣

∣

2

(x, t).

The claim then follows from Lemma 5.3.8. 2

Now we can prove the uniqueness theorem by Hartman [86]
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Theorem 5.3.10 Assume that KN ≤ 0 and φ ∈ C∞(M,N), let u ∈ C∞(M ×
[0,+∞), N) solve (5.3) with u(·, 0) = φ. Then there exists a smooth harmonic map
u∞ ∈ C∞(M,N) homotopic to φ such that limt↑∞ u(·, t) = u∞ in C2(M).

Proof. First by Theorem 5.3.1, there exist ti ↑ +∞ and a smooth harmonic map
u∞ ∈ C∞(M,N) homotopic to φ such that u(ti) converges to u∞ in C2(M). Let
g(x, 0) = u(x, ti) and g(x, 1) = u∞(x) for x ∈ M . Then it is easy to see that
u(x, ti + t) and u∞(x) are smooth solutions of (5.3) with g(x, 0) and g(x, 1) as their
initial data respectively.

By Corollary 5.3.9, we have

d̂ (u(x, ti + t), u∞(x)) ≤ d̂ (g(x, 0), g(x, 1)) = d̂ (u(x, ti), u∞(x)) ,

hence for any t ≥ 0, u(ti + t) → u∞ uniformly as i → ∞. This implies that u∞ is
independent of any choice of ti ↑ +∞. 2

5.4 An extension of Eells-Sampson’s theorem

In this section, we will present a generalization of Eells-Sampson’s Theorem 5.3.1 by
Ding-Lin [42], in which the nonpositivity assumption on KN is replaced by a weaker
assumption that the universal cover Ñ of N admits a strictly convex function of
quadratic growth.

We begin with

Definition 5.4.1 A map v ∈ C∞ (Rn × (−∞, 0], N) is called an n-obstruction for
(N,h), if (i) it is a heat flow of harmonic map on R

n × R−.
(ii) |∇v|(0, 0) > 0 and

|∇v|(x, t) ≤ |∇v|(0, 0), ∀(x, t) ∈ R
n × R−. (5.26)

(iii) there exists E0 > 0 such that

R2−n

∫

BR

|∇v(t)|2 ≤ E0, ∀R > 0 and t ≤ 0. (5.27)

The following proposition illustrates that existence of an n-obstruction acts as
an obstruction to the existence of global smooth solutions to (5.3).

Proposition 5.4.2 Assume (N,h) does not admit any n-obstruction. Then (5.3)
and (5.4) has a unique smooth solution u ∈ C∞(M ×R+, N). Moreover, we have a
priori estimate

‖∇u(t)‖C0(M) ≤ C (E(u0)) , ∀t ≥ 1. (5.28)

Proof. Suppose that it were false. Then u blows up at either 0 < T = T (u0) < +∞
or T = +∞. First, consider 0 < T < +∞. Then there exists (xi, ti) ∈ M × (0, T )
such that ti → T and

mi = |∇u| (xi, ti) = sup
M×[0,ti]

|∇u| (x, t) → +∞.
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Assume xi → x0 ∈ M . Let Bρ(x0) be the geodesic ball centered at x0 with radius
ρ. Denote λi = m−1

i and define

vi(x, t) = u
(

x0 + λix, t0 + λ2
i t
)

: Bmiρ ×
(

−m2
i t0, 0

]

→ N.

Then vi satisfies (i) ∂tvi = τi(vi) on Bmiρ × (−m2
i t0, 0] → N , where τi(vi) is the

tension field of vi with respect to (N,h) and (Bmiρ, gi), where gi(x) = g(xi + λix)
for x ∈ Bmiρ.

(ii) 1 = |∇vi|(0, 0) ≥ |∇vi|(x, t) for any (x, t) ∈ Bmiρ×(−m2
i t0, 0]. Since gi converges

to the Euclidean metric g0 in C2
loc(R

n), by the higher order regularity theory of
parabolic equations we have

‖vi‖Ck(BR×(−R2 ,0]) ≤ C (k,R) , ∀R > 0, ∀i ≥ i(R),∀k ≥ 1

for some constant C(k,R) > 0 depending on k and R. Hence, by a diagonal process,
we can assume that vi → v in C2

loc(R
n× (−∞, 0], N). It is easy to see that v satisfies

(i) and (ii).

To show v satisfies (5.27), for t ∈ (−m2
i t0, 0] andR > 0, denote t̄i = ti+λi(t+R

2),
zi = (xi, t̄i). We can compute

R2−n

∫

BR

|∇vi(t)|2 = (λiR)2−n

∫

BλiR(xi)×{ti+λ2
i t}

|∇u(t)|2

= (λiR)2−n

∫

BλiR(xi)
|∇u|2

(

t̄i − (λiR)2
)

≤ (4π)
n
2 e

1
4

∫

BλiR(xi)×{t̄i−(λiR)2}
|∇u|2Gzi

≤ CΦ(u, zi, λiR) ,

where Φ(u, zi, λiR) is given by (7.2). Set r̄2 = 1
2 min

{

T, ρ2
}

> 0. By the mono-
tonicity inequality (7.4), we have

Φ (u, zi, λiR) ≤ ecr̄Φ(u, zi, r̄) + cr̄E(u0)

≤ ecr̄r̄2−n

∫

M×{t̄i−r̄2}
|∇u|2 + cr̄E(u0)

≤
(

ecr̄r̄2−n + cr̄
)

E(u0).

This implies (5.27) and hence v is an n-obstruction. This contradicts the assumption
and hence T = +∞ and u is a global smooth solution.

Suppose that (5.28) were false. Then there exist a sequence of global smooth
solutions {ui} ∈ C∞(M ×R+, N) to (5.3) with initial data {ui0} ⊂ C∞(M,N) such
that E(ui0) ≤ C0, but for a sequence ti ≥ 1 ‖∇ui(ti)‖C0(M) → +∞. Then we can
repeat the proceeding argument, with u replaced by ui, to obtain the existence of
an n-obstruction again. This completes the proof of Proposition 5.4.2. 2

Now we prove the main theorem of this section (see [42]).
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Theorem 5.4.3 Let (Ñ , h̃) be the universal covering of (N,h). Suppose that Ñ
admits a strictly convex function ρ ∈ C2(Ñ) with quadratic growth, i.e., there are
positive constants c0, c1, c2 such that

∇2ρ ≥ c0h̃ on Ñ , (5.29)

0 ≤ ρ(y) ≤ c1d
2
Ñ

(y, y0) + c2, ∀y ∈ Ñ (5.30)

for some y0 ∈ Ñ , where dÑ is the distance function on (Ñ , h̃). Then there exists a
unique, smooth solution u ∈ C∞(M × R+, N) which satisfies

‖∇u(t)‖C0(M) ≤ C(E(u0)), ∀t ≥ 1, (5.31)

and for suitable t→ ∞, u(t) converges to a smooth harmonic map u∞ : M → N in
C2(M,N).

Proof. By Proposition 5.4.2, it suffices to show that (N,h) doesn’t admit any n-
obstruction.

Note that π1(N) acts isometrically on Ñ via the deck transformation, hence
ρα = ρ ◦ α, α ∈ π1(N), also satisfies (5.29) and (5.30), with y0 replaced by α−1(y0),
on Ñ . Denote by d the diameter of N . Then for any ỹ ∈ Ñ , there is α ∈ π1(N)
such that dÑ

(

ỹ, α−1(y0)
)

≤ d.

Suppose that N supports an n-obstruction v. Then we can lift v into Ñ to obtain

an obstruction ṽ for (Ñ , h̃). Set w = ρα ◦ ṽ ∈ C2
(

R
n × (−∞, 0], Ñ

)

. Then by the

chain rule (cf. [102]) we have

(∂t − ∆)w = −∇2ρα (∇ṽ,∇ṽ) ≤ −c0 |∇ṽ|2 = −c0|∇v|2. (5.32)

Note that by (5.29) and (5.30), w(x, t) = O(|x|2) as x → ∞. Hence by the repre-
sentation formula for the heat equation, we have for any t0 < 0

(4π)
n
2w(0, 0) ≤ |t0|−

n
2

∫

Rn

w(x, t0)e
− |x|2

4|t0| dx

− c0

∫ 0

t0

∫

Rn

|∇v|2 |t|−n
2 e

− |x|2

4|t| dxdt.

Since w ≥ 0, the implies

∫ 0

t0

∫

Rn

|∇v|2 |t|−n
2 e

− |x|2

4|t| dxdt ≤ c−1
0 |t0|−

n
2

∫

Rn

w(x, t0)e
− |x|2

4|t0| dx. (5.33)

Now we claim that there exist t0 ∈ [−2,−1] and α ∈ π1(N) such that

|t0|−
n
2

∫

Rn

w(x, t0)e
− |x|2

4|t0| dx ≤ c3 (5.34)

for some c3 > 0 depending only on E0, c0, c1, c2. Assume for the moment that the
claim is true. Then we have

∞
∑

k=

∫ 4−(k+1)

4−k

∫

Rn

|∇v|2G(0,0) dxdt ≤ c−1
0 c3 = c4 < +∞,
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where c4 > 0 only depends on E0 and other given universal constants. Hence for
ε0 > 0 given by proposition 7.1.4, there exists k0 ≥ 1 such that

Ik0 =

∫ 4−(k0+1)

4−k0

∫

Rn

|∇v|2G(0,0) dxdt ≤ ε20.

Hence we have

|∇v|(0, 0) ≤ c5 (5.35)

for some c5 > 0 depends only on E0 and other universal constants.
On the other hand, it is easy to check that for any λ > 0, vλ(x, t) = v(λx, λ2t) ∈
C2(Rn × (−∞, 0], N) is also an n-obstruction. Moreover, applying the above argu-
ment to vλ, we obtain

|∇vλ|(0, 0) = λ|∇v|(0, 0) → +∞,

which contradicts Definition 5.4.1(ii) .

Now we return to prove the claim. First note that by the ε0-estimate for (5.3),
we can find t0 ∈ [−2,−1], x0 ∈ B1, δ = δ(E0) > 0 and a = a(E0) > 0 such that

|∇v|(x, t0) ≤ a, ∀x ∈ Bδ(x0). (5.36)

Also we can choose α ∈ π1(N) such that

dÑ (ṽ(x0, t0), yα) ≤ d, yα = α−1(y0).

Thus, by the triangle inequality, we have

dÑ (ṽ(x, t0), yα) ≤ dÑ (ṽ(x, t0), ṽ(x0, t0)) + dÑ (ṽ(x0, t0), yα)

≤ dÑ (ṽ(x, t0), ṽ(x0, t0)) + d.

This and (5.36) imply that if x = x0 + rθ for r > 0 and θ ∈ Sn−1, then

dÑ (ṽ(x, t0), yα) ≤
{

aδ + d for r ≤ δ

dÑ (ṽ(x0 + rθ, t0), ṽ(x0 + δθ, t0)) + aδ + d for r > δ

Since

w(x, t0) ≤ c1d
2
Ñ

(ṽ(x, t0), yα) + c2,

we obtain that for some c6, c7 > 0

w(x, t0) ≤
{

c7 for r ≤ δ

c6d
2
Ñ

(ṽ(x0 + rθ, t0), ṽ(x0 + δθ, t0)) + c7 for r > δ
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Therefore we have, for t0 ∈ [−2,−1],

|t0|−
n
2

∫

Rn

w(x, t0)e
− |x|2

4|t0| = |t0|−
n
2

{

∫

Bδ(x0)
+

∫

Rn\Bδ(x0)

}

w(x, t0)e
− |x|2

4|t0|

≤ c8 + c9

∫

Rn\Bδ(x0)

[

∫ |x−x0|

δ

∣

∣

∣

∣

∂v

∂r

∣

∣

∣

∣

(x0 + sθ(x), t0) ds

]2

e−
|x|2

8

≤ c8 + c9

∫ ∞

δ

rne−
r2

16 dr

∫ r

δ

∫

Sn−1

∣

∣

∣

∣

∂v

∂r

∣

∣

∣

∣

2

(x0 + sθ, t0) dθds

≤ c8 + c10δ
1−n

∫ ∞

δ

rne−
r2

16

(

∫

Bδ(x0)
|∇v|2

)

dr

≤ c8 + c11E0

∫ ∞

δ

rne−
r2

16 (r + |x0|)n−2 dr ≤ c12

where we have used (5.27) in the last steps. This proves (5.34) and hence the proof
is complete. 2

Remark 5.4.4 It is well-known that if the sectional curvature of N is nonpositive
and π1(N) = 0, then ρ ≡ d2

Ñ
(·, y0) is strictly convex and the conditions (5.29)

and (5.30) of Theorem 5.4.3 are satisfied. Consequently, Theorem 5.4.3 gives an
alternative proof of Theorem 5.3.1.

As an application of Theorem 5.4.3, we can prove the existence of unstable
harmonic maps into (N,h) admitting no n-obstructions.

Theorem 5.4.5 Suppose that (N,h) does not admit any n-obstruction. Assume
that there are two different harmonic maps u1 and u2 from (M, g) to (N,h) in a
given homotopy class from M to N which are strictly stable in the sense that the
second variations of E at u1 and u2 is positive. Then there exists a harmonic map
of mountain pass type in the same homotopy class.

Proof. Since ui (i = 1, 2) are strictly stable harmonic maps, it follows from §1.6 that
there exist neighborhoods Ui of ui in C2(M,N), i = 1, 2, such that

E(ui) < E(v), ∀v ∈ Ui, v 6= ui. (5.37)

Note that if R > 0 is sufficiently large so that VR ∩ Ui 6= ∅, where

VR ≡
{

v ∈ C3(M,N) | ‖v‖C3(M) ≤ R
}

,

then there exists δR > 0 such that

E(v) ≥ E(ui) + δR, ∀v ∈ ∂Ui ∩ VR. (5.38)

In fact, suppose (5.38) were false. Then there exists vj ∈ VR∩∂Ui such that E(vj) →
E(ui) and vj → v0 in C2(M,N). It follows that v0 ∈ ∂Ui and E(v0) = E(ui), which
contradicts (5.37).
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Let m = max {E(u1), E(u2)} and

Γ =
{

γ ∈ C([0, 1], C1(M,N)) | γ(0) = u1, γ(1) = u2

}

.

Set
c = inf

γ∈Γ
max
s∈[0,1]

E (γ(s)).

Let γj ∈ Γ be such that

cj = E (γj(s(j))) = max
s∈[0,1]

E (γj(s)) → c, as j → ∞,

where s(j) ∈ [0, 1]. By Theorem 5.4.3, there exist global smooth solutions uj,s(t) ∈
C∞(M × R+, N) to (5.3) with initial conditions uj,s(0) = γj(s). Then we have
uj,s(t) ∈ Γ for any t > 0. Moreover, by the higher order regularity theory we have

‖uj,s(t)‖C3(M) ≤ R = R(c) < +∞, ∀t ≥ 1,

where R > 0 depends on the value c.
Therefore, for t ≥ 1, uj,s(t) ∈ C([0, 1], C1(M,N)) is a continuous curve in VR joining
u1 and u2. In particular,

cj = max
s∈[0,1]

E (γj(s)) ≥ max
s∈[0,1]

E (uj,s(t)) ≥ m+ δR. (5.39)

Taking j → ∞, we get c ≥ m+ δR > m. By a compactness argument, it is not hard
to show that for any j ≥ 1 uj(t) = uj,s(j)(t) satisfies

cj ≥ E (uj(t)) ≥ c, ∀t > 0.

As uj(t) subconverges to a smooth harmonic map vj : M → N in C2(M,N) as
t→ +∞, we have that cj ≥ E(vj) ≥ c. Also, by the estimate on harmonic maps, we
may assume that vj converges to a smooth harmonic map v : M → N in C2(M,N).
Hence E(v) = c > m and v is an unstable harmonic map. 2
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Chapter 6

Bubbling analysis

in dimension two

Since the Dirichlet energy functional is conformally invariant in dimension two and
the conformal group is not compact in dimension two in general, it is well known that
the moduli space of harmonic maps in dimension two may be noncompact. Hence
it is a very important question to understand the limiting behavior of sequences of
solutions to harmonic maps and their evolutional problems in dimension two. Sacks-
Uhlenbeck [164] have made a pioneering work in this direction. More precisely, they
have developed a powerful blow up technique to the study of harmonic maps in
dimension two and discovered that the failure of strong convergence of solutions of
harmonic maps comes from the energy concentration at finitely many points. As a
consequence, they have established the existence of branched minimal immersions
of S2 in Riemannian manifolds. Subsequentially, Struwe [193] has developed similar
techniques in the context of heat flow of harmonic maps in dimensions two, and
established the existence of solutions to the heat flow of harmonic maps with at most
finitely many singularities. Moreover, the singularity occurs again due to possible
energy concentration.

Bubbling analysis in dimension two is concerned with two main issues: (i)
whether the total energy loss can be counted by the sum of energies of finitely many
bubbles, i.e. nontrivial harmonic maps from S2, (ii) whether attaching all possible
bubbles to the weak limit gives uniform convergence. The first issue is refereed as
energy identity and the second issue is refereed as bubble tree convergence.

For harmonic maps from surfaces, Jost [103] and Parker [152] have independently
proved both energy identity and bubble tree convergence. Qing [157], Ding-Tian [43],
Wang [206], Qing-Tian [158], and Lin-Wang [133] have studied both issues for either
heat flows of harmonic maps or approximate harmonic maps with their tension fields
bounded in L2 in great lengths. However, when dealing with approximate harmonic
maps in dimension two, it turns out that the L2-space for the tension fields is
not conformally invariant. Instead, L1-space seems to be the nature space for the
tension field. But Parker [152] has provided an example where the approximate
harmonic maps have tension fields bounded in L1 but the energy identity doesn’t
hold. This prompts us to search for the most suitable condition on the tension field

125
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such that both the energy identity and bubble tree convergence hold. In this aspect,
Lin-Wang [135] have obtained an essentially optimal condition on the tension field.

This chapter is devoted to present some major ideas and results for bubbling
analysis in dimension two. It is organized as follows. In §6.1, we outline Sacks-
Uhlenbeck’s work in [164]. In §6.2, we present Struwe’s work in [193]. In §6.3, we
present the example by Chang-Ding-Ye [23] on finite time singularity of heat flow of
harmonic maps in dimension two. In §6.4, we present the proof of Lin-Wang [133]
on bubble tree convergence of heat flow of harmonic maps at time infinity. In §6.5,
we present the work by Lin-Wang [135] on approximate harmonic maps with tension
fields bounded in Lp for 1 < p ≤ 2.

6.1 Minimal immersion of spheres

In a pioneering work, Sacks-Uhlenbeck [164] have introduced the blow-up analysis of
harmonic maps in dimensions two and established the existence of branched minimal
immersion of S2 into any compact Riemannian manifold without boundary. The
techniques developed by [164] have been profound in applications to many other
geometric variational problems. The goal of this section is to introduce some basic
ideas of [164].

Throughout this section, (M, g) is assumed to be a compact Riemannian surface
with or without boundary and N ⊆ R

L is a compact Riemannian manifold without
boundary. For any α ≥ 1, Sacks-Uhlenbeck [164] have introduced

Eα(u) :=

∫

M

(

1 + |∇u|2
)α

dvg

over

W 1,2α(M,N) :=
{

v : M → N | ∇v ∈ L2α
(

M,R2L
)}

.

Note that if α = 1, then critical points of E1(u) = Vol(M) + E(u) are har-
monic maps. Eα can be viewed as subcritical approximations of E1 for α > 1:
since dim(M) = 2, the Sobolev embedding theorem implies that W 1,2α(M,N) ⊆
C1− 1

α (M,N) and hence W 1,2α(M,N) is a C2 separable Banach manifold. More-
over, Eα : W 1,2α(M,N) → R+ satisfies the Palais-Smale condition (C) (see Palais
[151]). Hence, by the direct method in calculus of variations we have

Lemma 6.1.1 For any α > 1 and φ ∈ C∞(M,N), there exists uα ∈ C∞(M,N) in
the same homotopy class as φ (i.e. uα ∈ [φ]) such that

Eα (uα) = inf
{

Eα(v) | v ∈W 1,2α(M,N), [v] = [φ]
}

. (6.1)

Moreover, uα satisfies 2α-harmonic map equation:

div
(

(

1 + |∇uα|2
)α−1 ∇uα

)

=
(

1 + |∇uα|2
)α−1

A(uα) (∇uα,∇uα) . (6.2)

Proof. Set

Cα = inf
{

Eα(v) | v ∈W 1,2α(M,N), [v] = [φ]
}

.
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Then

Cα ≤ Eα(φ) ≤
(

1 + max
M

|∇φ|2
)α

vol(M).

Let {ui} ⊂W 1,2α(M,N)∩ [φ] be a minimizing sequence of Cα. Then we can assume
that

∫

M
|∇ui|2α ≤ 1 + Cα for all i ≥ 1. Since ui(M) ⊂ N , ui is uniformly bounded

for all i ≥ 1. Therefore, after taking possible subsequences, we may assume ui →
uα both in C0(M,N) and weakly in W 1,2α(M,N). This implies [uα] = [φ] and
Eα(uα) ≥ Cα. On the other hand, by the lower semicontinuity, we have

Eα(uα) ≤ lim inf
i→∞

Eα(ui) = Cα.

By calculating the first variation of Eα, we can easily see that uα is a weak solution
of the Euler-Lagrange equation (6.2). By the Sobolev embedding theorem, uα ∈
C1− 1

α (M,N). Hence by [145] Theorem 1.11.1, ∇uα ∈W 1,2(M,N) and hence ∇uα ∈
Lp(M) for any 1 ≤ p < +∞ by Sobolev embedding theorem again. Thus we can
differentiate (6.2) and obtain

∆uα + (α− 1)
〈∇2uα,∇uα〉∇uα

1 + |∇uα|2
+A(uα) (∇uα,∇uα) = 0. (6.3)

Although this theorem is true for any α > 1, we only give a simple proof for
α− 1 small. Write uα as u. For x ∈M , define

akl
βγ(x) = δβγδkl + (α− 1)

uk
βu

l
γ

1 + |∇u|2 , 1 ≤ k, l ≤ L and 1 ≤ β, γ ≤ 2.

Then (6.3) can be written as

∑

1≤β,γ≤2,1≤l≤L

akl
βγu

l
βγ = −A(u)k (∇u,∇u) . (6.4)

Note that
∣

∣

∣
akl

βγ − δβγδkl

∣

∣

∣
≤ α− 1, 1 ≤ β, γ ≤ 2, 1 ≤ k, l ≤ L.

Therefore, if (α− 1) is small, then the linear operator

Lα(v) =

l
∑

βγ

akl
βγv

l
βγ : W 2,4(M,N) → L4(M,N)

has an inverse map. It follows u ∈W 2,4(M,N) ⊂ C1, 1
2 (M,N). We can now treat the

equation (6.4) as a linear equation in u with Hölder continuous coefficients. Hence
by the Schauder theory (cf. [72]) we have u ∈ C2,δ(M,N) for any 0 < δ < 1. The
smoothness of u then follows from [145] Theorem 5.63. 2

Since all the estimates are local, we assume M = Ω ⊂ R
2 when we discuss the

analytic estimates. A refinemet of the above argument can yield
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Lemma 6.1.2 Let D ⊂ R
2 be a unit ball and u : D → N be a critical point of Eα.

If (α− 1) is sufficiently small depending on 1 < p < +∞, then for any smaller discs
D′ ⊂ D, we have

‖∇u‖Lp(D′) ≤ C(p,D′, D, ‖∇u‖L4(D)) ‖∇u‖L4(D) . (6.5)

Proof. Let φ ∈ C∞
0 (D) be such that φ = 1 on D′, and choose a suitable coordinate

system of R
L so that

∫

D
u = 0. Multiplying (6.3) by φ and putting terms from

commuting differentiation with multiplication by φ on the right hand side gives

∣

∣

∣

∣

∆(φu) + (α− 1)
〈∇2(φu),∇u〉∇u

1 + |∇u|2
∣

∣

∣

∣

≤ |A(u)(∇(φu),∇u)| + k(φ) (|u| + |∇u|) ,

where k(φ) depends on ∇2φ, ‖A‖C0 and ‖u‖L∞(M). For all 1 < p < +∞, W 2,p-
estimate (cf. [72]) implies

‖∆(φu)‖Lp(D) ≤ (α− 1) ‖φu‖W 2,p(D) + ‖A‖C0 ‖|∇(φu)||∇u|‖Lp(D)

+ k(φ) ‖u‖W 1,p(D) . (6.6)

Let c(p) be the operator norm of ∆−1 : Lp(D) →W 2,p ∩W 1,2
0 (D). Then we get

(

c(p)−1 − (α− 1)
)

‖φu‖W 2,p(D) ≤ ‖A‖C0 ‖|∇(φu)||∇u|‖Lp(D)

+ k(φ) ‖u‖W 1,p(D) . (6.7)

Now let p = 2. For α− 1 < c(2)−1 we get

(c(2)−1 − (α− 1))‖φu‖W 2,2(D) ≤ ‖A‖C0‖∇(φu)‖L4(D)‖∇u|‖L4(D)

+k(φ)‖u‖W 1,2(D).

This gives a bound on ‖u‖W 2,2(D′′), where D′′ = {x ∈ D | φ(x) = 1}. By the Sobolev
embedding, this gives a bound on ‖u‖W 1,p(D′′) for any 1 < p < +∞. Repeat (6.7)
for any p with φ now having support in D ′′. If c(p)−1 > (α−1), then we get a bound
on ‖u‖W 2,p in the interior of D′′. 2

A further refinement of the above argument yields the following apriori gradient
estimates, which plays a crucial role in the analysis.

Lemma 6.1.3 Let B ⊆ R
2 be a unit ball, there are ε0 = ε(N) > 0 and α0 > 1 such

that if u ∈ C∞(B,N) is a critical point of Eα, Eα(u,B) ≤ ε20 and 1 ≤ α < α0, then
there is an estimate uniform in 1 ≤ α < α0

‖∇u‖W 1,p(B′) ≤ C
(

p,B′, B
)

‖∇u‖L2(B) , ∀1 < p < +∞ (6.8)

for any smaller disk B ′ ⊂ B. In particular,

sup
B 1

2

|∇u| ≤ C ‖∇u‖L2(B) . (6.9)
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Proof. By the Sobolev embedding, (6.9) follows directly from (6.8). By Lemma 6.1.2,
we need to control ‖∇u‖L4(B′′) for any small disk B ′′ ⊂ B. Again assume

∫

B
u = 0

and apply (6.7) with p = 4
3 . By the Sobolev embedding W 2, 4

3 (B) ⊂ W 1,4(B), we
have

‖|∇u||∇(φu)|‖
L

4
3 (B)

≤ ‖∇u‖L2(B) ‖∇(φu)‖L4(B)

≤ C ‖∇u‖L2(B) ‖φu‖W 2, 43 (B)
.

Therefore we obtain
(

c(
4

3
)−1 − (α− 1)

)

‖φu‖
W 2, 43 (B)

≤ C(‖A‖L∞) ‖∇u‖L2(B) ‖φu‖W 2, 43 (B)

+ k(φ) ‖∇u‖L2(B) (6.10)

If we choose ε0 > 0 such that

ε0 ≤ 1

2

[(c(4
3 )−1 − (α− 1))]

C(‖A‖L∞)−1
,

then we get an estimate on ‖φu‖
W

2, 43 (B)
and ‖φu‖W 1,4(B) as well. This finishes the

proof. 2

Another crucial ingredient in the analysis is the removability of isolated singu-
larity for harmonic maps.

Theorem 6.1.4 If u ∈ C∞(B1 \{0}, N) is a harmonic map and E1(u) < +∞, then
u ∈ C∞(B1, N).

Before proving this theorem, we need a lemma.

Lemma 6.1.5 Let u : B1 \ {0} → N be a smooth harmonic map and E1(u) < +∞.
Then for any 0 < r ≤ 1,

∫ 2π

0

∣

∣

∣

∣

∂u

∂r

∣

∣

∣

∣

2

(r, θ) dθ = r2

∫ 2π

0

∣

∣

∣

∣

∂u

∂θ

∣

∣

∣

∣

2

dθ. (6.11)

Proof. It suffices to prove (6.11) for r = 1. To do it, for ε > 0 let φ(x) = φε(|x|) ∈
C∞(B1) be such that φ = 0 in Bε, φ = 1 in B \ B2ε, 0 ≤ φ ≤ 1, and |∇φ| ≤ 2

ε
.

Multiplying (1.8) by φ(|x|)x · ∇u and integrating on B1, we have by an integration
by parts

0 =

∫

B1

∆u · (φ(|x|)x · ∇u)

=

∫

B1

(

(uiφxjuj)i − |x|φ′(|x|)|ur|2 − φ|∇u|2 − φ(|x|)xj

(

|∇u|2
)

j

)

=

∫

∂B1

φ(|x|)|ur |2 −
∫

B1

(

|x|φ′(|x|)|ur|2 + φ|∇u|2
)

−
∫

∂B1

1

2
φ(|x|)|∇u|2 +

∫

B1

(

φ(|x|)|∇u|2 +
1

2
|x|φ′(|x|)|∇u|2

)

=

∫

∂B1

(

φ(|x|)|ur |2 −
1

2
|∇u|2

)

+

∫

B1

|x|φ′(|x|)
(

1

2
|∇u|2 − |ur|2

)

.
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Since

lim
ε→0

∣

∣

∣

∣

∫

B1

|x|φ′(|x|)
(

1

2
|∇u|2 − |ur|2

)∣

∣

∣

∣

≤ C lim
ε→0

∫

B2ε

|∇u|2 = 0,

we have by taking ε→ 0

∫

∂B1

∣

∣

∣

∣

∂u

∂r

∣

∣

∣

∣

2

=
1

2

∫

∂B1

|∇u|2 ,

which easily implies (6.11). 2

Proof of Theorem 6.1.4:
By the conformal invariance of E1, we can assume that

∫

B2
|∇u|2 ≤ ε20, where ε0 is

given by Lemma 6.1.3. For any 0 6= x ∈ B1, since B|x|(x) ⊂ B2, E(u,B|x|(x)) ≤ ε20.
Hence Lemma 6.1.3 implies that

|x| |∇u| (x) ≤ C ‖∇u‖L2(B|x|(x)) (≤ Cε0) . (6.12)

We approximate u by a function q = q(r) that depends only on the radial coordinate
and is piecewise linear in log r. For m ≥ 1, let q(2−m) = 1

2π

∫ 2π

0 u(2−m, θ) dθ. Then q
is harmonic for r ∈ (2−m, 2−m+1), m ≥ 1. Now for 2−m ≤ r ≤ 2−m+1, the maximum
principle implies

|q(r) − u(r, θ)| ≤ 2max
{

|u(x) − u(y)| : 2−m ≤ |x|, |y| ≤ 2−m+1
}

≤ 2−m+3 max
{

|∇u|(x) : 2−m ≤ |x| ≤ 2−m+1
}

≤ C

(

∫

|x|≤2−m+2

|∇u|2
)

1
2

≤ Cε0. (6.13)

Multiplying the equation (1.8) of u by (u− q) and integrating over B1, we obtain

∫

B1

|∇(u− q)|2 =

∞
∑

m=1

r

∫ 2π

0
(q(r) − u(r, θ)) ·

(

ur(r, θ) − q′(r)
)

|2−m+1

2−m

+

∫

B1

∆u · (u− q) . (6.14)

The integral in θ of the boundary term containing q ′(r) vanishes because q is the
average of u at 2−m. Since u, q and ur are all continuous, the terms with ur cancel
with succeeding and preceding terms and

lim
m→∞

(

2−m

∫ 2π

0

(

u(2−m, θ) − q(2−m)
)

· ur(2
−m, θ) dθ

)

= 0.

We can also estimate
∣

∣

∣

∣

∫

B1

∆u · (u− q)

∣

∣

∣

∣

≤ ‖A‖L∞ ‖∇u‖2
L2(B1) ‖u− q‖L∞(B1) ≤ Cε0 ‖∇u‖2

L2(B1) .

Hence

∫

B1

|∇(u− q)|2 ≤ Cε0

∫

B1

|∇u|2 +

(
∫

r=1
|u− q|2 dθ

) 1
2
(
∫

r=1
|ur|2 dθ

) 1
2

.
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Since q does not depend on θ, it follows easily from Lemma 6.1.5 that

1

2

∫

B1

|∇u|2 =

∫

B1

1

r2
|uθ|2 ≤

∫

B1

|∇(u− q)|2 .

By the Poincaré inequality, we have
∫

r=1
|u− q|2 dθ ≤

∫

r=1
|uθ|2 dθ =

1

2

∫

r=1
|∇u|2 dθ.

Therefore, if ε0 > 0 is such that δ0 = 2Cε0 < 1, then

(1 − δ0)

∫

B1

|∇u|2 ≤
∫

r=1
|∇u|2 dθ.

If we translate this inequality into a disk of any radius, we get for r ≤ 1,

(1 − δ0)

∫

Br

|∇u|2 ≤ r

∫

∂Br

|∇u|2 = r
d

dr

(∫

Br

|∇u|2
)

.

Integrating this inequality gives
∫

Br
|∇u|2 ≤ r1−δ0

∫

B1
|∇u|2. Applying Lemma 6.1.3

one last time, we get

|x|2 |∇u|2 (x) ≤ C

∫

B2|x|

|∇u|2 ≤ C |x|1−δ0

∫

B1

|∇u|2 , ∀0 < |x| < 1

2
.

This implies ∇u ∈ Lp(B1) for some p > 2 and u ∈ Cα(B1) for some 0 < α < 1.
Hence by the higher order regularity theory, u ∈ C∞(B,N). 2

Combining these local estimates, one can prove

Theorem 6.1.6 Let uα ∈ C∞(M,N) be critical points of Eα and Eα(uα) ≤ B for
α > 1, and uα → u weakly in W 1,2(M,N) as α→ 1. Then there exist a subsequence
{β} ⊂ {α} and finite number of points {x1, · · · , xl} ⊂M , where l depends on B,M
and ε0 such that uβ → u in C2

loc(M \ {x1, · · · , xl}, N). Moreover u ∈ C∞(M,N) is
a smooth harmonic map.

Proof. For α > 1, define Radon measures µα = (1 + |∇uα|2)α dx on M . Then
µα(M) = Eα(uα) ≤ B and we can assume that there is a nonnegative Radon
measure µ on M such that µα → µ, α → 1, as convergence of Radon measures on
M . By Fatou’s lemma, µ = |∇u|2 dx + ν for a nonnegative Radon measure ν on
M . For ε0 > 0 given by Lemma 6.1.3, it is easy to see that there are a nonnegative
integer l ≤ B

ε20
and a finite set Σ = {x1, · · · , xl} ⊂M such that infr>0 µ(Br(x)) ≥ ε20

for x ∈ Σ. For any x0 ∈ M \ Σ, there is r0 > 0 such that µ(Br0(x0)) < ε20. This
implies that for α close to 1, µα(Br0(x0)) ≤ ε20 and hence Lemma 6.1.3 implies

‖uα‖Ck(B r0
2

(x0))
≤ C (k, ε0) , ∀k ≥ 1.

Hence there is a subsequence {β} ⊂ {α} such that uβ → u in C2
(

B r0
2

(x0), N
)

.

Since x0 is arbitrary, we have uβ → u in C2
loc(M \ Σ, N) and u ∈ C∞(M \ Σ, N) is

harmonic map. By Theorem 6.1.4, we have u ∈ C∞(M,N). 2
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Definition 6.1.7 A smooth map ω : S2 → N is called a bubble, if it is a nontrivial
harmonic map.

Now we want to show if Σ 6= ∅, then there exists at least one bubble. More precisely,

Theorem 6.1.8 Let uα : M → N be a sequence of critical points of Eα such that
uα → u in C2(M \ {x1, · · · , xl}, N) but not in C2(M \ {x2, · · · , xl}, N) for α → 1.
Then there exists a bubble ω : S2 → N such that

ω(S2) ⊂
⋂

r>0

(∩α→1 ∪β≤α uα (Br(x1))) .

Moreover

E(u) +E(ω) ≤ limα→1E(uα). (6.15)

Proof. Let r0 > 0 be such that Br0(x1) ∩ {x2, · · · , xl} = ∅. Let xα ∈ Br0(x1) be
such that

bα ≡ |∇uα| (xα) = max
Br0 (x1)

|∇uα| (x).

Then limα→1 bα = ∞. For, otherwise,

Eα(uα, Br0(x1)) ≤ (1 + b2α)αr20 ≤ ε20

so that Lemma 6.1.3 implies uα → u in C2(B r0
2

(x1), N), which contradicts the

assumption. Define vα(x) = uα(xα + b−1
α x) : Br0bα → N . Then vα is a critical point

of

Êα(v) =

∫

(

b−2
α + |∇v|2

)α
,

and

|∇vα|(0) = 1 and max
Br0bα

|∇vα|(x) = 1.

Note that the disks Br0bα converges to R
2 and the metrics on the disks converge to

the Euclidean metric. By a diagonal process, we can assume that there is a harmonic
map v ∈ C∞(R2, N) such that vα → v in C2

loc(R
2, N). It follows that v is nontrivial,

since |∇v|(0) = 1. Moreover, we have for any 0 < r ≤ r0,

E(v,R2) +E (u,M \ Br (x1)) ≤ limα→1 {E (vα, Brbα) +E (uα,M \ Br(x1))}
≤ limα→1E(uα).

By taking r to zero, this implies (6.15). Since R
2 = S2 \ {p} conformally and

0 < E(v) < +∞, Theorem 6.1.4 implies that v extends to a nontrivial, smooth
harmonic map ω : S2 → N . 2

As an application of these estimates, we present a proof of the following theorem
independently by Lemaire [114], Schoen-Yau [177] and [164].

Theorem 6.1.9 If dim(M) = 2 and π2(N) = 0, then any map φ ∈ C∞(M,N) is
homotopic to a smooth harmonic map.
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Proof. Let uα : M → N be a minimizing map of Eα in the homotopy class [φ].
By Theorem 6.1.6, there is a subsequence β → 1 such that uβ → u in C2(M \
{x1, · · · , xl}, N) with u ∈ C∞(M,N) being a harmonic map. We claim uβ → u
in C2(M,N). Suppose it were false. Then l ≥ 1. For simplicity, assume l = 1.
For a sufficiently small ρ > 0, we further assume that the metric g on Bρ(x1)
is the Euclidean metric. We perform a surgery of uβ in Bρ(x1) as follows. Let
η ∈ C∞

0 (Bρ(x1)) be such that 0 ≤ η ≤ 1, η ≡ 1 in B ρ
2
(x1), and |∇η| ≤ 8ρ−1. Define

vα : Bρ(x1) → RL by

vα(x) = η(x)u(x) + (1 − η(x)) uα(x), ∀x ∈ Bρ(x1).

Then for any δ > 0 there exists α0 > 1 such that for 1 < α ≤ α0, we have

max
Bρ(x1)

dist (vα(x), N) ≤ max
Bρ(x1)\B ρ

2
(x1)

|uα(x) − u(x)| ≤ δ.

Therefore we can project vα into N and get wα(x) = ΠN (vα(x)) for x ∈ Bρ(x1).
Now we define ūα ∈ C∞(M,N) by letting

ūα(x) =

{

wα(x) for x ∈ Bρ(x1)

uα(x) for x ∈M \ Bρ(x1).

Since π2(N) = {0}, it is easy to see that uα and ūα are homotopic. Since uα is an
energy minimizer for Eα in its homotopy class, we have

Eα (uα, Bρ(x1)) ≤ Eα (ūα, Bρ(x1)) .

Note also that

lim
α→1

Eα (ūα, Bρ(x1)) = E (u,Bρ(x1)) ≤ πρ2 ‖∇u‖2
L∞(M) .

Therefore we have

Eα (uα, Bρ(x1)) ≤ πρ2 ‖∇u‖2
L∞(M) ≤

ε20
2
,

provided that α is sufficiently close to 1. Hence Lemma 6.1.3 implies that uα → u
in C2(B ρ

2
(x1), N), and we get a contradiction. This completes the proof 2

To conclude this section, we present a proof of another main theorem by [164]
on the existence of minimal spheres.

Theorem 6.1.10 If the universal covering space of N is not contractible, then there
exists a nontrivial harmonic map ω : S2 → N .

Proof. For α ↓ 1, since the universal covering space Ñ of N is not contractible, we
can show that there are critical points uα : S2 → N of Eα with ε ≤ Eα(uα) ≤ C
for some ε > 0. Then we may assume, up to a subsequence, that there are p points
{x1, · · · , xp} ⊂ S2 such that uα → u in C1(S2 \ {x1, · · · , xp}, N). By theorem 6.1.4
we have that u ∈ C∞(S2, N) is a smooth harmonic map. If u 6=constant, then we are
done. Hence we may assume that u = constant. Then we would have p ≥ 1. Then
theorem 6.1.8 implies that there exists a non constant harmonic map ũ ∈ C∞(S2, N)
with ũ(S2) ∩α ∪β<αuα(S2). Hence we again have a nontrivial harmonic map from
S2. Any such harmonic map is a conformal, branched minimal immersion. 2
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6.2 Almost smooth heat flows in dimension two

In this section, we present the classical theorem by Struwe [193] on the existence
of a global, weak solution of the heat flow of harmonic maps from a Riemannian
surface into any compact Riemannian manifold, that is smooth away from finitely
many possible singular points. Our presentation follows closely from that of Struwe
[196].

More precisely, Struwe [193] has proved the following theorem.

Theorem 6.2.1 Suppose M is a compact Riemannian surface without boundary,
N ⊂ R

L is a compact Riemannian manifold without boundary. Then for u0 ∈
W 1,2(M,N) there exists a global weak solution u : M × [0,+∞) → N of (5.3)-(5.4)
satisfying an energy inequality:

E(u(t)) ≤ E(u0) for all t > 0. (6.16)

Moreover, there exist an integer K ≥ 0 depending only on M,N and E(u0) such
that u ∈ C∞(M × (0,+∞) \ {(xk, tk)}K

k=1, N) for some {(xk, tk)} ⊂ M × (0,+∞).
The solution is unique in this class. At each singular point (xj , tj) for 1 ≤ j ≤ K,
there exists a bubble ωj : S2 → N , xk

j → xj, t
k
j ↑ tj, rk

j ↓ 0 such that

uj
k(x) = u

(

xk
j + rk

j x, t
k
j

)

: B(rk
j )−1(⊂ R

2) → N

converges to ω in W 2,2
loc (R2, N). Finally, there exists tk ↑ ∞ such that u(·, tk) con-

verges weakly in W 1,2(M,N) to a smooth harmonic map u∞ : M → N . The con-
vergence is strong away from finitely many points {x∞p }I

p=1, where again harmonic

spheres separate in the above sense. Moreover, K + I ≤ E(u0)
ε20

, where

ε20 = inf
{

E(ω) : ω : S2 → N is a bubble
}

> 0 (6.17)

depends only on N .

The proof of Theorem 6.2.1 is divided into several lemmas. First, let’s establish
an energy quantization for bubbles.

Lemma 6.2.2 Let ε0 be given by (6.17). Then ε0 > 0 is a constant depending only
on N .

Proof. Suppose ε0 = 0. Then there exist a sequence of bubbles ωi : S2 → N , i ≥ 1,
such that

∫

S2

|∇ωi|2 = o(1).

By the conformal invariance of E, we may assume

|∇ωi|((0, 0, 1)) = 1 for all i ≥ 1.

On the other hand, by Lemma 6.1.3 we have

|∇ωi|(z) ≤ o(1), ∀z ∈ S2.

We get a contradiction. 2
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Lemma 6.2.3 For dim(M) = 2, C∞(M,N) is dense in W 1,2(M,N).

Proof. By the partition of unit, it suffices to show that for M = B2(0) ⊂ R
2 and

u ∈ W 1,2(B2(0), N), there is a sequence {ui} ⊂ C∞(B1(0), N) such that ‖ui −
u‖W 1,2(B1(0)) → 0. For any ε > 0, let uε = u ∗ ηε be a standard ε-mollification of u.
By a modified Poincaré inequality (see [172]), we have for any x ∈ B1(0),

ε−2

∫

Bε(x)
|u(y) − uε(x)| dy ≤ C

∫

Bε(x)
|∇u|2(y) dy ≤ Cδ (<< 1) , (6.18)

provided that ε = ε(δ) > 0 is chosen to be sufficiently small. Hence uε(B1(0)) ⊂ Nδ

and ui = ΠN (uε) ∈ C∞(B1(0), N). Moreover

‖∇(ui − u)‖L2(B1(0)) ≤ ‖∇u−∇uε‖L2(B1(0)) + ‖(∇ΠN (uε) − 1)∇uε‖L2(B1(0)) → 0.

This finishes the proof. 2

Another crucial ingredient is the following interpolation inequality (see, [127]).

Lemma 6.2.4 For any v ∈W 1,2(R2), we have v ∈ L4(R2) and

‖v‖4
L4(R2) ≤ C ‖v‖2

L2(R2) ‖∇v‖2
L2(R2) . (6.19)

Proof. Note that v ∈ W 1,2(R2) implies |v|2 ∈ W 1,1(R2). Hence, by the Sobolev
embedding theorem we have

∥

∥|v|2
∥

∥

L2(R2)
≤ C

∥

∥∇|v|2
∥

∥

L1(R2)
.

This and the Hölder inequality imply (6.19). 2

We now need a local energy inequality.

Lemma 6.2.5 Let u ∈ C∞(M × [0, T ], N) solve (5.3) and (5.4). For x0 ∈ M and
t0 > 0, let R0 <

1
2 min{iM ,

√
t0}. Then for R ≤ R0, it holds

E (u(T ), BR(x0)) ≤ E (u0, B2R(x0)) + C
T

R2
E(u0) (6.20)

for some C = C(M,N) > 0.

Proof. Let φ ∈ C∞
0 (B2R(x0)) be such that 0 ≤ φ ≤ 1, φ = 1 on BR(x0), and

|∇φ| ≤ 2
R

. Multiplying (5.3) by ∂tuφ
2 and integrating over M lead to

∫

M

|∂tu|2 φ2 +
d

dt

(
∫

M

e(u)φ2

)

≤ C

∫

M

|∇u| |∂tu| |∇φ| |φ|

≤ 1

2

∫

M

|∂tu|2 φ2 + C

∫

M

|∇u|2 |∇φ|2 .

Hence we have

d

dt

(
∫

M

e(u)φ2

)

≤ CR−2E (u(t)) ≤ CR−2E(u0).
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Integrating from 0 to T leads to (6.20). 2

An immediate consequence of Lemma 6.20 is the following: for any ε1 > 0 and
u0 ∈ C∞(M,N), there exists T1 > 0 depending only onM,N and a maximal number
R1 > 0 for which

sup
x∈M

E (u0, B2R1(x)) < ε21 (6.21)

such that any smooth solution u of (5.3) and (5.4) satisfies

sup
x0∈M,0≤t≤T1

E (u(t), BR1(x)) < 2ε21. (6.22)

Indeed, T1 =
ε1R2

1
CE(u0)

does it.

Let R1 > 0 and T1 > 0 be such that (6.21) and (6.22) hold. Then let {φi} ⊂ C∞
0 (M)

be a partition of unit associated with a finite cover of M by B2R1(xi) with finite
overlap, 0 ≤ φi ≤ 1, |∇φi| ≤ 2

Ri
, and

∑

i φ
4
i = 1.

Then, applying (6.19) we have

∫

M

|∇u|4 =
∑

i

∫

M

|∇u|4 φ4
i

≤ C sup
i
E (u(t), B2R1(xi))

(∫

M

|∇2u|2 +R−2
1 E(u0)

)

≤ Cε1

(
∫

M

|∇2u|2 +R−2
1 E(u0)

)

. (6.23)

On the other hand, multiplying (5.3) by ∆gu and integrating by parts lead

∫ t

0

∫

M

|∆gu|2 +E (u(t)) ≤ E(u0) + C

∫ t

0

∫

M

|∇u|4 . (6.24)

Note that
∫ t

0

∫

M

∣

∣∇2u
∣

∣

2 ≤ C

(
∫ t

0

∫

M

|∆gu|2 + tE(u0)

)

. (6.25)

Combining (6.23) with (6.24) and (6.25), we have

∫ T1

0

∫

M

∣

∣∇2u
∣

∣

2 ≤ Cε1

∫ T1

0

∫

M

∣

∣∇2u
∣

∣

2
+ C

(

1 + T1R
−2
1

)

E(u0). (6.26)

Thus for sufficiently small ε1 > 0, we have

‖u‖2
V T1 (M) ≤ C

(

1 +
T1

R2
1

)

E(u0) (6.27)

where

‖u‖2
V T1 (M) := sup

0≤t≤T1

E (u(t)) +

∫ T1

0

∫

M

(

|∇2u|2 + |ut|2
)

. (6.28)
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Proof of Theorem 6.1.6: We outline the proof by dividing it into six steps.
Step 1. Local existence: For u0 ∈ W 1,2(M,N), let {u0m} ⊂ C∞(M,N) converge to
u0 strongly in W 1,2(M,N). Let um solve (5.3) with the initial data u0m. Then for
T1 > 0 such that (6.22) holds, we have

‖um‖2
V T1 (M) ≤ C

(

1 +
T1

R2
1

)

E(u0). (6.29)

Therefore, we can assume that um → u weakly in V T1(M). It is easy to check that
u solves (5.3) with the initial data u0.

Step 2. Uniqueness: Let u, v ∈ V T (M) solve (5.3) such that u(0) = v(0) = u0. Then
w = u− v satisfies

|wt − ∆gw| ≤ C |w|
(

|∇u|2 + |∇v|2
)

+ C |∇w| (|∇u| + |∇v|) . (6.30)

Multiplying (6.30) by w and integrating over M leads

1

2

∫

M

|w|2 +

∫ t

0

∫

M

|∇w|2

≤ C

∫ t

0

∫

M

|w|2
(

|∇u|2 + |∇v|2
)

+ C

∫ t

0

∫

M

|w| |∇w| (|∇u| + |∇v|)

≤ C ‖w‖2
L4(M×[0,t])

(

‖∇u‖2
L4(M×[0,t]) + ‖∇v‖2

L4(M×[0,t])

)

+ C ‖w‖L4(M×[0,t]) ‖∇w‖L2(M×[0,t])

(

‖∇u‖L4(M×[0,t]) + ‖∇v‖L4(M×[0,t])

)

≤ Cε(t)

{

(
∫ t

0

∫

M

|w|4
)

1
2

+

∫ t

0

∫

M

|∇w|2
}

≤ Cε(t)

{

sup
[0,t]

∫

M

|w|2 +

∫ t

0

∫

M

|∇w|2
}

where ε(t) → 0 as t→ 0. Hence the uniqueness follows.

Step 3. Global extension: It is clear that the first singular time T = T1 can be
characterized by

lim
t↑T

sup
x∈M

E (u(t), BR(x)) ≥ ε1, ∀R > 0. (6.31)

Since ∂tu ∈ L2(M × [0, T ]) and E(u(t)) ≤ E(u0) for 0 < t < T , we can show that
there exists u(·, T ) ∈ W 1,2(M,N) such that u(·, t) → u(·, T ) weakly in W 1,2(M,N)
as t ↑ T . In particular,

E(u(T )) ≤ lim inf
s↑T

E(u(s)) ≤ E(u(t)) for all 0 ≤ t < T.

Now let v : M × [T, T + T2) → N be the local solution of (5.3) constructed by Step
1 with v(x, T ) = u(x, T ), and define

w(t) =

{

u(t) 0 ≤ t ≤ T

v(t) T ≤ t ≤ T + T2.
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Then one can verify that w : M × [0, T + T2) → N is a weak solution of (5.3) which
satisfies (6.16). By iteration we obtain a weak solution u on a maximal time interval
[0, T̄ ). If T̄ < +∞, then the above argument allows us to extend u beyond T̄ . Hence
T̄ = ∞.

Step 4. Finitely many singular points: To see this, let T0 > 0 be the first singular
time and define S(u, T0) by

S(u, T0) =
⋂

R>0

{

x ∈M | lim
t↑T0

E (u(t), BR(x)) ≥ ε1

}

.

Let {xj}K
j=1 be any finite subset of S(u, T0). Then we have

lim
t↑T0

∫

BR(xj)
|∇u|2 (x, t) ≥ ε1, ∀R > 0, 1 ≤ j ≤ K.

Therefore, if we choose R > 0 such that B2R(xj), 1 ≤ j ≤ K, are mutually disjoint.
Then by (6.20) we have

Kε1 ≤
∑

1≤i≤K

lim
t↑T0

E (u(t), BR(xj))

≤
∑

1≤i≤K

(

E(u(τ), B2R(xj)) +
ε1
2

)

≤ E(u(τ)) +
Kε1
2

for any τ ∈ [T0 − ε1R2

2CE(u0) , T0]. Therefore we have K ≤ 2E(u0)
ε1

. This implies the

finiteness of S(u, T0). Moreover, we have

E (u(T0)) = lim
R→0

E



u(T0),M \
⋃

1≤j≤K

B2R(xj)





≤ lim
R↓0

lim
t↑T0

E



u(t),M \
⋃

1≤j≤K

B2R(xj)





≤ E(u(t)) − lim
R↓0

∑

1≤j≤K

lim inf
t↑T0

E (u(t), B2R(xj))

≤ E(u0) −
∑

1≤j≤K

lim
R↓0

lim
t↑T0

E (u(t), BR(xj))

≤ E(u0) −Kε1. (6.32)

Now suppose T0 < · · · < Tj are j singular times and let K0, · · · ,Kj be the
number of singular points at each singular time respectively. Let ui = lim

t↑Ti

u(t) for

0 ≤ i ≤ j. Then by (6.32) we have

E(uj) ≤ E(uj−1) −Kj−1ε1 ≤ E(u0) −





∑

1≤i≤j

Ki



 ε1.
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This implies
∑

1≤i≤j

Ki ≤ E(u0

ε1
. Hence there are at most finitely many singular points.

Step 5. Smoothness away from finitely many points. Let T0 > 0 be the first singular
time and x0 ∈M \ S(u, T0). Then there exists r0 > 0 such that

lim
t↑T0

E (u(t), B2r0(x0)) ≤ ε1.

Hence there exists 0 < r1 ≤ r0 such that

sup
[T0−r2

1 ,T0)

E (u(t), Br1(x0)) ≤ ε1. (6.33)

Now we need

Proposition 6.2.6 Suppose u ∈ C∞(Pr0(z0), N) solves (5.3). Then there exist ε0
and C0 > 0 depending only on n,N such that if

sup
[t0−r2

0 ,t0)

E (u(t), Br0(x0)) ≤ ε0,

then

sup
z∈P r0

2
(z0)

|∇u| (z) ≤ C0. (6.34)

Proof. The ideas are similar to [166]. For simplicity, assume z0 = (0, 1) and r0 = 1.
Denote Pr(z0) by Pr. Let ρ ∈ (0, 1) be such that

(1 − ρ)2 sup
Pρ

e(u) = max
σ∈[0,1]

{

(1 − σ)2 sup
Pσ

e(u)

}

and let z0 ∈ Pρ satisfy

e(u)(z0) = sup
Pρ

e(u) = e0.

Then either e0(1 − ρ)2 ≤ 2 so that

(
1

2
)2sup

P 1
2

e(u) ≤ e0 (1 − ρ)2 ≤ 4

and hence we are done, or e0 (1 − ρ)2 > 4. In the latter case, we consider

v(x, t) = u

(

x0 + e
− 1

2
0 x, t0 + e−1

0 t

)

, (x, t) ∈ P1.

Then we have e(v)(0) = 1 and

sup
P1

e(v) ≤ e−1
0 sup

P
1+

ρ
2

e(u) ≤ e−1
0

e0(1 − ρ)2

(1 − ρ
2 )2

= 4.
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Then by (5.3.3), v satisfies

|vt − ∆v| ≤ C |∇v| in P1.

Hence Lemma 5.3.4 implies that

1 = e(v)(0) ≤ C

∫

P1

e(v) ≤ C sup
0≤t≤1

∫

B1

|∇u|2 ≤ Cε0,

which is impossible if we choose ε0 to be sufficiently small. 2

By Proposition 6.2.6, we conclude that u ∈ C∞(M \ S(u, T0), N).
Step 6. Blow-up analysis near singular points. For simplicity, assume (0, 0) is a
singular point of u ∈ C∞(P1(0, 0) \ {(0, 0)}, N) solving (5.3). Then there exist
rk ↓ 0, zk = (xk, tk) with xk → 0, tk → 0 such that

E (u(tk), Brk
(xk)) = sup

z=(x,t)∈P1,−1≤t≤tk

E (u(t), Brk
(x)) =

ε1
C

(6.35)

where C > 0 is a large number to be chosen. Assume tk − 4r2
k ≥ −1, define

vk(x, t) = u
(

xk + rkx, tk + r2kt
)

, (x, t) ∈ Pk

where Pk = P
r−1
k

converges to R
2 × R−. Note that

∫

Pk

∣

∣

∣

∣

∂vk

∂t

∣

∣

∣

∣

2

≤
∫ tk

tk−r2
k

∫

M

|∂tu|2 → 0

E (vk(t)) ≤ E(u0), −r−2
k ≤ t ≤ 0.

Moreover, we have

sup
(x,t)∈Pk

E (vk(t), B2(x)) ≤ C sup
(x,t)∈P1

E (u(t), Brk
(x)) ≤ ε1.

Therefore by proposition 6.2.6, we have that vk ∈ C3
loc(R

2 × R−, N) is uniformly

bounded for any k ≥ 1. Hence we may assume vk → ω in C l

loc(R
2 ×R−, N). Hence

ω ∈ C∞(R2 × (−∞, 0), N) solves (5.3). Since ωt ≡ 0, ω ∈ C∞(R2, N) is a harmonic
map satisfying

ε1 ≤
∫

R2

e(ω) < +∞.

Therefore ω can be lifted to be a nontrivial harmonic map from S2. We have now
completed the proof of Theorem 6.2.1. 2

We conclude this section with a few remarks.

Remark 6.2.7 One can apply Theorem 6.2.1 to give alternative proofs of Theorems
6.1.9 and 6.1.10 in the previous section. We refer interested readers to the articles
[194, 196].
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Remark 6.2.8 Theorem 6.2.1 has been extended by Chang [36] to the heat flow of
harmonic maps from any Riemannian surface with ∂M under the Dirichlet boundary
condition. Note that the theorem by Lemaire [114] on nonexistence of harmonic
maps with finite energy from R

2
+, with constant value on ∂R

2
+, can be used to

rule out possible bubbles near the boundary. Hence the solution obtained in [36]
is smooth near the boundary. Ma [141] has extended Theorem 6.2.1 to the free
boundary problem of the heat flow of harmonic maps from Riemannian surfaces
with boundaries.

Remark 6.2.9 Freire [59, 60] has proved the uniqueness of weak solutions to the
heat flow of harmonic maps in dimensions two in the class that the energy E(u(t)) is
nonincreasing with respect to t. On the other hand, Topping [201] and Bertsch-Dal
Passo-Van der Hout [13] have independently constructed weak solutions to the heat
flow of harmonic maps in dimensions two that are different from Struwe’s solution
given by Theorem 6.2.1 by attaching reserve bubbles so that the energy E(u(t))
increase by a jump of 4π each time a bubble is attached.

6.3 Finite time singularity in dimension two

Without the curvature assumption on N , the short-time smooth solution may de-
velop singularity in finite time even in dimensions two. Here we present the well-
known example by Chang-Ding-Ye [23] on such a finite time singularity. This exam-
ple also suggests that the global, weak solution to (5.3) and (5.4) by Struwe [193] is
optimal in some sense.

Let B1(0) ⊂ R
2 be the unit ball with center at 0, consider equivariant maps

u0 : B1(0) → S2:

u0 (r, θ) =
(

eiθ sinh0(r), cos h0(r)
)

(r, θ) ∈ [0, 1] × [0, 2π]

where h : [0, 1] → R is such that h(0) = 0 and u0(0, ·) = (0, 0, 1) ∈ S2. By direct
calculation, the Dirichlet energy of u0 is given by

∫

B1(0)
|∇u|2 = 2π

∫ 1

0

(

h2
r +

sin2 h

r2

)

r dr. (6.36)

Let u : B1(0) × [0, T ) → S2 be the corresponding smooth solution of (5.3)-(5.4),
defined on a maximal time interval [0, T ). By uniqueness, u is also equivariant and
can be written as

u (r, θ, t) =
(

eiθ sinh(r, t), cos h(r, t)
)

(r, θ, t) ∈ [0, 1] × [0, 2π] × [0, T ).

It is easy to verify that (5.3) and (5.4) can be written as

ht − hrr −
1

r
hr −

sin 2h

2r2
= 0, 0 ≤ r ≤ 1, t > 0 (6.37)

h(r, 0) = h0(r), 0 ≤ r ≤ 1 (6.38)

h(0, t) = h0(0)(= 0), t ≥ 0 (6.39)

h(1, t) = h0(1) := b, t ≥ 0. (6.40)
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Note that the stereographic projection from the south pole maps B1(0) to the upper
half sphere S2

+ is given by
sinh

1 + cos h
= r,

that is

h(r) = arccos

(

1 − r2

1 + r2

)

.

Composing with a dilation r → r
λ
, we get a family

φλ(r) = arccos

(

λ2 − r2

λ2 + r2

)

, λ > 0,

which solves

(φλ)rr +
1

r
(φλ)r −

sin(2φλ)

2r2
= 0, 0 ≤ r ≤ 1. (6.41)

Chang-Ding-Ye [23] have proved the following theorem.

Theorem 6.3.1 For |b| > π, the solution h to (6.37)-(6.40) blows up in finite time.

Proof. First note that (6.36) implies

∫ 1

0
|hr|2 (r, t)r dr ≤ E(u0). (6.42)

Hence by Sobolev embedding, h(·, t) is locally Hölder continuous on (0, 1] uniformly
in t, and a singularity can only develop at the origin.
Assume b > π, the key ingredient is to construct a subsolution of (6.37)-(6.40) with
f(0, t) = 0 ≤ f ≤ f(1, t) = b such that fr(0, t) → ∞ as t → T for some T < +∞.
In fact, let h0(r) = f(r, 0) and h be the corresponding solution of (4.2)-(4.5). Then
the maximum principle implies h ≥ f on [0, 1] × [0, T ). Hence h must blow up no
later than T .
Let

f(r, t) = φλ(t)(r) + φµ(r1+ε),

where ε > 0, µ > 0 and λ(t) will be chosen suitably. Since

φµ

(

r1+ε
)

= arccos

(

µ2 − r2+2ε

µ2 + r2+2ε

)

→ 0, as µ→ ∞

uniformly in r ∈ [0, 1]. Hence for any ε > 0, there is µ = µ(ε) > 0 such that

cos
(

φµ(r1+ε)
)

≥ 1

1 + ε
, r ∈ [0, 1]. (6.43)

Set θ(r) = φµ(r1+ε). Then one can check

θrr +
1

r
θr −

(1 + ε)2 sin 2θ

2r2
= 0, 0 ≤ r ≤ 1. (6.44)
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Now we compute the tension field of f :

τ(f) := frr +
1

r
fr −

sin 2f

2r2
(6.45)

=
sin 2φλ − sin 2(φλ + θ) + (1 + ε)2 sin 2θ

2r2

=
(1 + ε)2 cos θ sin θ − cos(2φλ + θ) sin θ

r2

≥ (1 + ε) − cos(2φλ + θ)

r2
sin θ

≥ ε

r2
sin θ

=
ε

r2
2µr1+ε

µ2 + r2+2ε

≥ ε1r
ε−1, (6.46)

where ε1 = 2µε
µ1+1 > 0. On the other hand, we have

ft = − 2r

λ2 + r2
λ′(t).

Let λ′(t) = −δλε, δ > 0 to be chosen. Solving this ODE gives

λ(t) =
(

λ1−ε
0 − (1 − ε) δt

)
1

1−ε . (6.47)

By direct calculation, we have

fr(0, t) = − 2

λ(t)
→ ∞

when t ↑ T =
λ1−ε
0

(1−ε)δ , as λ(T ) = 0.
Finally, we have

ft − τ(f) ≤ 2δλεr

λ2 + r2
− ε1r

ε−1 =

(

2δλεr2−ε

λ2 + r2
− ε1

)

rε−1 ≤ 0

provided that we choose sufficiently small δ = δ(ε) > 0. Here we have used Young’s
inequality:

λεr2−ε ≤ C(ε)(λ2 + r2).

Observe that if we choose λ0 sufficiently small and µ sufficiently large, then |f(r, 0)−
π| and |f(1, t)−π| can be made arbitrarily small. In particular, f(r, t) is a subsolution
of (4.2)-(4.5). Hence h(r, t) ≥ f(r, t) and lim

t↑T
hr(0, t) = +∞ so that (6.37)-(6.40)

blows up at finite time. 2

Remark 6.3.2 For |b| ≤ π, Grayson-Hamilton [62] and Chang-Ding [22] have in-
dependently proved that (6.37)-(6.40) has a global, smooth solution. Hence in this
sense Theorem 6.3.1 is optimal.
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6.4 Bubbling phenomena for heat flows in

dimension two

From the discussion in the previous two sections, we know that in dimension two
the energy concentration leads to both the failure of strong convergence and the
formation of singularity for both harmonic maps and their heat flows. The central
question here is (i) the energy identity, which asks whether the loss of energy during
the convergence process can be recovered by a finite number of harmonic S2’s, and
(ii) the bubble tree convergence, which asks whether the sequence converges contin-
uously to the limiting map which is formed by gluing finitely many harmonic S 2’s
to a weak limiting map. In the last several years, there have been many works done
in this direction. We refer the reader to the important works by Jost [103], Parker
[152] on harmonic maps from surfaces, by Parker-Wolfson [153] on pseudo holomor-
phic curves, and Qing [157], Ding-Tian [43], Wang [206] on the energy identity, and
Qing-Tian [158], and Lin-Wang [133] on bubble tree convergence for approximate
harmonic maps with tension fields bounded in L2 in dimensions two.

In this section, we will analyze the behavior near a singularity of an almost
smooth heat flow of harmonic maps from a Riemannian surface obtained in Theorem
6.2.1. We will establish both bubble tree convergence at t = +∞ and the energy
identity at a finite time singular point for the class of heat flows obtained in Theorem
6.2.1. Our presentation here follows [133] very closely.

We start by stating two main theorems of this section. Throughout this section,
assume that u : M × R+ → N is the solution obtained by Theorem 6.2.1. Let
tn → ∞ be such that

lim
n→∞

‖∂tu(tn)‖L2(M) = 0 and lim
n→∞

∫

M×[tn−1,tn]
|∂tu|2 = 0. (6.48)

Theorem 6.4.1 There exist a harmonic map u∞ ∈ C∞(M,N) and a finite number
of bubbles {ωi}m

i=1, {ai
n}m

i=1 ⊂M , and {λi
n}m

i=1 ⊂ R+ such that

∥

∥

∥

∥

∥

u(tn) − u∞ −
m
∑

i=1

ωi
n

∥

∥

∥

∥

∥

L∞(M)

→ 0, (6.49)

where

ωi
n(·) = ωi

( · − ai
n

λi
n

)

− ωi(∞).

Theorem 6.4.2 For 0 < T0 < +∞, let u ∈ C∞(M × (0, T0), N) solve (5.3) with T0

as its singular time. Then there exist finitely many bubbles {ωi}l
i=1 such that

lim
t↑T0

E(u(t)) = E(u(T0)) +

l
∑

i=1

E
(

ωi, S
2
)

. (6.50)

There are two main ingredients in the proof of Theorem 6.4.1: (i) an almost
convexity estimate of the angular energy, and (ii) the Pohozaev type inequality that
controls the radial energy by the angular energy.
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Lemma 6.4.3 There exists ε0 > 0 such that if u ∈ C∞([T1, T2] × S1, N) satisfies

utt + uθθ = A(u) (∇u,∇u) + F, (6.51)

and
sup

[T1,T2]×S1

|∇u| ≤ ε0.

Then there is C > 0 such that for t ∈ [T1, T2],

d2

dt2

∫

S1

|uθ|2 ≥
∫

S1

|uθ|2 − C

∫

S1

|F |2. (6.52)

Proof. Direct computation, integration by parts, and using (6.51) gives

d2

dt2

∫

S1

|uθ|2 = 2

∫

S1

|uθt|2 + 2

∫

S1

〈uθ, uθtt〉

= 2

∫

S1

|uθt|2 − 2

∫

S1

〈uθθ, utt〉

= 2

∫

S1

|uθt|2 + 2

∫

S1

|uθθ|2

−2

∫

S1

〈uθθ, A(u) (∇u,∇u) + F 〉

= I + II + III.

We estimate III as follows.

III = 2

∫

S1

〈uθ, (A(u) (∇u,∇u))θ〉 − 2

∫

S1

〈uθθ, F 〉

= 2

∫

S1

〈uθ, (∇A(u) (∇u,∇u) uθ + 2A(u) (uθθ, uθ)

+ 2A(u)(uθt, ut))〉 − 2

∫

S1

〈uθθ, F 〉 .

Hence by the Cauchy-Schwarz inequality

|III| ≤ 2 ‖∇A‖L∞(N) sup
[T1,T2]×S1

|∇u|2
∫

S1

|uθ|2

+ 4 ‖A‖L∞(N)

∫

S1

|uθθ| |uθ|2

+ 4 ‖A‖L∞(N)

∫

S1

|uθt| |uθ| |ut| + 2

∫

S1

|uθθ| |F |

≤
(

1

2
+ Cε20

)
∫

S1

|uθθ|2 + Cε20

∫

S1

|uθ|2 + Cε20

∫

S1

|uθt|2 + C

∫

S1

|F |2 .

Therefore if we choose ε0 sufficiently small, then

d2

dt2

∫

S1

|uθ|2 ≥ 17

16

∫

S1

|uθθ|2 −
1

16

∫

S1

|uθ|2 − C

∫

S1

|F |2 .
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On the other hand, the Poincaré inequality on S1 gives

∫

S1

|uθ|2 ≤
∫

S1

|uθθ|2 .

Therefore
d2

dt2

∫

S1

|uθ|2 ≥
∫

S1

|uθ|2 − C

∫

S1

|F |2 .

This gives (6.52). 2

Now we analyze the solutions to the following 2nd ODE.

P ′′
1 − P1 = −G(t), T1 ≤ t ≤ T2, (6.53)

P1(T1) = ε1, (6.54)

P1(T2) = ε2, (6.55)

where G(≥ 0) ∈ L1([T1, T2]) is given, ε1 =
∫

S1×{T1} |uθ|2, and ε2 =
∫

S1×{T2} |uθ|2. In

fact, we can solve (6.53)-(6.55) explictly and get

Lemma 6.4.4 Let P1 : [T1, T2] → R be a solution to (6.53)-(6.55). Then

P1(t) = Aet +Be−t − 1

2

∫ T2

t

G(s)
(

es−t − et−s
)

ds, (6.56)

where

A =
eT2ε2 − eT1ε1 + 1

2

∫ T2

T1
G(s)

(

es − e2T1−s
)

ds

e2T2 − e2T1
,

B =
eT1+2T2ε1 − e2T1+T2ε2

e2T2 − e2T1
− 1

2
e2T2

∫ T2

T1
G(s)

(

es − e2T1−s
)

ds

e2T2 − e2T1
.

For T1 ≤ t ≤ T2, denote P (t) =
∫

S1×{t} |uθ|2. Then the maximum principle
implies

P (t) ≤ P1(t), ∀t ∈ [T1, T2]. (6.57)

Hence we obtain

Lemma 6.4.5 Assume that G(t) = e−2tH(t) with H ∈ L1([T1, T2]) and 0 < T1 <<
T2 <∞. Then

∫ T2

T1

|P (t)| 12 dt ≤ |A| 12
(

e
T2
2 − e

T1
2

)

+ |B| 12
(

e−
T1
2 − e−

T2
2

)

+
(

e−
T1
2 − e−

T2
2

)

(∫ T2

T1

|H(t)| dt
)

1
2

≤ C
(√

ε1 +
√
ε2
)

+ C

(∫ T2

T1

|H(t)| dt
)

1
2

. (6.58)
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Now we derive the Pohozaev inequality for two dimensional approximate har-
monic maps in dimensions two.

Lemma 6.4.6 Let u ∈W 2,2(B2
1 , N) solve

∆u+A(u) (∇u,∇u) = h, with h ∈ L2(B2
1).

Then
∫

∂BR

∣

∣

∣

∣

∂u

∂r

∣

∣

∣

∣

2

≤ R−2

∫

∂BR

|uθ|2 + 2

∫

BR

|h| |∇u| , (6.59)

for any 0 < R < 1.

Proof. Multiplying both sides of the equation of u by x · ∇u and integrating over
BR, we get

∫

BR

|∇u|2 −R

∫

∂BR

|ur|2 +
1

2

∫

BR

x · ∇
(

|∇u|2
)

= −
∫

BR

〈h, x · ∇u〉 .

Note that
1

2

∫

BR

x · ∇
(

|∇u|2
)

= −
∫

BR

|∇u|2 +
1

2
R

∫

∂BR

|∇u|2 .

Hence
1

2

∫

∂BR

|∇u|2 −
∫

∂BR

|ur|2 = −R−1

∫

BR

〈h, x · ∇u〉 ,

which implies (6.59), since |∇u|2 = |ur|2 + 1
r2 |uθ|2. 2

Lemma 6.4.7 Let u ∈ C∞(B2
1 × [0, t0), N) solve (5.3). Then for 0 < t ≤ s < t0

and 0 < R ≤ 1
2 ,

∫

BR

|∇u|2 (x, s) dx ≤
∫

B2R

|∇u|2 (x, t) dx + C (s− t)
E0

R2
, (6.60)

and
∫

BR

|∇u|2 (x, t) dx ≤
∫

B2R

|∇u|2 (x, s) dx +C

∫ s

t

∫

B1

|∂tu|2 + C (s− t)
E0

R2
, (6.61)

where E0 = E(u(·, 0)).

Proof. Let φ ∈ C∞
0 (B2

1) be such that 0 ≤ φ ≤ 1, φ = 1 on BR, and φ = 0 outside
B2R. Multiplying (5.3) by φ2∂tu gives

−
(

2

∫

B2
1

|∇u|2 |∇φ|2 +
1

2

∫

B2
1

|∂tu|2 φ2

)

≤
∫

B2
1

|∂tu|2 φ2 +
d

dt

(

1

2

∫

B2
1

|∇u|2 φ2

)

≤ 2

∫

B2
1

|∇u|2 |∇φ|2 +
1

2

∫

B2
1

|∂tu|2 φ2.
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Integrating these two inequalities from t to s yields (6.60) and (6.61). 2

Now we need a refined version of the small energy regularity estimate, which is
a consequence of Proposition 6.2.6 and Lemma 6.4.7 (see also §7 below).

Lemma 6.4.8 There exist ε0 > 0 and C > 0 such that if u ∈ C∞(R2 ×R−, N) is a
solution to (5.3) satisfying

R−2

∫

PR(z)
|∇u|2 ≤ ε20,

for some z ∈ R
2 × R−. Then

R2 sup
P R

4
(z)

|∇u|2 ≤ CR−2

∫

PR(z)
|∇u|2, (6.62)

and
R4 sup

P R
2

(z)
|∂tu|2 ≤ C(ε0). (6.63)

Proof. From the proof of Lemma 6.4.7, it is easy to see that

∫

B R
2

(x)
|∇u(s)|2 ≤ R−2

∫

PR(z)
|∇u|2 for all s ∈ [t− R2

4
, t).

Hence the condition of Proposition 6.2.6 is satisfied, and the conclusions follow. 2

Proof of Theorem 6.4.1:
For simplicity, we may assume M = B2

1 . Let tn ↑ ∞ be such that (6.48) holds.
Denote un = u(tn). From the standard reduction on the number of bubbles (cf.
[157, 206]), Theorem 6.4.1 follows by dealing with a single bubble.
Assume that for δ > 0 small, un → u∞ in H1(Bδ \ {0}, N) locally but not in
H1(Bδ, N). Also assume that there exists only one bubble ω1 such that for some
λn ↓ 0 and xn → 0,

ũn(x) = un (xn + λnx) → ω1 in H1
loc ∩ C1

loc(R
2, N).

For large R > 0, denote

An(δ,R) =
{

x ∈ R
2 | Rλn ≤ |x− xn| ≤ δ

}

,

and
Σn(δ,R) = [| log δ|, | logRλn|] × S1.

Note that f(r, θ) = (e−r, θ) : Σn(δ,R) → An(Σ, R) is conformal provided that
Σn(δ,R) is equipped with the flat metric. Let vn : Σn(δ,R) → N be defined by
vn(r, θ) = un(e−r, θ). Then

∆vn +A(vn)(∇vn,∇vn) = h̄n in Σn(δ,R), (6.64)
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where h̄n(r, θ) = e−2r∂tu (e−r, θ, tn) satisfies

∥

∥h̄n

∥

∥

L2([r,∞)×S1)
≤ e−r ‖∂tu(·, tn)‖L2(Be−r ) . (6.65)

The conformal invariance of E implies,
∫

Σn(δ,R)
|∇vn|2 =

∫

An(δ,R)
|∇un|2. (6.66)

From the assumption that there exists only one bubble ω1, we also have (cf. [43,
157, 206])

∫

B
e−(r−2)\Be−(r+2)

|∇un|2 =

∫

[r−2,r+2]×S1

|∇vn|2 ≤ 1

4
ε20, (6.67)

for all r ∈ [| log δ|, | logRλn|].

Now we have the following lemma.

Lemma 6.4.9 Assume un and vn are as above. Then

lim
δ↓0

lim
R↑∞

lim
n→∞

∫

An(δ,R)
|∇un|2 = 0, (6.68)

and
lim
δ↓0

lim
R↑∞

lim
n→∞

oscAn(δ,R)un = 0. (6.69)

Proof. From (6.67) and (6.48), one can apply Lemma 6.4.8 to get

|∇vn| (r, θ) = e−r |∇un| (e−r, θ) ≤ C(ε0),

h̄n(r, θ) = e−2r |∂tu| (e−r, θ, tn) ≤ C(ε0) (6.70)

for all r ∈ [| log δ|, | logRλn|]. Let Gn(r) =
∫

S1×{r}
∣

∣h̄n(r, θ)
∣

∣

2
. Then we have

∫ | log Rλn|

| log δ|
e2rGn(r) dr =

∫

An(δ,R)
|∂tu(tn)|2 → 0.

Using the W 2,4-estimate, we get

∥

∥∇2vn

∥

∥

L4([r−1,r+1]×S1)
≤ C(‖∇vn‖L4([r−2,r+2]×S1)

+
∥

∥∇vn|2
∥

∥

L4([r−2,r+2]×S1)
+
∥

∥h̄n

∥

∥

L4([r−2,r+2]×S1)
)

≤ C(‖∇vn‖
1
2

L∞(Σn(δ,R)) ‖∇vn‖
1
2

L2([r−2,r+2]×S1)

+
∥

∥h̄n

∥

∥

1
2

L∞(Σn(δ,R))

∥

∥h̄n

∥

∥

1
2

L2([r−2,r+2]×S1)
) ≤ Cε0.

for all r ∈ [| log δ|, | logRλn|].
Therefore by the Sobolev embedding theorem, we have

‖∇vn‖L∞(Σn(δ,R)) ≤ Cε0.
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Hence we can apply Lemma 6.4.5 with u, F , G, T1, T2, replaced by vn, h̄n, Gn,
| log δ|, | logRλn| respectively, to conclude

∫ | log Rλn|

| log δ|

(∫

S1

|(vn)θ|2
) 1

2

≤
(

∫

S1×{| log Rλn |}
|(vn)θ|2

)
1
2

+

(

∫

S1×{| log δ|}
|(vn)θ|2

)
1
2

+
√
δ

(∫

Bδ

|∂tu(tn)|2
)

1
2

→ 0. (6.71)

Here we have used the fact that

max

{

∫

S1×{| log Rλn|}
|(vn)θ|2 ,

∫

S1×{| log δ|}
|(vn)θ|2

}

→ 0, as n→ ∞.

Applying Lemma 6.4.6, we get
∫

S1×{r}
|(vn)r|2 ≤

∫

S1×{r}
|(vn)θ|2 + 2e−r

∫

Be−r

|∂tu(tn)| |∇un| ,

for any r ∈ [| log δ|, | logRλn|]. In particular,

∫ | log Rλn|

| log δ|

(∫

S1

|(vn)r|2
)

1
2

≤
∫ | log Rλn|

| log δ|

(∫

S1

|(vn)θ|2
)

1
2

+ 2

∫ | log Rλn|

| log δ|
e−

r
2

(

∫

Be−r

|∂tu(tn)| |∇un|
)

1
2

≤ o(1) + 2

(

∫ | log Rλn|

| log δ|
e−

r
2

)

·
(∫

Bδ

|∂tu(tn)|2
)

1
4

·
(
∫

Bδ

|∇un|2
) 1

4

≤ o(1) + 2
√
δ

(
∫

Bδ

|∂tu(tn)|2
) 1

4
(
∫

Bδ

|∇un|2
) 1

4

→ 0.

Therefore
∫

Σn(δ,R)
|∇vn| ≤ (2π)

1
2

∫ | log Rλn|

| log δ|

(

(

∫

S1

|(vn)r|2)
1
2 + (

∫

S1

|(vn)θ|2)
1
2

)

dr → 0.

This clearly implies (6.69). It is easy to see that (6.68) follows from (6.69). 2

In order to prove Theorem 6.4.2, we need the following lemma.
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Lemma 6.4.10 Let u ∈ C∞(B2
1 × (0, t0), N) solve (5.3) with (0, t0) being its only

singular point. Then there exists a constant m > 0 such that

|∇u|2(x, t) dx → mδ0 + |∇u|2(x, t0) dx, (6.72)

for t ↑ t0, as convergence of Radon measures. Here δ0 denotes the Dirac mass at 0.

Proof. For any two sequences si ↑ t0, ti ↑ t0, according to Lemma 6.4.7 there exist
two constants m > 0 and m′ > 0 such that, up to subsequences,

|∇u|2(x, si) dx → mδ0 + |∇u|2(x, t0) dx
|∇u|2(x, ti) dx → m′δ0 + |∇u|2(x, t0) dx,

as convergence of Radon measures in B2
1 .

For any ε > 0, there exists η > 0 such that
∫

B2
2η
|∇u|2(x, t0) ≤ ε. Therefore, we

have

m ≥
∫

B2
2η

|∇u|2 (x, si) − ε

≥
∫

Bη

|∇u|2 (x, ti) − Cδ−2 |si − ti|E0 −
∫ ti

si

∫

B2
1

|∂tu|2 − ε

≥
∫

Bη

|∇u|2 (x, ti) − 2ε ≥ m′ − 2ε.

Hence m ≥ m′. Similarly m ≤ m′. 2

Proof of Theorem 6.4.2:
Assume T0 = 0, M = B2

1 , and (0, 0) is the singular point of u. By (6.72), there exist
tn ↑ 0 and λn ↓ 0 such that

lim
n→∞

∫

Bλn

|∇u|2 (x, tn) dx = m.

Let un(x, t) = u(λnx, tn + λ2
nt). Then un satisfies (5.3) on B2

λ−1
n

× [−2, 0), and

∫ 2

−2

∫

B2

λ
−1
n

|∂tun|2 =

∫ tn+2λ2
n

tn−2λ2
n

∫

B2
1

|∂tu|2 → 0, as n→ ∞.

Therefore, by Fubin’s theorem, there exists ηn ∈ (−1,− 1
2 ) such that

∫

B2

λ
−1
n

|∂tun|2 (·, ηn) → 0,

∫

B2

λ
−1
n

×(−2,2)
|∂tun|2 → 0.

Note also that
∫

BR

|∇un|2 (·, ηn) ≥
∫

B1

|∇un|2 (·, 0) − CR−2E0 ≥ m− CR−2E0.



152 CHAPTER 6. BUBBLING ANALYSIS IN DIMENSION TWO

In particular,

lim
R→∞

∫

BR

|∇un|2 (·, ηn) ≥ m.

In fact, by Lemma 6.72 we have

lim
R→∞

∫

BR

|∇un|2 (·, ηn) = m.

Hence for each R > 0 un(·, ηn) converges weakly to v ∈ H1(BR, N) and v is a
constant, since we can assume |tn| ≤ 2λ2

n and have

∫

BR

|un(·, ηn) − un(·,−tnλ−2
n )|2 ≤ 4

∫ 2

−2

∫

BR

|∂tun|2 → 0,

and
∫

BR

|∇un(·,−tnλ−2
n )|2 =

∫

BRλn

|∇u|2(·, 0) → 0.

For each R > 0, we now apply the proof of Theorem 6.4.2 to un(·, ηn) on BR to
conclude that there exist NR bubbles {ωi,R}NR

i=1 such that

lim
n→∞

∫

BR

|∇un|2(·, ηn) =

NR
∑

i=1

E(ωi,R, S
2).

Since there exists a universal ε0 > 0 such that any bubble ω : S2 → N has E(ω, S2) ≥
ε0, we have that 1 ≤ NR ≤ [m

ε0
]. Therefore, there are d ∈ [1, [m

ε0
]] and a subsequence

R ↑ ∞ such that NR = d and

m = lim
R↑∞

lim
n→∞

∫

BR

|∇un|2(·, ηn) = lim
R↑∞

d
∑

i=1

E(ωi,R, S
2).

Note that for i = 1, · · · , d, {ωi,R} are sequences of harmonic maps from S2 to
N whose energies are uniformly bounded. Hence we can apply the theorems on
harmonic maps by [103] and [152] to conclude that for i = 1, · · · , d, there exist
Ni ∈ [1, [m

ε0
]] and Ni bubbles {ωi,j}Ni

j=1 such that

lim
R↑∞

E(ωi,R, S
2) =

Nl
∑

j=1

E(ωi,j , S
2).

Therefore we have

m =

d
∑

i=1

Ni
∑

j=1

E(ωi,j, S
2),

where ωi,j are bubbles for 1 ≤ i ≤ d, 1 ≤ j ≤ Ni. The proof is complete. 2

Remark 6.4.11 For the heat flow of harmonic maps from surfaces, it is an im-
portant question to ask whether the solution u(t) converges at t = +∞ and the
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uniqueness of the locations of the bubbles of the heat flow at t = +∞. Top-
ping [202, 203] has made some interesting progresses on this problem. For ex-
ample, in [203], Topping has proved that for M = N = S2, if for some ti ↑ ∞,
a weak limit map u∞ and all possible bubbles ωj, 1 ≤ j ≤ K, of the sequence
u(ti) : S2 → S2 are either all holomorphic or all anti-holomorphic, then u∞ is inde-
pendent of ti ↑ +∞. In this case, Topping has essentially proved the quantization
estimate: |E(u(ti)− 4πk| ≤ C‖∂tu(ti)‖2

L2(S2) for i sufficiently large. In [203], he has
obtained some further refine results along this line.

6.5 Approximate harmonic maps in dimension two

For both the energy identity and no neck formation for approximate harmonic maps
from Riemannian surfaces, the assumption that the tension field is bounded in L2

seems to be necessary for various methods developed by [157] [43] [206] [158] and
[133] mentioned in the previous section. However, this condition is not conformally
invariant. Parker [152] has constructed a sequence of approximate harmonic maps
from a Riemannian surface with L1 bounded tension fields, in which the energy
identity fails. Hence a natural question to ask is whether the energy identity holds
for approximate harmonic maps with tension fields bounded in Lp for 1 < p < 2 in
dimensions two. In this section, we present a result, due to Lin and Wang [135],
which gives a confirmative answer to this question. In fact, the condition on the
tension field in [135] (see Proposition 6.5.3 below) is essentially optimal.

Theorem 6.5.1 Let M be a Riemannian surface without boundary. For any p > 1,
assume that {ui} ⊂ H1(M,SL−1) are such that the tension fields:

τ(ui) ≡ ∆ui + |∇ui|2ui

are bounded in Lp(M). If ui converges to u weakly in H1(M,SL−1), then there exist
finitely many harmonic S2’s, {ωj}l

j=1, {aj
i}l

j=1 ⊂M , {λj
i}l

j=1 ⊂ R+ such that

lim
i→∞

∥

∥

∥

∥

∥

∥

ui − u−
l
∑

j=1

ωj
i

∥

∥

∥

∥

∥

∥

L∞(M)

= 0, (6.73)

and hence

lim
i→∞

∥

∥

∥

∥

∥

∥

ui − u−
l
∑

j=1

ωj
i

∥

∥

∥

∥

∥

∥

H1(M)

= 0, (6.74)

where

ωj
i (·) = ωj

(

· − aj
i

λj
i

)

− ωj(∞).

Proof. Following the scheme by Brezis-Coron [18](see also [157] and [206]), we only
need to consider the situation where there are two bubbles at the same point by
two different scales and prove that there is no energy concentration and oscillation
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at the (neck) region between these two bubbles. More precisely, we assume that
there exist λi → 0 and µi → 0, with µi

λi
→ ∞, such that ui(x1 + λi·) converges

to a nontrivial harmonic map ω1 in H1
loc(R

2, SL−1), and ui(x1 + µi·) converges to

another nontrivial harmonic map ω2 in H1
loc(R

2 \ {0}, SL−1). Moreover, for some
sufficiently small constant ε0 to be chosen later,

∫

Brµi
\BRλi

|∇ui|2 ≤ ε20. (6.75)

We need to show

Lemma 6.5.2 Under the same notions as above, we have

lim
i→∞

∫

B rµi
2

\B2Rλi

|∇ui|2 = o(r,R−1), (6.76)

where limr→0,R→∞ o(r,R−1) = 0.

Proof. Set ri = rµi

λi
, we have ri → ∞. For simplicity, assume that x1 = 0 and Brµi

is an Euclidean ball. Define vi(x) = ui(λix) for x ∈ Bri
. Then vi satisfies:

τ(vi) = ∆vi + |∇vi|2vi = hi in Bri
, (6.77)

where hi(x) = λ2
i hi(λix) for x ∈ Bri

. By the conformal invariance of the Dirichlet
energy in dimension two, we have

∫

Bri
\BR

|Dvi|2 ≤ ε20. (6.78)

For 1 ≤ k, l ≤ L, consider the 1-forms dvk
i v

l
i − vl

idv
k
i . Then (6.77) gives

d∗
(

dvk
i v

l
i − vl

idv
k
i

)

= h
k
i v

l
i − h

l
iv

k
i ≡ Hkl

i in Bri
\BR, (6.79)

hence

∆
(

dvk
i v

l
i − vl

idv
k
i

)

= dHkl
i + 2d∗(dvk

i ∧ dvl
i) in Bri

\BR. (6.80)

Now, let vi : R
2 → R

L be an extension of vi from Bri
\ BR such that

∫

R2

|∇vi|2 ≤ C

∫

Bri
\BR

|∇vi|2 ≤ Cε20. (6.81)

Let H
kl
i : R

2 → R
L×L be an extension of Hi from Bri

such that H
kl
i = 0 outside

Bri
. Hence

∫

R2

∣

∣Hi

∣

∣

p ≤ C

∫

Bri

|Hi|p ≤ Cλ
2(p−1)
i

∫

Bλiµ

|hi|p. (6.82)

By the Hodge decomposition theorem of Iwaniec-Martin [101], there are

Ψi ∈ H1
(

R
2,∧2(RL×L)

)

and Fi ∈W 2,p
(

R
2,RL×L

)
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such that
∆Ψkl

i = dvk
i ∧ dvl

i, (6.83)

and
∆F kl

i = H
kl
i . (6.84)

Then we have

∆
(

dvk
i v

l
i − vk

i dv
l
i − dF kl

i − 2d∗Ψkl
i

)

= 0 in Bri
\BR. (6.85)

Therefore, if we define the 1-forms Gi ∈ H1(Bri
\BR,∧(RL×L)) by

∆Gkl
i = 0 in Bri

\ BR, (6.86)

i∗
(

Gkl
i − (dvk

i v
l
i − vk

i dv
l
i − dF kl

i − 2d∗Ψkl
i )
)

= 0, (6.87)

where i : ∂ (Bri
\ BR) → R

2 is the inclusion map and i∗ is the pull-back map from
one forms. Then for 1 ≤ k, l ≤ L,

dvk
i v

l
i − vk

i dv
l
i − dF kl

i − 2d∗Ψkl
i = Gkl

i in Bri
\ BR. (6.88)

For Ψkl
i , we observe that the right hand side of (6.83) is in the Hardy space H1(R2)

(see Chapter 3.2 or [35]) and also in H−1(R2) by [18]. Hence Ψkl
i ∈ W 2,1(R2) and

satisfies

∥

∥

∥∇2Ψkl
i

∥

∥

∥

L1(R2)
≤

∥

∥

∥dvk
i ∧ dvl

i

∥

∥

∥

H1(R2)
≤ C

∫

R2

|∇vi|2

≤ C

∫

Bri
\BR

|∇vi|2 ≤ Cε20, (6.89)

and
∫

R2

∣

∣

∣∇Ψkl
i

∣

∣

∣

2
≤ C

∫

R2

|∇vi|2 ≤ C

∫

Bri
\BR

|∇vi|2 ≤ Cε20. (6.90)

For F kl
i , by W 2,p-estimate we have

∥

∥

∥∇2F kl
i

∥

∥

∥

Lp(R2)
≤ C

∥

∥

∥H
kl
i

∥

∥

∥

Lp(R2)
≤ C

∥

∥

∥Hkl
i

∥

∥

∥

Lp(Bri
)

≤ Cλ
2− 2

p

i ‖hi‖Lp(Bαµi
) ≤ Cλ

2− 2
p

i . (6.91)

Hence, by Hölder inequality we have

∥

∥

∥∇2F kl
i

∥

∥

∥

L1(Bri
)

≤
∥

∥

∥∇2F kl
i

∥

∥

∥

Lp(Bri
)
r
2(1− 1

p
)

i ≤
∥

∥

∥∇2F kl
i

∥

∥

∥

Lp(R2)
r
2(1− 1

p
)

i

≤ C ‖hi‖Lp(Bαµi
) µ

2(1− 1
p
)

i ≤ Cµ
2(1− 1

p
)

i . (6.92)

This, combined with W 1,1(R2) ⊂ L2,1(R2), yields

∥

∥

∥∇F kl
i

∥

∥

∥

L2,1(Bri
)
≤ C ‖hi‖Lp(Brµi

) µ
2(1− 1

p
)

i . (6.93)
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Moreover, using the L2,∞-estimate for ∇Fi we have
∥

∥

∥∇F kl
i

∥

∥

∥

L2,∞(R2)
≤ C

∥

∥

∥H
kl
i

∥

∥

∥

L1(R2)
≤ C ‖Hi‖L1(Bri

)

≤ C ‖hi‖L1(Brµi
) ≤ C ‖hi‖Lp(Brµi

) µ
2(1− 1

p
)

i

≤ Cµ
2(1− 1

p
)

i . (6.94)

Using the duality between L2,1 and L2,∞, we have

∥

∥

∥∇F kl
i

∥

∥

∥

L2(Bri
)

≤
∥

∥

∥∇F kl
i

∥

∥

∥

1
2

L2,1(Bri
)

∥

∥

∥∇F kl
i

∥

∥

∥

1
2

L2,∞(Bri
)

≤ C ‖hi‖Lp(Brµi
) µ

2(1− 1
p
)

i . (6.95)

For Gkl
i , we can choose suitable r > 0 and R > 0 so that

R
1
2

∥

∥

∥
Gkl

i

∥

∥

∥

L2(∂BR)
≤ C, r

1
2
i

∥

∥

∥
Gkl

i

∥

∥

∥

L2(∂Bri
)
≤ C.

This implies (since Gi is a harmonic 1-form)

max

{

‖Gi‖L2,1(B ri
2
\B2R), ‖Gi‖L2,∞(B ri

2
\B2R)

}

≤ CR− 1
2 . (6.96)

Substituting these estimates into (6.88), we have that
(

dvk
i v

l
i − vl

idv
k
i − 2d∗Ψkl

i

)

∈
L2,1 ∩ L2,∞(B ri

2
\ B2R) and

∥

∥

∥
(dvk

i v
l
i − vk

i dv
l
i − 2d∗Ψkl

i )
∥

∥

∥

L2,1(B ri
2
\B2R)

≤ C

(

R− 1
2 + µ

2(1− 1
p
)

i

)

, (6.97)

∥

∥

∥(dvk
i v

l
i − vk

i dv
l
i − 2d∗Ψkl

i )
∥

∥

∥

L2,∞(B ri
2
\B2R)

≤ C

(

R− 1
2 + µ

2(1− 1
p
)

i

)

. (6.98)

Hence

∥

∥

∥dvk
i v

l
i − vk

i dv
l
i − 2d∗Ψkl

i )
∥

∥

∥

L2(B ri
2
\B2R)

≤ C

(

R− 1
2 + µ

2(1− 1
p
)

i

)

. (6.99)

Therefore we have
∥

∥

∥dvk
i v

l
i − vk

i dv
l
i

∥

∥

∥

L2(B ri
2
\B2R)

≤ 2
∥

∥

∥∇Ψkl
i

∥

∥

∥

L2(R2)
+CR− 1

2 + Cµ
2(1− 1

p
)

i

≤ C

∫

B ri
2
\BR

|∇vi|2 +CR− 1
2 + Cµ

2(1− 1
p
)

i

≤ Cε0 ‖∇vi‖L2(B ri
2
\B2R) + C

∫

Bri
\B ri

2

|∇vi|2

+C

∫

B2R\BR

|∇vi|2 + CR− 1
2 + Cµ

2(1− 1
p
)

i .
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Since
L
∑

k,l=1

∣

∣

∣
dvk

i v
l
i − vk

i dv
l
i

∣

∣

∣

2
= 2 |∇vi|2 ,

we have by choosing ε0 sufficiently small and summing the left hand side of the
above inequality over 1 ≤ k, l ≤ L,

‖∇vi‖L2(B ri
2
\B2R) ≤ C





∫

Bri
\B ri

2

|∇vi|2 +

∫

B2R\BR

|∇vi|2




+CR− 1
2 + Cµ

2(1− 1
p
)

i . (6.100)

Since
∫

B2R\BR

|∇vi|2 =

∫

B2R\BR

|∇ω1|2 + o(i−1),

and
∫

Bri
\B ri

2

|∇vi|2 ≤
∫

Br\B r
2

|∇ω2|2 + o(i−1)

where limi→∞ o(i−1) = 0, it is clear that if we choose R sufficiently large and r suf-
ficiently small, then both terms in the right hand sides of the above two inequalities
can be arbitrarily small. This completes the proof of Lemma 6.5.2. 2

The oscillation convergence in Theorem 6.5.1 also follows from Lemma 6.5.2. In
fact, it follows from the proof of Lemma 6.5.2 that

∥

∥∇2vi

∥

∥

L1(B ri
2
\B2R)

≤ C

∫

Bri
\BR

|∇vi|2 + C ‖hi‖Lp µ
2(1− 1

p
)

i → 0, (6.101)

as i→ ∞ and R→ ∞. Let ṽi be an extension of vi to R
2 such that it is compactly

supported and
∥

∥∇2ṽi

∥

∥

L1(R2)
≤ C

∥

∥∇2vn

∥

∥

L1(B ri
2
\B2R)

.

Since

|ṽi| (x) =

∣

∣

∣

∣

∫

R2

log |x− y|∆ṽi(y)dy

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

R2

x− y

|x− y|2∇ṽ(y)dy
∣

∣

∣

∣

≤
∥

∥

∥

∥

y

|y|2
∥

∥

∥

∥

L2,∞(R2)

· ‖∇ṽi‖L2,1(R2)

≤ C
∥

∥∇2ṽi

∥

∥

L1(R2)

≤ C
∥

∥∇2vi

∥

∥

L1(B ri
2
\B2R)

,

we have
lim

R→∞
lim
i→∞

max
x∈B ri

2
\B2R

|vi| (x) = 0.
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This implies that there is no neck formation between any two bubbles. Hence the
proof of Theorem 6.73 is complete. 2

To conclude this section, we present an essentially optimal condition on th tension
fields, that is satisfied if τ(ui) is bounded in Lp(M) for any p > 1. For an bounded
domain Ω ⊂ R

2, denote by H1(Ω) the local Hardy space on Ω defined by Semmes
[165]. For a Riemannian surface M without boundary, we define H1(M) by using
coordinate charts.

Proposition 6.5.3 The energy identity part of Theorem 6.5.1 remains to hold if
(a) the tension field τ(ui) is uniformly bounded in H1(M), and (b) τ(ui) is equi-
integrable, i.e. for any ε > 0 there is δ > 0 such that for any E ⊂M , with |E| ≤ δ,
∫

E
|τ(ui)|(x)dx ≤ ε for any i ≥ 1.
The oscillation convergence part of Theorem 6.5.1 remains to hold if τ(ui) is

equi-integrable in H1(M) in the sense that for any ε > 0 there is a δ > 0 such that
for any open set E ⊂M , with |E| ≤ δ, ‖τ(ui)‖H1(E) ≤ ε for any i ≥ 1.

Proof. It is the same as that of Lemma 6.5.2, except that we estimate the L2,1 norm
of ∇F kl

i in a different way. To do it, let η ∈ C1
0 (R2,R+) be such that η = 1 in Bri

,
and

ckl
i =

∫

R2 ηH
kl
i

∫

R2 η
.

Then by a lemma of [165] we have that η
(

Hkl
i − ckl

i

)

∈ H1(R2) and
∥

∥

∥
η
(

Hkl
i − ckl

i

)∥

∥

∥

H1(R2)
≤ C

∥

∥hi

∥

∥

H1(Bri
)

≤ C ‖hi‖H1(M) ≤ C <∞. (6.102)

Now let F kl
i,1 and F kl

i,2 be 1-forms on R
2 such that

∆F kl
i,1 = η

(

Hkl
i − ckl

i

)

(6.103)

∆F kl
i,2 = ckl

i η. (6.104)

This gives
F kl

i = F kl
i,1 + F kl

i,2 + Lkl
i in Bri

, (6.105)

where Lkl
i is a harmonic 1-form on Bri

so that the L2,1 norm of ∇Lkl
i can be estimated

in the same way as that of Gkl
i .

For F kl
i,1 and F kl

i,2, we have
∥

∥

∥
∇2F kl

i,1

∥

∥

∥

L1(R2)
≤ C

∥

∥

∥
η
(

Hkl
i − ckl

i

)∥

∥

∥

H1(R2)
≤ C,

and
∥

∥

∥
∇2F kl

i,2

∥

∥

∥

L1(Bri
)

≤ Cri

∥

∥

∥
∇2F kl

i,2

∥

∥

∥

L2(Bri
)

≤ Cri

∥

∥

∥
ckl
i η
∥

∥

∥

L2(R2)
= Cr2

i |ckl
i |

≤ C
∥

∥hi

∥

∥

L1(Bri
)

≤ C ‖hi‖L1(Bδ) ≤ C.
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From these two inequalities, we obtain a upper bound of
∥

∥∇2F kl
i

∥

∥

L1(Bri
)
. The

smallness of
∥

∥∇F kl
i

∥

∥

L2,∞(Bri
)

follows from the equi-integrability condition of τ(ui).

In fact, for any ε > 0, we can choose δ > 0 sufficiently small so that

∥

∥

∥ηHkl
i

∥

∥

∥

L1(R2)
≤
∥

∥hi

∥

∥

L1(Bri
)
≤ ‖hi‖L1(Bδ) ≤ ε.

If, in additions, hi is equi-integrable in H1(M), then the above argument implies
that

∥

∥∇F kl
i

∥

∥

L2,1(Bri
)
= o(δ) so that the oscillation convergence follows as well. 2
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Chapter 7

Partially smooth heat flows

In this chapter, we will present the important work by Chen-Struwe [33] on the
existence of global weak solutions to the heat flow of harmonic maps in higher di-
mensions, which is smooth away from a singular set of small size. There are two
ingredients in the construction of [33]. One is the parabolic energy monotonicity
inequality first discovered by Struwe [195] for smooth heat flows of harmonic maps.
The other is the Ginzburg-Landau type approximation scheme for heat flow of har-
monic maps. We remark that monotonicity inequalities similar to [195] have also
played important roles in other geometric flows such as mean curvature flows (cf.
Huisken [76]). This chapter is organized as follows. In §7.1, we derive the mono-
tonicity formula by [195]. In §7.2, we show the existence of global smooth heat flows
for small initial data by [195]. In §7.3, we present examples on finite time singularity
of the heat flow of harmonic maps in higher dimensions by [39] and [28]. In §7.4, we
present examples on non uniqueness of the heat flow of harmonic maps by [38]. In
§7.5 and 7.6, we present the construction of partially smooth heat flows by [27] and
[33].

7.1 Monotonicity formula and a priori estimates

This section is devoted to the monotonicity formula for smooth heat flows of har-
monic maps by Struwe [195]. Main references for the presentation in this section are
from [195] and [196]. First we briefly recall the definition of the parabolic Hausdorff
measure on R

n × R. The parabolic metric δ on R
n × R is given by

δ ((x, t), (y, s)) = max
{

|x− y|,
√

|t− s|
}

, (x, t), (y, s) ∈ R
n × R.

For any 0 ≤ α ≤ n+ 2 and any set E ⊂ R
n ×R, α-dimensional parabolic Hausdorff

measure of E is defined by

Pα(E) = lim
δ→0

Pα
δ (E)

= lim
δ→0

inf

{

∑

i

rα
i | E ⊂

⋃

i

Qri
(zi), zi ∈ E, ri ≤ δ

}

where Qr(z0) = {z ∈ R
n × R | |x− x0| < r, |t− t0| < r2}.

161
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For simplicity we assume M = R
n and consider a solution u ∈ C∞(Rn ×

(0,+∞), N) of (5.3) that satisfies the energy bound:

E(u(t)) ≤ E0 < +∞, ∀t ∈ (0,+∞). (7.1)

For z0 = (x0, t0) ∈ R
n × (0,+∞), let

Gz0(x, t) =
1

(

√

4π|t− t0|
)n exp

(

−|x− x0|2
4|t− t0|

)

, x ∈ R
n, t < t0,

be the backward heat kernel on R
n, and for R > 0 denote

SR(t0) =
{

(x, t) | x ∈ R
n, t = t0 −R2

}

,

TR(t0) =
{

(x, t) ∈ R
n × (0,+∞) | t0 − 4R2 ≤ t ≤ t0 −R2

}

.

Using Gz0 as a weight function, we define two energy quantities:

Φz0(ρ) := Φz0(ρ;u) =
1

2
ρ2

∫

Rn×{t0−ρ2}
|∇u|2Gz0 dx, 0 < ρ <

√
t0, (7.2)

and

Ψz0(R) := Ψz0(R;u) =

∫

TR(t0)
|∇u|2Gz0 dxdt, 0 < R <

√
t0
2
. (7.3)

Then we have

Theorem 7.1.1 For any z0 = (x0, t0) ∈ R
n × (0,+∞) and 0 < ρ ≤ r <

√
t0, it

holds

Φz0(ρ) ≤ Φz0(r). (7.4)

Proof. For simplicity, assume z0 = (0, 0) and u ∈ C∞(Rn × (−∞, 0), N). Denote
G = G(0,0) and Φ(ρ) = Φ(0,0)(ρ). First observe that for any R > 0,

uR(x, t) = u(Rx,R2t), (x, t) ∈ R
n × (−∞, 0)

also solves (5.3). Note also that G(Rx,R2t) = R−nG(x, t). Hence we have Φ(ρ) =
Φ(1;uρ). Direct calculations imply

d

dρ
Φ(ρ) =

d

dρ
Φ(1;uρ)

=

∫

Rn×{−1}
∇uρ · ∇

(

duρ

dρ

)

Gdx

= −
∫

Rn×{−1}
∇ · (G∇uρ) ·

(

duρ

dρ

)

dx

Since
duρ

dρ
= (x · ∇u+ 2ρtut)

(

ρx, ρ2t
)

, ∇G =
x

2t
G,
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by using (5.3) we obtain

d

dρ
Φ(ρ) =

1

2ρ

∫

Rn×{−1}
G
∣

∣ρx · ∇u− 2ρ2∂tu
∣

∣

2
(ρx, ρ2t) dx

=
1

2ρ

∫

Rn×{−ρ2}
|x · ∇u+ 2t∂tu|2Gdx ≥ 0. (7.5)

This implies (7.4).

Remark 7.1.2 Integrating (7.5) over 0 < ρ1 < ρ2 <
√
t0, we actually get

Φz0(ρ2) − Φz0(ρ1) =

∫ ρ2

ρ1

1

2ρ

∫

Rn×{t0−ρ2}
|x · ∇u+ 2t∂tu|2Gdxdρ. (7.6)

(7.6) plays a very important role in the blow up analysis of (5.3) in Chapters 8 and
9 below.

Next we have

Theorem 7.1.3 Suppose that u ∈ C∞(Rn×(0,+∞), N) solves (5.3). Then for any
z0 ∈ R

n × (0,+∞), we have

Ψz0(r) ≤ Ψz0(R), 0 < r ≤ R <
√
t0. (7.7)

Proof. Note that

Ψz0(R) =

∫ t0−R2

t0−4R2

∫

Rn

|∇u|2Gz0 dxdt

=

∫ 2R

R

(

ρ2

∫

Rn×{t0−ρ2}
|∇u|2Gz0 dx

)

dρ

ρ

=

∫ 2R

R

Φz0(ρ)
dρ

ρ
.

Hence (7.7) follows from (7.4). 2

As an immediate consequence of (7.4), we can derive an apriori gradient esti-
mates for smooth solutions u of (5.3), under the smallness of Φ(ρ).

Proposition 7.1.4 There exists ε0 > 0 depending only on n,N such that for any
solution u ∈ C∞(Rn × (−∞, 0), N) of (5.3), if Φ(R) ≤ ε20 for some R > 0, then

sup
PδR

(

R2|∂tu| +R|∇u|
)

≤ C (7.8)

for some positive constants δ and C depending only on ε0, n,N,E0.

Proof. By scaling, we may assume R = 1. For δ > 0, let ρ ∈ [0, δ], z0 = (x0, t0) ∈ Pρ

be such that

(δ − ρ)2sup
Pρ

e(u) = max
0≤σ≤ρ

{

(δ − σ)2sup
Pσ

e(u)

}

, e(u)(z0) = sup
Pρ

e(u) = e0. (7.9)



164 CHAPTER 7. PARTIALLY SMOOTH HEAT FLOWS

We may assume e0 ≥ 4
(δ−ρ)2

. For, otherwise, we are done. Now we rescale u and

define v(x, t) = u(x0 + x√
e0
, t0 + t

e0
) ∈ C∞(P,N). Then we have e(v)(0, 0) = 1 and

sup
P

e(v) = e−1
0 sup

P
e
− 1

2
0

(z0)
e(u) ≤ e−1

0 sup
P δ+ρ

2

e(u)

≤ 4e−1
0 sup

Pρ

e(u) = 4. (7.10)

This, combined with (5.3.3), implies
(

∂

∂t
− ∆

)

e(v) ≤ Ce(v) in P. (7.11)

Hence, by the Harnack inequality we have

1 = e(v)(0, 0) ≤ C

∫

P

e(v) dxdt = Ce
n
2
0

∫

P
e
− 1

2
0

(z0)
e(u) dxdt. (7.12)

Let z1 = (x1, t1) = z0 + (0, e−1
0 ). Then by (7.4) we have

1 ≤ C

∫

P
e
− 1

2
0

(z0)
e(u)Gz1 dxdt ≤ C

∫ 2e
− 1

2
0

e
− 1

2
0

Φ(ρ)
dρ

ρ

≤ C

∫

Rn×{−1}
e(u)Gz1 dx.

Since |x1| ≤ δ and |t1| ≤ δ2, we can estimate, at t = 1,

|Gz1 −G| ≤
(∣

∣

∣

∣

∣

1 − 1

(
√

|1 + t1|)n

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

exp(−|x|2
4

) − exp(−−|x− x1|2
4|1 + t1|

)

∣

∣

∣

∣

)

≤ Cδ,

and hence we obtain

1 ≤ Cδ

∫

Rn×{−1}
e(u) dx + C

∫

Rn×{−1}
e(u)Gdx ≤ C (δE0 + Φ(1)) . (7.13)

By choosing both δ and ε0 sufficiently small, the above inequality leads to a contra-
diction. Thus we must have e0(δ − ρ)2 ≤ 4 and hence

sup
P δ

2

e(u) ≤ 16δ−2.

To obtain a pointwise bound on ∂tu, we first compute

(∂t − ∆) |∂tu|2 = 2∂tu · ∂t (∂tu− ∆u) − 2 |∇∂tu|2

= 2∂tu · ∂t (A(u)(∇u,∇u)) − 2 |∇∂tu|2

= 2∂tu · ∇uA(u) (∇u,∇u) ∂tu

+4∂tu · A(u) (∇∂tu,∇u) − 2 |∇∂tu|2

≤ C |∇u|2 |∂tu|2 + C |∇∂tu| |∂tu| |∇u| − 2 |∇∂tu|2

≤ C |∇u|2 |∂tu|2 ≤ C |∂tu|2 .
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Hence by the Harnack inequality we have

max
P R

2
(z)

|∂tu|2 ≤ CR−(n+2)

∫

PR(z)
|∂tu|2 ≤ CR−(n+4)

∫

P2R(z)
|∇u|2 ,

where C depends on M,N and ‖∇u‖L∞(PR(z)). The proof is complete. 2

7.2 Global smooth solutions and weak compactness

For n ≥ 3, it is an important question to find sufficient conditions other than the
curvature condition on N to guarantee the existence of globally smooth solutions
to the heat flow of harmonic maps. As an immediate corollary of Lemma 7.1.1 and
Proposition 7.1.4, Struwe [195] has proved

Theorem 7.2.1 There exists ε1 > 0 depending only n,N and ‖∇u0‖L∞(Rn) such
that for any initial data u0 ∈ W 1,2(Rn, N) ∩ Lip(Rn, N) if E(u0) ≤ ε1, then there
exists a unique smooth solution u ∈ C∞(Rn × [0,+∞), N) to (5.3), with u|t=0 = u0.
Moreover,

lim
t↑+∞

u(t) = p for some point p ∈ N.

Proof. Note that for n = 2, Theorem 7.2.1 follows from Theorem 6.2.1. Hence we
assume n ≥ 3. Observe that for any such a u0, we have the Morrey space type
estimate:

‖∇u0‖M2,n−2(Rn)

≤ inf
R0>0

{

sup
x0∈Rn,0<R≤R0

R2−n

∫

BR(x0)
|∇u0|2, sup

x0∈Rn,R>R0

R2−n

∫

BR(x0)
|∇u0|2

}

≤ inf
R0>0

{

‖∇u0‖2
L∞(Rn)R

2
0 +R2−n

0 E0

}

≤ inf
R0>0

(

R2
0‖∇u0‖2

L∞(Rn) +R2−n
0 ε1

)

≤ ε20 (7.14)

provided that we choose

R0 =
ε0

2‖∇u0‖L∞(Rn)
, ε1 ≤ εn0

4n‖∇u0‖n−2
L∞(Rn)

.

To proceed, we need another lemma.

Lemma 7.2.2 There exist a sequence {uk
0} ⊂ C∞(Rn, N) such that

E(uk
0) ≤ CE(u0), ‖∇uk

0‖L∞(Rn) ≤ C‖∇u0‖L∞(Rn) for all k,

and ∇uk
0 → ∇u0 in L2(Rn).
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Proof. Let δ0 > 0 be so small that the nearest point projection map ΠN : Nδ0 → N
is smooth. For 0 < ε < 1, let uε

0 = u0 ∗ φε : R
n → R

L be a standard mollification of
u. It is well-known that uε

0 ∈ C∞(Rn,RL) and uε → u strongly in W 1,2
loc (Rn,RL) as

ε→ 0. Moreover, by a modified Poincaré inequality and (7.14), we have

dist (uε
0(x), N)2 ≤ CR−n

∫

BR(x)
|u0(y) − uε

0(x)|2 dy

≤ CR2−n

∫

BR(x)
|∇u0|2 dy ≤ Cε20, ∀x ∈ R

n

Hence vε
0 = ΠN (uε

0) ∈ C∞(Rn, N). Moreover, it is easy to see that

‖∇vε
0‖L2(Rn) ≤ C ‖∇uε

0‖L2(Rn) ≤ C ‖∇u0‖L2(Rn) ≤ Cε1,

‖∇vε
0‖L∞(Rn) ≤ C ‖∇uε

0‖L∞(Rn) ≤ C ‖∇u0‖L∞(Rn) ,

and vε
0 → u0 strongly in W 1,2

loc (Rn, N). This proves the lemma. 2

By considering (5.3) with initial data u0 replaced by vε
0, we may further assume

u0 ∈ C∞(Rn, N). We now want to show that for ε > 0 sufficiently small,

sup
x0∈Rn,R>0

R2

∫

Rn

|∇u0|2G(x0,R2) dx ≤ ε20. (7.15)

In fact

R2

∫

Rn

|∇u0|2G(x0,R2) dx ≤ CR2−n

∫

B2R ln R(x0)
|∇u0|2 dx

+CR2−n exp
(

−| lnR|2
)

E0

≤ CR2| lnR|n ‖∇u0‖2
L∞(Rn)

+CR2−n exp
(

−| lnR|2
)

E0 ≤ ε20

provided that we choose R ≤ R1(E0, ‖∇u0‖L∞(Rn)). For R ≥ R1, it is easy to see

R2

∫

Rn

|∇u0|2G(x0 ,R2) dx ≤ R2−n
1 E0 ≤ ε20

if E0 is chosen to be sufficiently small.
Let 0 < T ≤ +∞ be the maximal time interval such that there is a unique

smooth solution u ∈ C∞(Rn × [0, T ), N) of (5.3) with the inital data u0. Applying
(7.4), we have

Φ(x0,T ) (r;u) ≤ ε20, ∀x0 ∈ R
n, 0 < r <

√
T . (7.16)

Hence Proposition 7.1.4 implies that if T < +∞, then

|∇u| (x, T ) ≤ C√
T
. (7.17)

This contradicts the definition of T . Hence T = +∞. In this case, there is C > 0
such that

|∇u| (x, t) ≤ C√
t
, ∀x ∈ R

n and t ≥ 1.
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This implies that u(t) → p for some p ∈ N , as t ↑ +∞. 2

As in [195, 196], we can prove the following weak compactness theorem.

Theorem 7.2.3 Suppose that {uk} ⊂ C∞(Rn × (−1, 0), N) is a sequence of solu-
tions of (5.3) with E(uk(t)) ≤ E0 < +∞ uniformly in t, for k ∈ N. Moreover,
suppose uk(−1) → u in H1

loc(Rn, N) as k → ∞ and

uk → u in L2
loc(Rn × [−1, 0]),

∂tuk → ∂tu weaky in L2
loc(Rn × [−1, 0]),

∇uk → ∇u weakly in L2
loc(Rn × [−1, 0])

Then u is a weak solution of (5.3) and there exists a closed set Σ of locally finite
n-dimensional parabolic Hausdorff measure such that u ∈ C∞(Rn × (−1, 0) \ Σ, N).
Moreover for any 0 < R < 1, we have

Φ(R) +

∫ −R2

−1

∫

Rn

|x · ∇u+ 2tut|2
2|t| Gdxdt ≤ Φ(−1). (7.18)

Proof. For z0 = (x0, t0) ∈ R
n × [−1, 0], denote

Φk
z0

(r) =

{

Φz0(r;uk), if 0 < r ≤ √
1 + t0;

Φz0(
√

1 + t0;uk) otherwise.
.

Define the concentration set

Σ =
⋂

r>0

{

z ∈ R
n × [−1, 0] | lim

k→∞
Φk

z(r) ≥ ε20

}

,

where ε0 > is given by Proposition 7.1.4. Then Σ is a closed subset of R
n × [−1, 0].

To see this, let z̄ ∈ Σ and zl ∈ Σ, with zl → z̄. By the definition of Σ, we have

lim
l→∞

lim
k→∞

(

r2

2

∫

Rn×{t̄−r2}
|∇uk|2Gzl

dx

)

≥ ε20, ∀r > 0. (7.19)

Since Gzl
→ Gz̄ uniformly away from z̄ and

E(uk(t)) ≤ E0 := E (u(−1)) < +∞ uniformly for k and t,

for any fixed r > 0 we can interchange the limiting process to get

lim
k→∞

Φk
z̄(r) ≥ ε20, ∀r > 0,

this implies z̄ ∈ Σ.
For any z0 /∈ Σ, there exist r0 > 0 and a subsequence of {uk}, denoted as itself,

such that
Φk

z0
(r0) ≤ ε20.
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Proposition 7.1.4 implies that

sup
Pδr0

(z0)
|∇uk| ≤ Cr−1

0 , ∀k,

for some positive constants δ and C only depending on n,N,E0. By the higher
order regularity, similar bounds hold for derivatives of any order. Thus, by sending

k → ∞, we conclude that uk → u in Cm
(

P r0
2

(z0), N
)

for any m ≥ 1, whence u is

a smooth solution of (5.3) away from Σ.

Next we want to extend u to be a weak solution in R
n × [−1, 0]. To achieve this,

we first estimate n-dimensional parabolic Hausdorff measure of Σ.

For any compact set K ⊂ R
n × (−1, 0) and ρ0 > 0, since K ∩ Σ is compact,

Vitali’s covering lemma implies that there exist 1 ≤ l < +∞, {zi} ⊂ K ∩ Σ and
0 < ri ≤ r0 such that {Qri

(zi)}l
i=1 are mutally disjoint and K ∩ Σ ⊂ ∪

1≤i≤l
Q5ri

(zi).

Denote z̄i = zi + (0, r2
i ). Then there exists k ∈ N such that for any δ ∈ (0, 1),

ε20 ≤ Φk
zi

(δri) ≤ C

∫ ti−δ2r2
i

ti−4δ2r2
i

∫

Rn

|∇uk|2Gzi

≤ C(δ)r−n
i

∫

Qri
(zi)

|∇uk|2 dxdt

+ Cδ−n exp

(

− 1

16δ2

)
∫ ti−δ2r2

i

ti−4δ2r2
i

∫

Rn

|∇uk|2Gz̄i

≤ C(δ)r−n
i

∫

Qri
(zi)

|∇uk|2 + Cδ2−n exp

(

− 1

16δ2

)

E0

for 1 ≤ i ≤ l, where we have used the fact

Gzi
≤ δ−n exp

(

− 1

16δ2

)

Gz̄i
in R

n ×
[

ti − 4δ2r2i , ti − δ2r2i
]

\Qri
(zi),

and Theorem 7.1.3 in the last two steps. By choosing δ > 0 sufficiently small, we
have

Cδ2−n exp

(

− 1

16δ2

)

E0 ≤ ε20
2

so that

rn
i ≤ C

∫

Qri
(zi)

|∇uk|2 dxdt, 1 ≤ i ≤ l.

Summing over 1 ≤ i ≤ l, we obtain

Pn
5δ(K ∩ Σ) ≤

∑

1≤i≤l

(5ri)
n ≤ C

∑

1≤i≤l

∫

Qri
(zi)

|∇uk|2 dxdt

= C

∫

∪
1≤i≤l

Qri
(zi)

|∇uk|2 dxdt ≤ CE0.



7.2. GLOBAL SMOOTH SOLUTIONS AND WEAK COMPACTNESS 169

Sending δ to zero, this implies that the n-dimensional parabolic Hausdorff measure
of Σ is locally finite. This also implies that there is a finite cover {Qri

(zi)}1≤i≤Jδ
of

Σ, with ri < δ, such that

∣

∣

∣

∣

∣

∣

⋃

1≤i≤Jδ

Qri
(zi)

∣

∣

∣

∣

∣

∣

→ 0, as δ → 0,

where |·| is the Lebesgue measure on R
n × R.

Let φ ∈ C∞
0 (Q2(0)) be such that 0 ≤ φ ≤ 1 and φ ≡ 1 on Q1(0). For i ≥ 1, let

φi(z) = φ(x−xi

ri
, t−ti

r2
i

) ∈ C∞
0 (Q2ri

(zi)). Given ψ ∈ C∞
0 (Rn × (−1, 0),RL), define

η = ψ inf
i

(1 − φi) ∈ C∞
0 (Rn × (−1, 0) \ Σ,RL). It is easy to see that η → ψ a.e. as

δ → 0.

Since supp(η) ⊂ R
n × (−1, 0) \ Σ, testing (5.3) with η gives

∫

Rn×(−1,0)
(∂tu− ∆u−A(u) (∇u,∇u)) η = 0.

Hence
∫

Rn×(−1,0)
(∂tu− ∆u−A(u) (∇u,∇u))ψ

=

∫

Rn×(−1,0)
(∂tu− ∆u−A(u) (∇u,∇u))ψ

(

1 − inf
i

(1 − φi)

)

≤ C

∫

Rn×(−1,0)

{

(

|∂tu| + |∇u|2
)

|ψ − η| + |∇u| |∇ψ|
∣

∣

∣

∣

1 − inf
i

(1 − φi)

∣

∣

∣

∣

}

+

∫

Rn×(−1,0)
|∇u| |ψ|

∣

∣

∣

∣

∇(inf
i

(1 − φi))

∣

∣

∣

∣

≤ C

∫

Rn×(−1,0)
|∇u||ψ|

∣

∣

∣

∣

∇
(

inf
i

(1 − φi)

)∣

∣

∣

∣

+ o(1)

≤ C ‖∇u‖L2(∪
i
Qri

(zi))

(

∫

Rn×(−1,0)
|∇(inf

i
(1 − φi))|2

)
1
2

+ o(1)

≤ o(1)

(

∑

i

r−2
i |Qri

(zi)|
)

1
2

+ o(1) → 0, as δ → 0.

Hence u is a weak solution of (5.3). By the lower semicontinuity of Φ(r;uk) under
the weak convergence and (7.4), we have

Φ(R;u) ≤ lim
k→∞

Φ(R;uk) ≤ lim
k→∞

Φ(1;uk) = Φ(1;u), ∀0 < R ≤ 1.

It is worth to mention that the above size estimate of Σ implies that for a.e. t ∈
(−1, 0), Σt = Σ ∩ {t} has locally finite (n− 2)-dimensional Hausdorff measure with
respect to the Euclidean metric in R

n. Cheng [26] has obtained a stronger estimate.
More precisely,
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Theorem 7.2.4 For any t0 ∈ (−1, 0), it holds

Hn−2(Σt0) < +∞. (7.20)

Here we present his proof, which is based on the following lemma.

Lemma 7.2.5 For any ε > 0, there exists K(ε) > 0 such that for any t0 ∈ (−1, 0)
and R ≤ √

1 + t0, the following estimate holds on TR(t0):

Gz0(x, t) ≤
{

Rn, for all x ∈ R
n

εGz0+(0,R2)(x, t), if |x− x0| ≥ K(ε).

Proof. The first inequality is trivial. To prove the second inequality. For K =
K(ε) > 0 to be chosen, if |x− x0| ≥ K(ε)R, then we have

Gz0

Gz0+(0,R2)
=

(

t0 − t+R2

t0 − t

)
n
2

exp

( |x− x0|2
4(t0 − t+R2)

− |x− x0|2
4(t0 − t)

)

≤ 5
n
2 exp

(

− R2|x− x0|2
4(t0 − t+R2)(t0 − t)

)

≤ 5
n
2 exp

(

−K
2

80

)

≤ ε

provided that K(ε) is chosen to be sufficiently large. 2

Proof of Theorem 7.2.4:
By Lemma 7.2.5, we have

∫

TR(t0)
|∇uk|2Gz0 ≤ R−n

∫ t0−R2

t0−4R2

∫

BKR(x0)
|∇uk|2

+ ε

∫ t0−R2

t0−4R2

∫

Rn

|∇uk|2Gz0+(0,R2).

On the other hand,

ε

∫

TR(t0)
|∇uk|2Gz0+(0,R2) dxdt

= 2ε

∫ t0−R2

t0−4R2

(R2 + t0 − t)−1Φk
z0+(0,R2)(

√

R2 + t0 − t) dt

≤ 2εΦk
z0+(0,R2)(

√

t0 +R2)

∫ t0−R2

t0−4R2

(R2 + t0 − t)−1 dt

≤ Cε(t0 +R2)1−
n
2

(
∫

Rn

|∇uk|2 dx
)

≤ Cεt
1−n

2
0 E0 ≤ 1

2
ε0

provided that ε = ε(ε0, E0, t0) > 0 is chosen to be sufficiently small.
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For 0 < R <
√
t0, denote

Σt0 =
⋂

R>0

ΣR
t0
, where ΣR

t0
=

{

x ∈ R
n | lim

k→∞

∫

TR(t0)
|∇uk|2Gt0 dxdt

}

.

For any compact K ⊂ R
n, if x0 ∈ ΣR

t0
∩K, then we have

ε0 ≤ lim
k→∞

∫

TR(t0)
|∇uk|2Gz0

≤ 1

2
ε0 + lim

k→∞
R−n

∫

BKR(x0)×[t0−4R2,t0−R2]
|∇uk|2 .

Hence

Rn ≤ 2

ε0
lim

k→∞

∫

BKR(x0)×[t0−4R2 ,t0−R2]
|∇uk|2 . (7.21)

Note that, since ΣR
t0
∩K is compact, there is a finite subfamily J1 = {BKR(xj)} of

the family J = {BKR(x0) | x0 ∈ ΣR
t0
∩K} such that any two balls in J1 are disjoint

and {B5KR(xj)} covers ΣR
t0
∩K. Thus

∑

j

(5KR)n = = (5K)n
∑

j

Rn

≤ 2(5K)n

ε0

∑

j

lim
k→∞

∫

BKR(xj)×[t0−4R2,t0−R2]
|∇uk|2

≤ 2(5K)n

ε0
lim

k→∞

∫

Rn×[t0−4R2,t0−R2]
|∇uk|2

≤ CKnE0R
2.

Therefore

Hn−2(Σt0 ∩K) = lim
R→0

Hn−2
R (ΣR

t0
∩K) ≤ C(K, ε0) < +∞.

Since K is arbitrary, this implies (7.20). 2

We now discuss an asymptotic behavior of the short time smooth solution of
(5.3) near a type I singularity.

Definition 7.2.6 Let 0 < T < +∞ be the first singular time of a smooth solution
u ∈ C∞(Rn × (0, T ), N) of (5.3), with an isolated singularity at (0, T ). If

|∇u|(x, t) ≤ C√
T − t

, ∀x ∈ R
n, 0 < t < T, (7.22)

then (0, T ) is called to be a type I singularity.
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Definition 7.2.7 A nontrivial, smooth solution u ∈ C∞(Rn × (−∞, 0), N) of (5.3)
is called to be self-similar, if

u(x, t) = u(
x√−t), x ∈ R

n and t ∈ (−∞, 0).

Proposition 7.2.8 For a smooth solution u ∈ C∞ (Rn × (0, T ), N) of (5.3) with
(0, T ) being a type I singularity. For R > 0, define

uR(x, t) = u(Rx, T +R2t) : R
n × (− T

R2
, 0) → N.

Then there exists a self-similar solution φ ∈ C∞(Rn × (−∞, 0), N) of (5.3) such
that after taking possible subsequences,

uR → φ in Ck
loc (Rn × (−∞, 0), N) for any k ≥ 1 as R→ 0.

Proof. First observe that for any R > 0, we have

|∇uR| (x, t) ≤
C
√

|t|
, ∀x ∈ R

n and t ∈
(

− T

R2
, 0

)

.

Therefore, for any compact subset K ⊂ R
n × (−∞, 0), there exists a sufficiently

small R0 = R0(K) > 0 such that

max
K

|∇uR| ≤ C(K) < +∞, ∀R ≥ R0.

Higher order derivatives of uR are also bounded on K. Therefore we may assume
that there exists a smooth solution φ ∈ C∞(Rn × (−∞, 0), N) of (5.3) such that
after passing to subsequences, uR → φ in Ck

loc(R
n × (−∞, 0), N) for any k ≥ 1, as

R → 0. Since (0, T ) is a singularity of u, φ 6≡ constant. In fact, if φ is a constant,
then fix some small R > 0, we would have Φ(0,T )(R;u) = Φ(1;uR) ≤ ε0 and hence
(0, T ) is a regular point of u. To see that φ is a self-similar. By (7.4), we have

∫ −T1

−T2

∫

Rn

|2t∂tφ+ x · ∇φ|2
2|t| Gdxdt

≤ lim
R→0

∫ −T1

−T2

∫

Rn

|2t∂tuR + x · ∇uR|2
2|t| Gdxdt

= lim
R→0

∫ T−T1R2

T−T2R2

∫

Rn

|2t∂tu+ x · ∇u|2
2|t| Gdxdt = 0

for any 0 < T1 < T2 < +∞. It follows that

2t∂tφ+ x · ∇φ = 0, ∀x ∈ R
n and t ∈ (−∞, 0).

That is φ(x, t) = φ( x√
−t

) and φ is self-similar. 2
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7.3 Finite time singularity in dimensions at least three

In this section, we will present the examples by Coron-Ghidaglia [39] and Chen-Ding
[28] on the existence of finite time singularity for the heat flow of harmonic maps in
higher dimensions.

The ideas of [39] and [28] are based on both the ε0-apriori estimate and the exis-
tence of smooth maps φ from M to N which has trivial energy E(φ) with nontrivial
topology. This is related to the following important theorem by White [210, 211].
Namely,

Theorem 7.3.1 For compact Riemannian manifolds M , N and u0 ∈ C∞(M,N).
Then

inf {E(u) | u ∈ C∞ (M,N) , u is homotopic to u0} > 0

iff the restriction of u0 to a 2-skeleton of M is not homotopic to constant.

Remark 7.3.2 If one of the following three properties holds
(a) π1(M) = π2(M) = {0};
(b) π1(N) = π2(N) = {0};
(c) π1(M) = π2(N) = {0},
then for any u0 ∈ C∞(M,N),

inf {E(u) | u ∈ C∞ (M,N) , u ∼ u0} = 0.

A typical example of such a u0 is the Hopf map from S3 to S2. Recall that the Hopf
map H : S3 ⊂ C × C → S2 ⊂ C × R is defined by

H(z, w) =
(

2zw̄, |z|2 − |w|2
)

, (z, w) ∈ C × C.

Then we have
inf
{

E(u) | u ∈ C∞ (S3, S2
)

, u ∼ H
}

= 0.

The following theorem is essentially due to [28].

Theorem 7.3.3 For any T > 0 there exists a constant ε = ε(M,N, T ) > 0 such
that for any map u0 ∈ C∞(M,N) which is not homotopic to constant but satisfies
E(u0) < ε, then any smooth solution u of (5.3) with initial data u0 must blow up
before 2T .

Proof. The argument here is a simplied version of [28] given by [196]. Suppose
that u ∈ C∞(M × [0, 2T ], N) solves (5.3) with u(x, 0) = u0(x). For z̄ = (x̄, t̄),
T ≤ t̄ ≤ 2T , R2 = T , we have

Φz̄(R) ≤ CR2−nE
(

u
(

t̄−R2
))

≤ CR2−nE0 < ε20

if ε < ε0T
n−2

2

C
, where C = C(M,N) > 0 and ε0 = ε0(M,N) > 0 are given by

Proposition 7.1.4. Hence we have

|∇u| (z) ≤ C

R
= C (M,N, T ) , ∀z ∈M × [T, 2T ].
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By (5.3.3), we have

(∂t − ∆g) e(u) ≤ Ce(u) on M × [T, 2T ]

so that
max

x
e(u) (x, 2T ) ≤ CE(u0) ≤ Cε

for some C = C(M,N, T ) > 0. Thus if ε = ε(M,N, T ) is chosen to be sufficiently
small, then the image of u(2T ) is contained in a contractible coordinate neighbor-
hood of a point p ∈ N . Hence u(2T ) is homotopic to constant. This contradicts the
choice of u0. Therefore u must blow up before 2T . 2

7.4 Nonuniqueness of heat flow of harmonic maps

In this section, we will present the example by Coron [38] in which the heat flow of
harmonic maps has infinitely many weak solutions. Interested readers can also see
Bethuel-Coron-Ghidaglia-Soyeur [12] for related results.

The crucial observation in [38] is that there exists a weakly harmonic map u0 :
B3 → S2 such that u(x, t) = u0(x), (x, t) ∈ B3× (0,+∞), viewed as a static solution
of (5.3), doesn’t satisfy (7.4) and hence is different from the solution constructed in
[33] (see §7.5 below).

Suppose that u0 ∈W 1,2
loc (R3, S2) is a weakly harmonic map that is homogeneous

of degree zero, i.e., u0(x) = u0(
x
|x|). Consider u(x, t) = u0(x). Then u weakly solves

(5.3) and

Φz̄(ρ) =
1

(4π)
3
2ρ

∫

R3

|∇u0|2 exp

(

−|x− x̄|2
4ρ2

)

dx <∞

for any z̄ ∈ R
3 × (0,+∞) and ρ > 0.

Suppose that u satisfies (7.4). Then we have

1

ρ

∫

R3

|∇u0|2 exp

(

−|x− x̄|2
4ρ2

)

≤ 1

r

∫

R3

|∇u0|2 exp

(

−|x− x̄|2
4r2

)

(7.23)

for any 0 < ρ ≤ r < +∞.
We now recall a simple lemma that characterizes the stationarity of weakly har-

monic maps of homogeneous degree zero, due to Hardt [81].

Lemma 7.4.1 Suppose that φ ∈ C∞(S2, S2) is a harmonic map. Then φ( x
|x|) :

R
3 → S2 is stationary iff

q :=

∫

S2

|∇φ|2(x)x dH2(x) = 0. (7.24)

Let π : S2 \ {(0, 0, 1)} → R
2 ∼= C be the stereographic projection from the north

pole of S2. Then the following fact is well-known (see for example [19]).

Proposition 7.4.2 φ : S2 → S2 is a harmonic map iff ψ(z) := π
(

φ(π−1(z))
)

:
C → C is a rational function.
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Remark 7.4.3 For λ ∈ R, define gλ(z) = λz : C → C. Then

uλ(x) = π−1

(

gλ

(

π

(

x

|x|

)))

: R
3 → S2 (7.25)

is a stationary harmonic map iff λ = 1.

Now we have

Theorem 7.4.4 If u0(x) = uλ(x) : R
3 → S2 for some λ 6= 1, then there exist

infinitely many weak solutions u : R
3 × (0,+∞) → S2 of (5.3) with the initial data

u0.

Proof. Denote

φ(ρ, x̄) =
1

ρ

∫

R3

|∇u0|2 exp

(

−|x− x̄|2
4ρ2

)

, x̄ ∈ R
3.

Note that

φ(ρ, 0) =

∫ ∞

0

(
∫

S2

|∇u0|2 dH2

)

exp

(

− r2

4ρ2

)

dr

ρ
= a0

is independent of ρ > 0. Moreover, direct calculations imply

∇x̄φ(ρ, 0) =

∫

R3

|∇u0|2(x)
x

2ρ3
exp

(

−|x|2
4ρ2

)

=

∫ ∞

0

(∫

S2

|∇u0|2(σ)σ dH2(σ)

)

·
exp

(

− r2

4ρ2

)

2ρ3
r dr

=
1

ρ

(∫ ∞

0
exp(−r) dr

)

·
(∫

S2

|∇u0|2(σ)σ dH2(σ)

)

=
1

ρ

∫

S2

|∇u0|2(σ)σ dH2(σ) :=
q

ρ
.

Hence for 0 < ρ1 < ρ2, if t > 0 is sufficiently small, then we have

φ(ρ1, tq) = a0 + t
|q|2
ρ1

+O(t2) > φ(ρ2, tq) = a0 + t
|q|2
ρ2

+O(t2),

this contradicts (7.23). On the other hand, the solution ũ of (5.3) with the ini-
tial data u0 constructed by [33] satisfies (7.23). Hence ũ 6= u0. This yields non
uniqueness in the energy class of weak solutions of (5.3) with initial data u0.

Using ũ and u0, one can construct infinitely many weak solutions to (5.3) as
follows. For any T > 0, define

uT (x, t) =

{

u0(x) if 0 ≤ t ≤ T

ũ(x, t) if t > T.

It is easy to verify that uT , T > 0 is a family of infinitely many weak solutions of
(5.3). 2
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Remark 7.4.5 (a) The solution ũ with initial data u0 can’t be of the form ũ(x, t) =
v( x

|x| , t). For, otherwise, v would be a weak solution of (5.3) on S2 × (0,+∞). Note

that u0 ∈ C∞(S2, S2) is harmonic. Hence, by the local unique solvability theorem
of (5.3) on S2 × (0,+∞) for smooth initial data, we would have ũ ≡ u0. This is
proved to be impossible.
(b) It is an open problem to find the class of weak solutions of (5.3) in which the
uniqueness does hold. It is unknown whether the uniqueness holds for the class of
weak solutions satisfying the monotonicity inequality.

Φz̄(ρ) ≤ Φz̄(r)

for all z̄ ∈ R
n × (0,+∞) and 0 < ρ ≤ r ≤

√
t̄. See Hong [96] for some related works.

7.5 Global weak heat flows into spheres

In this section, we will present the existence of global weak solutions to (5.3) for
N = SL−1 ⊂ R

L, due to Chen [27], in which the Ginzburg-Landau approximation
scheme was introduced to establish the existence of approximate weak solutions
of (5.3). The symmetry of SL−1 plays a critical role in the convergence. Similar
observations have been made by Shatah [180] for wave maps and Keller-Rubinstein-
Sternberg [110] for singular perturbation problems.

The main theorem of this section is

Theorem 7.5.1 For any u0 ∈ W 1,2(M,SL−1), there is a weak solution u : M ×
R+ → SL−1, with ∇u ∈ L∞(R+, L

2(M)) and ∂tu ∈ L2(R+, L
2(M)), to

∂tu− ∆u = |∇u|2u, in M × R+ (7.26)

u|t=0 = u0, on M. (7.27)

For simplicity, we consider the case M = Rn only. The Ginzburg-Landau ap-
proximation scheme is as follows. For ε > 0, consider the Cauchy problem for maps
u : R

n × R+ → R
L:

∂tu− ∆u =
1

ε2
(

1 − |u|2
)

u, in R
n × R+ (7.28)

u|t=0 = u0, on R
n. (7.29)

Note that (7.28) is the negative L2-gradient flow of the Ginzburg-Landau energy
functional

Eε(u) =

∫

Rn

(

1

2
|∇u|2 +

1

4ε2
(1 − |u|2)2

)

.

Write u(t)(x) = u(x, t) : R
n → R

L for t ≥ 0. Then we have

Lemma 7.5.2 For 0 < T ≤ ∞, if u ∈ C∞(Rn×(0, T ],RL) solves (7.28) and (7.29),
then

Eε(u(t)) +

∫ t

0

∫

Rn

|∂tu|2 dxdt = Eε(u0) = E(u0), 0 < t ≤ T. (7.30)

In particular, u attains its initial data continuously in W 1,2(Rn, SL−1).
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Proof. Multiplying (7.28) by ∂tu and integrating over R
n× (0, t) gives (7.5.2). Since

∂tu ∈ L2(Rn × [0, t]), it is clear that u(t) → u0 weakly in W 1,2(Rn, SL−1) as t ↓ 0.
By the lower semicontinuity, we have

E(u0) ≤ lim inf
t↓0

E(u(t)).

On the other hand, by (7.5.2) we have

lim sup
t↓0

E(u(t)) ≤ lim
t↓0
Eε(u(t)) ≤ E(u0).

Thus u(t) converges to u0 strongly in W 1,2(Rn, SL−1) as t ↓ 0. 2

Next we have the L∞-estimate.

Lemma 7.5.3 For 0 < T ≤ ∞, if u ∈ C∞(Rn×(0, T ],RL) solves (7.28) and (7.29),
then

‖u‖L∞(Rn×(0,T ]) ≤ 1.

Proof. Multiplying (7.28) by u, we obtain

(

∂

∂t
− ∆

)( |u|2
2

)

+ |∇u|2 +
1

ε2
(

|u|2 − 1
)

|u|2 = 0.

In particular,
(

∂

∂t
− ∆ +

2

ε2

)

(

|u|2 − 1
)

≤ 0.

The conclusion follows from the maximum principle, since |u(x, 0)|2−1 = |u0|2−1 =
0. 2

By using Galerkin’s method, one can show that for any ε > 0, there is a unique
smooth solution uε ∈ C∞((0,+∞),RL) of (7.28) and (7.29). Moreover, by Lemma
7.5.2 and 7.5.3 we have

∫ +∞

0

∫

Rn

|∂tuε|2 + sup
0<t<∞

E (uε(t)) ≤ E(u0),

|uε| ≤ 1, sup
0<t<∞

∥

∥1 − |uε(t)|2
∥

∥

L2(Rn)
≤ 4ε2E(u0).

Thus, up to a subsequence, we may assume that there exists u : R
n × R+ → R

L,
with ∂tu ∈ L2(Rn × R+) and ∇u ∈ L∞(R+, L

2(Rn)), such that

uε → u in L2
loc

(

R
n × R+,R

L
)

,

∇uε → ∇u weak∗ in L∞ (
R+, L

2(Rn)
)

,

∂tuε → ∂tu weakly in L2 (Rn × R+) .

In particular, |u| = 1. To show that u is a weak solution of (5.3), we need to explore
the symmetry of SL−1.
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Lemma 7.5.4 A map u : R
n × R+ → SL−1, with ∇u ∈ L∞(R+, L

2(Rn)) and
∂tu ∈ L2(Rn × R+), is a weak solution of (7.26) iff

ut ∧ u− div (∇u ∧ u) = 0 in R
n × R+, (7.31)

where ∧ denotes the wedge product in R
L.

Proof. If u weakly solves (7.26), then for any φ ∈ C∞
0 (Rn × R), multiplying (7.26)

by ∧(uφ) and integration gives

∫

Rn×R+

(ut ∧ (uφ) + ∇u ∧∇(uφ)) = 0,

since |∇u|2u ∧ (uφ) = 0. Note also that

∫

Rn×R+

∇u ∧∇(uφ) =

∫

Rn×R+

(∇u ∧ u) · ∇φ.

Hence u weakly solves (7.31).

If u weakly solves (7.31). Then we have

(∂tu− ∆u) ∧ u = 0.

Hence there is a multiplier λ : R
n × R+ → R such that

∂tu− ∆u = λu (7.32)

Multiplying it by uφ and using ∂tu · u = 0 and ∆u · u = −|∇u|2, we obtain that for
any φ ∈ C∞

0 (Rn × R+),

∫

Rn×R+

λφ =

∫

Rn×R+

|∇u|2φ.

Therefore u weakly solves (7.31). 2

For φ ∈ C∞
0 (Rn ×R+), taking wedge product of (7.28) with uεφ and integrating

over R
n × R+, we obtain

∫

Rn×R+

(∂tuε ∧ uεφ+ ∇uε ∧ uε · ∇φ) = 0.

Since

∂tuε ∧ uε → ∂tu ∧ u and ∇uε ∧ uε → ∇u ∧ u weakly in L2
loc(R

n × R+)

as ε→ 0, u weakly solves (7.31) and hence (7.26). 2
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7.6 Global weak heat flows into general manifolds

In this section, we will present the work by [33] on the existence of global, weak
solutions of (5.3) for any compact Riemannian manifoldN ⊂ R

L. The main difficulty
comes from the fact that N doesn’t have symmetry property. A crucial observation
by [33] is that the Ginzburg-Landau approximate solutions enjoy uniform estimates
under the small condition on the normalized energy. First we need to modify the
Ginzburg-Landau energy functional Eε. Let δN > 0 be such that the nearest point
projection ΠN : N2δN

→ N is smooth and dist2(p,N) is smooth for p ∈ N2δN
.

Throughout the discussion henceforth, let χ be a smooth, monotonically increas-
ing function such that

χ(s) =

{

s for s ≤ δ2N
4δ2N for s ≥ 4δ2N .

Define F ∈ C∞(RL,R+) by

F (p) = χ(dist2(p,N)), and f(p) = −∇pF (p).

It is clear that for p ∈ NδN
, F (p) = dist2(p,N).

For ε > 0, define

Eε(u) ≡
∫

M

eε(u) =

∫

M

(

1

2
|∇u|2 +

1

ε2
F (u)

)

. (7.33)

For φ ∈ C∞(M,N), the Ginzburg-Landau heat flow becomes

∂tu− ∆u =
1

ε2
f(u) in M × R+ (7.34)

u|t=0 = φ on M. (7.35)

By Galerkin’s method, for any ε > 0 there exists a smooth solution uε ∈ C∞(M×
R+,R

L) of (7.34). As in Lemma 7.5.2, we have the following energy inequality.

Lemma 7.6.1 For ε > 0, uε satisfies

∫ ∞

0

∫

M

|∂tu|2 + sup
0<t<+∞

Eε (u(t)) ≤ 1

2

∫

M

|∇φ|2 . (7.36)

We now want to show that uε satisfies an energy monotonicity inequality similar
to (7.4) and (7.7).

Let iM > 0 be the injectivity radius of M . For x0 ∈ M , let φ ∈ C∞
0 (BiM

(x0))
be such that 0 ≤ φ ≤ 1, φ = 1 in B iM

2

(x0). For z0 = (x0, t0) ∈ M × (0,+∞) and

0 < R < min{iM ,
√
t0}, introduce

Φ(u, z0, R) = R2

∫

SR(t0)
eε(u)Gz0φ

2 dvg,

Ψ(u, z0, R) =

∫

TR(t0)
eε(u)Gz0φ

2 dvgdt.
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Lemma 7.6.2 Suppose that u = uε : M ×R+ → R
L is a smooth solution to (7.34),

with E(u(t)) ≤ E0. Then there exists a constant c > 0 depending only on M and N
such that for any z0 = (x0, t0) ∈ M × (0,+∞) and 0 < R ≤ R0 ≤ min{iM ,

√
t0},

there holds
Φ(u, z0, R) ≤ ec(R0−R)Φ(u, z0, R0) + cE0 (R0 −R) , (7.37)

Ψ(u, z0, R) ≤ ec(R0−R)Ψ(u, z0, R0) + cE0 (R0 −R) . (7.38)

Proof. For simplicity, assume z0 = (0, 0) and u : M × R− → R
L solves (7.34). For

R > 0, define uR(x, t) = u(Rx,R2t). Then after scalings, we have

Ψ(u, (0, 0), R) =

∫

T1

(

1

2
gαβ(R·)∂uR

∂xα

∂uR

∂xβ

+
R2

ε2
F (uR)

)

·Gφ2(R·)
√

|g|(R·) dxdt.

Using ∇G = x
2t
G and d

dR
|R=1uR(x, t) = x · ∇u+ 2t∂tu, we compute

d

dR
|R=1Ψ(u, (0, 0), R) =

∫

T1

[

(

−xβ

2t
gαβ ∂u

∂xα
− ∆u+

1

ε2
f(u)

)

· (x · ∇u+ 2t∂tu)

+
2

ε2
F (u)]Gφ2√g dxdt

− 2

∫

T1

gαβ ∂u

∂xα

∂φ

∂xβ
(x · ∇u+ 2t∂tu)Gφ

√
g dxdt

+
1

2

∫

T1

x · ∇gαβ ∂u

∂xα

∂u

∂xβ
Gφ2√g dxdt

+
1

2

∫

T1

eε(u)Gφ
2 x · ∇g

g

√
g dxdt

+

∫

T1

eε(u)Gφx · ∇φ√g dxdt

= I1 + I2 + I3 + I4 + I5.

I1 can be estimated by

I1 ≥
∫

T1

(

1

2|t| |x · ∇u+ 2t∂tu|2 +
2

ε2
F (u)

)

Gφ2√g dxdt

−
∫

T1

1

2|t| |x| |g − id| |∇u| |x · ∇u+ 2t∂tu|Gφ2√g dxdt

≥
∫

T1

(

1

4|t| |x · ∇u+ 2t∂tu|2 +
2

ε2
F (u)

)

Gφ2√g dxdt

− c

∫

T1

|x|2 |g − id|2 |∇u|2Gφ2√g dxdt

≥ 1

4

∫

T1

|x · ∇u+ 2t∂tu|2
|t| Gφ2√g dxdt− cΨ(u, (0, 0), 1) ,

and the other terms can be estimated by

|I2| ≤ 1

8

∫

T1

|x · ∇u+ 2t∂tu|2
|t| Gφ2√g dxdt+ c

∫

T1

|∇u|2Gφ2√g dxdt

≤ 1

2
I1 + cΨ(u, (0, 0), 1) + cE0.
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|I3| + |I4| ≤ cΨ(u, (0, 0), 1) ,

|I5| ≤
1

2
Ψ (u, (0, 0), 1) + cE0.

For 0 < R1 < 1, since

d

dR1
Ψ(u, (0, 0), R1) = R−1

1

d

dR
|R=1Ψ(u, (0, 0), RR1) ,

|g(x) − id| ≤ c|x|,

and

R−1
1 |t|−1|x|4G ≤ G+ c on TR1 ,

we can control the error term in I1:

∫

TR1

1

2|t| |x|
2 |g − id|2 |∇u|2Gφ2√g dxdt ≤ cΨ(u, (0, 0), R1) + cE0.

The estimates for I2, · · · , I5 can be done in similar ways. Hence we obtain

d

dR
Ψ(u, (0, 0), R) ≥ 1

8R

∫

TR

|x · ∇u+ 2t∂tu|2
|t| Gφ2√g dxdt

−cΨ(u, (0, 0), R) − cE0

This implies (7.38). 2

For (7.34), we have a Bochner type inequality similar to (5.3.3).

Lemma 7.6.3 Suppose that u = uε ∈ C∞(M × R+,R
L) solves (7.34). Then

(∂t − ∆) eε(u) ≤ c (1 + eε(u)) eε(u) (7.39)

where c > 0 is a constant depending only on M and N .

Proof. For simplicity, assume M = R
n. Since for ε > 0, v(x, t) = u(εx, ε2t) :

R
n × R+ → R

L satisfies (7.34) with ε = 1, we assume ε = 1. Using the Ricci
identity, we compute

(∂t − ∆)

( |∇u|2
2

)

= ∇ (∂tu− ∆u) · ∇u− |∇2u|2 − RicM (u)(∇u,∇u)

= ∇(f(u))) · ∇u− |∇2u|2 − RicM (u)(∇u,∇u),

and

(∂t − ∆) (F (u)) = −f(u) (∂tu− ∆u) + ∇(f(u)) · ∇u
= −|f(u)|2 + ∇(f(u)) · ∇u.
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Combining these two identities, we obtain

(∂t − ∆) e(u) + |∇2u|2 + |f(u)|2 + RicM (u)(∇u,∇u)
= 2∇(f(u)) · ∇u

= −2∇
(

λ′(·) d
du

(dist2(u,N))

)

· ∇u

= −2χ′′(·)
∣

∣

∣

∣

d

du
(dist2(u,N) · ∇u

∣

∣

∣

∣

2

−2χ′(·) d
2

du2
(dist2(u,N))(∇u,∇u)

= −4
(

χ′(·) + χ′′(·)dist2(u,N)
)

∣

∣

∣

∣

d

du
(dist(u,N)) · ∇u

∣

∣

∣

∣

2

−4χ′(·)dist(u,N)

(

d2

du2
dist(u,N)(∇u,∇u)

)

≤ −4χ′′(·)dist2(u,N)

∣

∣

∣

∣

d

du
(dist(u,N)) · ∇u

∣

∣

∣

∣

2

−4χ′(·)dist(u,N)

(

d2

du2
dist(u,N)(∇u,∇u)

)

where we have used the fact that χ′(·) ≥ 0 in the last step. If dist(u,N) ≤ 2δN ,
then

∣

∣

∣

∣

d

du

(

dist2(u,N)
)

∣

∣

∣

∣

= 2dist(u,N),

and
∣

∣

∣

∣

d2

du2
(dist(u,N))

∣

∣

∣

∣

≤ C(N),

where C(N) depends only on the bound of the sectional curvature of N . Hence we
have
∣

∣

∣

∣

−4χ′(·)dist(u,N)

(

d2

du2
dist(u,N)(∇u,∇u)

)∣

∣

∣

∣

≤ 1

2
χ′(·)2dist2(u,N) + c|∇u|4,

and
∣

∣

∣

∣

∣

−2χ′′(·)(dist2(u,N))

∣

∣

∣

∣

d

du
(dist2(u,N)) · ∇u

∣

∣

∣

∣

2
∣

∣

∣

∣

∣

≤ dist2(u,N) + c|∇u|4.

Note also that
∣

∣RicM (∇u,∇u)
∣

∣ ≤ CM |∇u|2 ,
where CM depends on the bound of the Ricci curvature of M . Putting all these
estimates together, we obtain (7.39). 2

With Lemma 7.6.2 and Lemma 7.6.3, we can obtain the following gradient esti-
mate under the smallness of renormalized energy. The proof is exactly same as that
of Proposition 7.1.4.



7.6. GLOBAL WEAK HEAT FLOWS INTO GENERAL MANIFOLDS 183

Lemma 7.6.4 Suppose that uε ∈ C∞(M × R+,R
L) solves (7.34). Then there exist

positive constants ε0 > 0, δ0 and c > 0 depending only on M and N such that if for
z0 = (x0, t0) ∈M × (0,+∞), there is 0 < R < min{√t0, iM} such that

Ψ(uε, z0, R) ≤ ε20

then

sup
Pδ0R(z0)

eε(uε) ≤ c(δ0R)−2. (7.40)

Now we prove the main theorem of this section (see [33]).

Theorem 7.6.5 For any u0 ∈ C∞(M,N) there exists a global weak solution u :
M×R+ → N of (5.3) and (5.4), which is smooth away from a singular set Σ of locally
finite n-dimensional parabolic Hausdorff measure. Moreover, ∂tu ∈ L2(M × R+)
and E(u(t)) ≤ E(u0) for a.e. t, and Σ(t) = Σ ∩ {t} has locally finite (n − 2)-
dimensional Hausdorff measure for all t > 0. Finally, there exists ti ↑ +∞ such
that u(ti) converges weakly in H1(M,N) to a harmonic map u∞ : M → N , with
E(u∞) ≤ E(u0) and u∞ ∈ C∞(M \ Σ∞, N), where Σ∞ ⊂ M is a closed set with
Hn−2(Σ∞) ≤ C(E(u0)).

Proof. For ε > 0, let uε ∈ C∞(M×R+,R
L) solve (7.34) with initial data uε(0) = u0.

By Lemma 7.5.2 we can assume, after taking possible subsequences, that there is
u : M × R+ → N with ∂tu ∈ L2(M × R+) and ∇u ∈ L∞(R+, L

2(M)) such that

∇uε → ∇u weak∗ in L∞(R+, L
2(M)),

∂tuε → ∂tu weakly in L2(M × R+),

uε → u in L2
loc(M × R+).

By the lower semicontinuity and (7.6.1), we have for a.e. t ∈ R+,

E(u(t)) ≤ lim inf
ε→0

E(uε(t)) ≤ lim inf
ε→0

Eε(uε(t)) ≤ E(u0).

Define

Σ =
⋂

R>0

{

z0 = (x0, t0) ∈M × R+ | lim inf
ε>0

Ψ(uεz0, R) ≥ ε20

}

(7.41)

where ε0 is given by Lemma 7.6.4.

The proof of that Σ is closed and has locally finite n-dimensional parabolic
Hausdorff measure is as same as that of Theorem 7.2.3, except that we replace the
density 1

2 |∇uk|2 by eε(uε).

To see that u ∈ C∞(M × R+ \ Σ, N) solves (5.3), we proceed as follows. For
z0 6∈ Σ, we may assume that there exists 0 < R0 < min{√t0, iM} such that

Ψ(uε, z0, R0) ≤ ε20, for all sufficiently small ε > 0.
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By Lemma 7.6.4, we have

|∇uε|2 +
dist2(uε, N)

ε2
≤ C(ε0) on Pδ0R0(z0). (7.42)

We claim that [uε]
C

1
2 (PδR0

(z0))
≤ C(ε0). In fact, let z = (x, t), w = (y, s) ∈ PR0

8

(z0),

and denote r = max{|x− y|,
√

|t− s|}. Then

|uε(z) − uε(w)| ≤
∣

∣uε(z) − (uε(t))B2r(x)

∣

∣+
∣

∣uε(w) − (uε(s))B2r(x)

∣

∣

+
∣

∣(uε(t))B2r(x) − (uε(s))B2r(x)

∣

∣

≤ 2



 max
P R0

2

(z0)
|∇uε|



 r + r−
n
2

(

∫ t

s

∫

B2r(x)
|∂tuε|2

)
1
2

|t− s| 12

≤ C(ε0)r + r1−n
2

(

∫

P2r(x,t)
|∂tuε|2

)
1
2

≤ C(ε0)r + r−
n
2

(

∫

P4r(x,t)
eε(uε)

)
1
2

≤



C(ε0) + max
P R0

2

(z0)
|∇uε|



 r ≤ C(ε0)r,

where (uε(t))B2r(x) is the average of uε(t) on B2r(x), and we have used the inequality

∫

PR(z0)
|∂tuε|2 ≤ CR−2

∫

P2R(z0)
eε(uε). (7.43)

Hence, after passing to another subsequence, we may assume that

uε → u in C0(PδR0(z0)), ∇uε → ∇u weak∗ in L∞(PδR0(z0)). (7.44)

Hence χ′(dist2(uε, N)) = 1 for ε sufficiently small so that the proof of Lemma 7.6.3
gives

(∂t − ∆) eε(uε) +
dist2 (uε, N)

ε2
≤ C (7.45)

in the sense of distribution on PδR0(z0), with a constant C independent of ε. Choose
a nonnegative test function φ ∈ C∞

0 (PδR0(z0)) and multiply (7.45) by φ and integrate
over PδR0(z0). Then after integration by parts we have

∫

PδR0
(z0)

dist2(uε, N)

ε2
φ ≤

∫

PδR0
(z0)

|∂tφ+ ∆φ| eε(uε) + Cφ ≤ C(φ)

uniformly in ε. It follows that dist(uε,N)
ε

is uniformly bounded in L2
loc(PδR0 (z0)).

Hence (∂t − ∆)uε is uniformly bounded in L2
loc(PδR0(z0)) and ∂tuε,∇2uε are also

uniformly bounded in L2
loc(PδR0 (z0)). Therefore

(∂t − ∆) uε → (∂t − ∆) u weakly in L2
loc(PδR0(z0)), (7.46)
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and for some ν ∈ L2
loc(PδR0(z0)),

dist(uε, N)

ε
→ ν weakly in L2

loc(PδR0 (z0)). (7.47)

Note also that there exists a unit vector field ν
(ε)
N ⊥ TπN (uε)N such that

d

du

(

dist2(uε, N)
)

= 2dist(uε, N)ν
(ε)
N .

Therefore we have

lim
ε→0

∫

PδR0
(z0)

1

ε2
d

du

(

dist2(uε, N)
)

· φdvgdt = 0, (7.48)

for any vector field φ ∈ L2
loc(PδR0 (z0)) with φ(z) ∈ Tu(z)N for a.e. z ∈ PδR0(z0).

Thus we have (∂t − ∆)u ⊥ TuN a.e. in PδR0(z0) so that there exists a unit normal
vector field νN (u) of N along u and a multiplier function a ∈ L2

loc(PδR0(z0)) such
that

∂tu− ∆u = aνN (u) a.e. PδR0(z0). (7.49)

This is equivalent to the geometric form of (5.3):

∂tu− ∆u ⊥ TuN.

Moreover, since u ∈ C0(PδR0(z0), N), the higher order regularity theory implies that
u ∈ C∞(PδR0(z0), N). Hence u ∈ C∞(M × R+ \ Σ, N) solves (5.3).

The proof of that u weakly solves (5.3) in M ×R+ can be done in the same way
as that of Theorem 7.2.3. The refined estimate of Σt for t ∈ R+ is due to [26].

For the last part of this theorem, we first choose a sequence tε → ∞ such that
uε(tε) → u∞ weakly in H1(M,N), while

∫

M

|∂uε(tε)|2 → 0 and

∫ tε

tε−1

∫

M

|∂tuε|2 dvgdt→ 0, as ε→ 0. (7.50)

Define

Σ∞ =
⋂

R>0

⋃

0<r<R

{

x0 ∈M | lim inf
ε→0

Ψ(uε, (x0, tε), R) ≥ ε20

}

where ε0 is given by Lemma 7.6.4.

For simplicity, assume Σ∞ is compact. To estimate Hn−2(Σ∞), let R > 0 be
sufficiently small and {BRi

(xi)}i∈I , xi ∈ Σ, Ri ≤ R, be an open cover of Σ∞. By
compactness and Vitali’s covering Lemma there is a finite subfamily I ′ ⊂ I such
that {B2Ri

(xi)}i∈I′ are mutually disjoint and {B10Ri
(xi)}i∈I′ covers Σ∞.

For any δ > 0 there is a constant C(δ) > 0 such that for any i ∈ I ′ there is
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ri ∈ (0, Ri

C(δ) ) such that

ε20 ≤
∫

Tri
(xi,tε)

eε(uε)G(xi ,tε)φ
2 dvgdt

≤ 4r−2
i

∫ tε−
r2
i
4

tε−r2
i

(

r2i

∫

Sri
(xi,tε)

eε(uε)G(xi,tε)φ
2 dvg

)

dt

≤ c exp (cri) r
2
i

∫

Sri
(xi,tε)

eε(uε)G(xi ,tε)φ
2 dvg + criE0

≤ c exp

(

c(
Ri

C(δ)
− ri)

)(

Ri

C(δ)

)2 ∫

S Ri
C(δ)

(xi,tε)
eε(uε)G(xi,tε)φ

2 dvg + cRiE0

≤ C(δ)R2−n
i

∫

BRi
(xi)×{tε−(

Ri
C(δ)

)2}
eε(uε) dvg + (δ + CR)E0 (7.51)

where we have applied (7.37) and

G(xi,tε) ≤ δ on

(

S Ri
C(δ)

(xi, tε) \ BRi
(xi)

)

×
{

tε − (
Ri

C(δ)
)2
}

.

By choosing δ =
ε20

3E0
and R <

ε20
3C0E0

, we then have that for any i ∈ I ′ and ε
sufficiently small,

ε20R
n−2
i ≤ C

∫

BRi
(xi)×{tε−(

Ri
C(δ)

)2}
eε(uε) dvg.

We now need another local energy inequality.

Lemma 7.6.6 Suppose that uε ∈ C∞(M × R+,R
L) solves (7.34). For x0 ∈M , let

0 < R < iM

2 and 0 ≤ S < T < +∞ be given. Then

∫

B2R(x0)×{T}
eε(uε) ≥ c

∫

BR(x0)×{S}
eε(uε) −

∫ T

S

∫

M

|∂tuε|2

−c
(

T − S

R2
E0

∫ T

S

∫

M

|∂tuε|2
)

1
2

(7.52)

where E0 = E(u0) and c depends only on M and N .

Proof. Let φ ∈ C∞
0 (B2R(x0)) with φ ≡ 1 on BR(x0) and |∇φ| ≤ CR−1. Multiplying

(7.34) by φ2∂tuε and integrating over M × [S, T ], we obtain

∫ T

S

d

dt

(∫

M

eε(uε)φ
2

)

+

∫ T

S

∫

M

|∂tuε|2 φ2

≥ −
∫ T

S

∫

M

|∇uε| |∇φ| |∂tuε|φ

≥ −C
R

(
∫ T

S

∫

M

|∂tuε|2φ2

)

1
2
(
∫ T

S

∫

M

|∇uε|2
)

1
2

.
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(7.52) now follows by using the estimate

∫ T

S

∫

M

|∇uε|2 ≤ (T − S) sup
S≤t≤T

Eε(uε) ≤ (T − S)E0.

2

Applying (7.52) with R = Ri, S = tε − ( Ri

C(δ) )
2 and T = tε, we obtain that for

any i ∈ I ′ and ε sufficiently small,

ε20R
n−2
i ≤ C[

∫

B2Ri
(xi)×{tε}

eε(uε)

+
(

1 + ‖∂tuε‖L2(M×[tε−1,tε])

)

‖∂tuε‖L2(M×[tε−1,tε])]

≤ C

∫

B2Ri
(xi)×{tε}

eε(uε) + o(1).

Therefore we have

Hn−2
10R (Σ∞) ≤

∑

i∈I′

(10Ri)
n−2 = 10n−2

∑

i∈I′

Rn−2
i

≤ Cε−2
0

(

∫

∪i∈I′B2Ri
(xi)

eε(uε(tε)

)

+ |I ′|o(1)

≤ C(ε0)Eε(uε(tε)) + o(1) ≤ CE0 + o(1).

Taking R and ε into zero, we obtain Hn−2(Σ∞) ≤ C(E0).

For x0 /∈ Σ∞, there exists R0 > 0 such that for subsequences εk → 0 of ε and
tk = tεk

→ ∞ we have

∫

Tr0 (x0,tk)
eεk

(uεk
)G(x0,tk)φ

2 dvg ≤ ε20,

Hence, by Lemma 7.6.4 we have

|∇uεk
|, dist2(uεk

, N)

ε2k
≤ C uniformly on Pδ0R0(x0, tk).

Moreover, since

∂tuεk
(tk) → 0 in L2(M),

we have uεk
→ u∞ uniformly on Bδ0R0(x0) and weakly in W 2,2(Bδ0R0(x0), N).

Therefore u∞ ∈ C∞(M \Σ∞, N) is a smooth harmonic map. Since u∞ ∈ H1(M,N)
and Hn−2(Σ∞) < +∞, u∞ is also a weakly harmonic map on M . 2

Remark 7.6.7 Theorem 7.2.3 remains to be true for M = R
n. In this case, u∞ is

constant for n ≥ 3.
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Proof. Note that by (7.7) we have that for t0 > 0 and R0 =
√

t0
2 ,

∫

TR0
(z0)

eε(uε)Gz0 ≤
∫

3t0
4

0

∫

Rn

eε(uε)Gz0 ≤ Ct
2−n

2
0 E0 ≤ ε20, (7.53)

uniformly in ε, if t0 ≥ C(E0

ε20
)

2
n−2 . Therefore we have

|∇uε|2(x, t) ≤
C

t
(7.54)

for large t and hence u(t) → u∞ ≡ constant as t→ ∞. 2

When ∂M 6= ∅, we can consider the Dirichlet boundary value problem of the
heat flow of harmonic maps u : M × R+ → N :

∂tu− ∆u = A(u)(∇u,∇u), (x, t) ∈M × R+ (7.55)

u(x, 0) = u0(x), x ∈M (7.56)

u(x, t) = u0(x), (x, t) ∈ ∂M × R+, (7.57)

where u0 : M → N is given. Without any curvature assumption on N , Chen-Lin
[31] have extended the main result by Chen-Struwe [33] and obtained the following
theorem.

Theorem 7.6.8 There is a global weak solution u : M × R+ → N to (7.55)-(7.57)
with ∂tu ∈ L2(M×R+) and ∇u ∈ L∞(R+, L

2(M)) such that u ∈ C∞(M×R+\Σ, N),
where Σ ⊂ M × R+ is a closed subset which has a locally finite n-dimensional
parabolic Hausdorff measure. Moreover, as t→ +∞ suitably, u(t) converges weakly
in H1(M,N) to a weakly harmonic map u∞ : M → N with u∞|∂M = u0|∂M , which
is smooth away from a closed Σ∞ ⊂M with Hn−2(Σ∞) bounced by ‖u0‖C2(∂M) and
E(u0).

Remark 7.6.9 When ∂Ω 6= ∅, we can also consider the free boundary value problem
of the heat flow of harmonic maps, namely (7.55), (7.57), and (7.56) replaced by
∂u
∂ν

(x, t) = 0 for x ∈ ∂M and t > 0. We refer the readers to Ma [141], Struwe [197],
and Chen-Lin [32] for some interesting works in this direction.



Chapter 8

Blow up analysis on heat flows

From both Chapter 2 and Chapter 4, we see that the main obstruction to smooth-
ness of harmonic maps from (M, g) to (N,h) is the existence of nontrivial smooth
harmonic maps from Sk to N , called harmonic Sk’s, 2 ≤ k ≤ n − 1 (n = dimM).
More precisely, it is proved in Chapter 2 that if (N,h) does not admit harmonic
Sk’s for 2 ≤ k ≤ n− 1, then any energy minimizing harmonic map u ∈ H 1(M,N)
is smooth and satisfies the following estimate

‖u‖Cl(M) ≤ C(l,M,N,E(u0)). (8.1)

The above theorem was then proved by Lin [123] for the class of stationary
harmonic maps (see Chapter 4). By the maximum principle, it is well known that
any (N,h) does not support any harmonic Sk for 2 ≤ k ≤ n− 1, if either (N,h) has
nonpositive sectional curvature and π1(N) = 0 or supports a strictly convex function.
Therefore, the above theorem extends the classical theorems by Eells-Sampson [49]
(see also Chapter 5) (in the steady case) and by Hildebrandt-Kaul-Widman [95] (see
also §3.1).

In this chapter, we consider the heat flow of harmonic maps to general Rieman-
nian manifolds:

∂tu = ∆gu+A(u)(∇u,∇u) in M × (0,+∞), (8.2)

u|t=0 = φ, on M, (8.3)

where φ ∈ C∞(M,N) is a given map. It is well known (see Chapter 5) that if
KN ≤ 0 then (8.2) and (8.3) has a unique smooth solution u ∈ C∞(M × R+, N),
which satisfies

sup
t≥t0

‖∇u(t)‖C0(M) ≤ C(t0, E(φ)), ∀t0 > 0. (8.4)

For a short time smooth solution u to (8.2), there exist t0 > 0 and C0 > 0 depending
on M,N and ‖φ‖C2(M) such that

‖∇u(t)‖C0(M) ≤ C0, for 0 ≤ t < t0. (8.5)

Note that the validity of (8.5) is local, since u may develop finite time singularity (see
§7.3). Motivated by the corresponding study on harmonic maps, a natural question

189
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is to find all possible obstructions to the existence of global smooth solutions to (8.2)
satisfying (8.4) or the global validity of (8.5).

In this chapter, we will present some of the main theorems by Lin and Wang
[134], in which we have obtained both necessary and sufficient conditions on (N,h),
other than the curvature condition of N or the image of u, such that (8.4) holds for
u.

The organization of this chapter is as follows. In §8.1, we state the main theorems
of this chapter. In §8.2, we provide some basic estimates on the heat flow of harmonic
maps or the Ginzburg-Landau heat flow established in §7. In §8.3, we present a
stratification result for the heat flow of harmonic maps by Lin-Wang [136], analogous
to that of the singular set of minimizing harmonic maps in §2.3 and stationary
harmonic maps in §4.2. In §8.4, we perform the blow-up analysis and prove the
main theorems in dimensions two. In §8.5, we perform the blow-up analysis in
higher dimensions and complete the proof of the main theorems.

8.1 Obstruction to strong convergence

From the discussion in §6, it is clear that the existence of harmonic S2’s in (N,h)
acts as the sole obstruction to the regularity for the heat flow of harmonic maps
from Riemannian surfaces.

As a matter of fact, Lin-Wang [134] have proved that harmonic S2 is the obstruc-
tion to strong convergence of sequences of weakly convergent heat flows of harmonic
maps in dimensions at least two. More precisely, we have

Theorem 8.1.1 Assume (N,h) does not admit any harmonic S2. For 0 < T <
+∞, suppose that {ui} ⊂ C∞(M × [0, T ], N) satisfies (8.2), with

sup
i

∫

M×[0,T ]
|∂tui|2 + |∇ui|2 ≡ K < +∞ (8.6)

If ui → u weakly in H1(M × [0, T ], N), then ui → u strongly in H1
loc(M × [0, T ], N).

Hence u is a suitable weak solution of (8.2) with Pn(sing(u)) = 0. Moreover, u
satisfies both the energy equality: for any φ ∈ C∞

0 (M) and a.e. t > 0,

d

dt

∫

M

|∇u|2φ2 = −2

∫

M

(

|∂tu|2 φ2 + 〈∇u, ∂tu〉∇φ2
)

, (8.7)

and the energy monotonicity formula (7.4) and (7.7).

It turns out that the idea to approach Theorem 8.1.1 is flexible enough to cover
the issue of convergence for the Ginzburg-Landau (approximate) heat flows. More
precisely, using the same notations as §7.6, we are considering that uε ∈ C∞(M ×
[0, T ),RL), ε > 0, solves

∂tuε − ∆uε −
1

ε2
f(uε) = 0, in M × (0, T ), (8.8)

with the same initial condition (8.3). Let

eε(uε) =

(

1

2
|∇uε|2 +

F (uε)

ε2

)
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be the Ginzburg-Landau energy density function. Then we have

Theorem 8.1.2 Assume that (N,h) does not admit any harmonic S2. For 0 <
T < +∞ fixed, let εi ↓ 0 and uεi

∈ C∞(M × [0, T ),RL) be a sequence of solutions to
(8.8) with

sup
i

∫

M×[0,T ]

(

|∂tuεi
|2 + eεi

(uεi
)
)

= K < +∞. (8.9)

If uεi
→ u weakly in H1(M × (0, T ),RL). Then

eεi
(uεi

) dx dt ⇀
1

2
|∇u|2 dxdt, (8.10)

as convergence of Radon measures on M × [0, T ] and hence uεi
→ u strongly in

H1
loc(M×[0, T ],RL). Thus u is a suitable weak solution of (8.2), with Pn(sing(u)) =

0, and satisfies (8.7) and (7.4) and (7.7).

Once we have the strong convergence, we can employ a parabolic version of
Federer dimension reduction argument to find all possible obstruction to C 1 conver-
gence. In order to state the result, we introduce the definition of quasi-harmonic
spheres.

Definition 8.1.3 For l ≥ 3, a map ψ ∈ C∞(Rl, N) is called quasi-harmonic S l, if
ψ is a smooth map from R

l to N such that (i)

0 < Eq(ψ) ≡
∫

Rl

|∇ψ|2e−
|y|2

4 dy < +∞,

(ii) ψ is a critical point of Eq, i.e., ψ satisfies the quasi harmonic sphere equation:

∆ψ +A(ψ)(∇ψ,∇ψ) =
1

2
y · ∇ψ, y ∈ R

l. (8.11)

Quasi-harmonic spheres are closely related to nontrivial, self-similar solutions to
(8.2). In fact, we have

Remark 8.1.4 ψ : R
l → N is a quasi harmonic S l, l ≥ 3, iff v(x, t) = ψ( x√

−t
) ∈

C∞(Rl × (−∞, 0), N) is a solution of (8.2), and

0 < |t|
∫

Rl

|∇v|2(x, t)G(0,0)(x, t) dx =
1

(4π)
n
2

Eq(ψ) < +∞, ∀t < 0.

It is not hard to check that for any Riemannian manifold N , there doesn’t exist
quasi-harmonic S2 in N .

For a sequence of heat flows of harmonic maps, we have

Corollary 8.1.5 Assume that (N,h) supports neither harmonic Sk for 2 ≤ k ≤
n− 1 nor quasi-harmonic S l for 3 ≤ l ≤ n. Suppose that {ui} ⊂ C∞(M × (0, T ), N)
is a sequence of solutions of (8.2) and ui → u weakly in H1(M × [0, T ], N). Then
ui → u in C2

loc(M × (0, T ], N) and u ∈ C∞(M × (0, T ], N) is a smooth solution of
(8.2) satisfying (8.5) with t0 = T .
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For a sequence of solutions to the Ginzburg-Landau heat flow, we have

Corollary 8.1.6 Assume that (N,h) admits neither harmonic Sk for 2 ≤ k ≤ n−1
nor quasi-harmonic S l for 3 ≤ l ≤ n. For εi ↓ 0, let uεi

∈ C∞(M × (0, 2),RL) solve
(8.8) such that uεi

→ u weakly in H1(M × [0, T ],RL). Then uεi
converges to u in

C2
loc(M×(0, T ],RL). In particular, u ∈ C∞(M×(0, T ], N) solves (8.2) and satisfies

(8.5) with t0 = T .

As another consequence, we can prove

Theorem 8.1.7 For any φ ∈ C∞(M,N), either (8.2)-(8.3) has a unique smooth
solution u ∈ C∞(M×R+, N) which satisfies (8.4), or (N,h) admits either harmonic
Sk for some 2 ≤ k ≤ n− 1 or quasi-harmonic S l for some 3 ≤ l ≤ n.

8.2 Basic estimates

In thise section, we collect some basic estimates and preliminary facts for (8.2) and
(8.8), most of which have been established in §7.
To simplify our presentation, we choose to collect these facts on (8.8) and leave the
readers for those ones for (8.2).

For ε > 0, let uε ∈ C∞(M × R+,R
L) solve (8.8). Write e(uε) for eε(uε). We

begin with the energy equality for uε.

Lemma 8.2.1 For any φ ∈ C1
0 (M,R+) and 0 ≤ t1 ≤ t2 ≤ ∞,

∫

M

e(uε(t1))φ−
∫

M

e(uε(t2))φ

=

∫ t2

t1

∫

M

φ(x) |∂tuε|2 +

∫ t2

t1

∫

M

∇φ(x) · 〈∇uε · ∂tuε〉 . (8.12)

In particular,
∫

M

e(uε(t1)) −
∫

M

e(uε(t2)) =

∫ t2

t1

∫

M

|∂tuε|2 . (8.13)

We next recall the energy monotonicity inequality for uε.

Lemma 8.2.2 Let uε ∈ C∞(M × R+,R
L) solve (8.8). Then

c

∫ R2

R1

1

r

∫

Tr(z0)

(

η2 |(x− x0) · ∇uε + 2(t− t0)∂tuε|2
|t0 − t| + η2F (uε)

ε2

)

Gz0

≤ eC(R2−R1)Ψ(uε, z0, R2) − Ψ(uε, z0, R1) + CE0 (R2 −R1) (8.14)

and
Φ(uε, z0, R1) ≤ eC(R2−R1)Φ(uε, z0, R2) + CE0 (R2 −R1) (8.15)

for z0 ∈ M × R+ and 0 < R1 ≤ R2 < min{
√

t0
2 , iM }. Here c, C > 0 depend only on

M,m,N , and E0 = 1
2

∫

M
|∇u0|2.

We also recall the ε0-apriori estimate for uε.
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Lemma 8.2.3 There exist ε0, δ0, C0 > 0 such that if for 0 < R ≤ min{
√

t0
2 , iM },

Ψ(uε, z0, R) ≤ ε20, then

sup
z∈Pδ0R(z0)

e(uε)(z) ≤ C0(δ0R)−2. (8.16)

For εi ↓ 0, assume that ui ≡ uεi
→ u weakly in H1

loc(M × R+,R
L). Then there

exist two nonnegative Radon measures ν, η on M × R+ such that

e(ui)(x, t) dxdt →
1

2
|∇u|2(x, t) dxdt + ν ≡ µ,

|∂tui|2(x, t) dxdt→ |∂tu|2(x, t) dxdt + η,

as convergence of Radon measures on M ×R+. As in §7.6, define the concentration
set

Σ =
⋃

0<R<r0

{

z ∈M × R+ : lim
i→∞

∫

TR(z)
η2(x)e(ui)Gz ≥ ε20

}

(8.17)

with ε0 > 0 given by Lemma 8.2.3. Then by summarizing the main theorems from
§7.6, we have

Lemma 8.2.4 (i) Σ is closed and Pn(Σ ∩ PR) ≤ CR <∞ for any R <∞.
(ii) for any t > 0, Σt = Σ ∩ {t} has Hn−2(Σt ∩K) ≤ CK < ∞, for any compact
K ⊂M .
(iii) u ∈ C∞(M × R+ \ Σ, N) is a weak solution of (8.2) on M × R+.
(iv) ui → u strongly in H1

loc ∩ C1
loc(M × R+ \ Σ,RL).

Moreover, we have

Lemma 8.2.5 For any z ∈M × (0,+∞),
∫

TR(z) η
2(x)Gz(x, t) dµ(x, t) is monoton-

ically increasing with respect to R. Hence

Θn(µ, z) = lim
R↓0

∫

TR(z)
η2(x)Gz(x, t) dµ(x, t)

exists and is upper-semicontinuous for all z ∈M × R+. In particular,

Σ =
{

z ∈M × R+ | ε20 ≤ Θn(µ, z) <∞
}

. (8.18)

Proof. Taking i to ∞ in the monotonicity inequality (8.14) of ui, we have that for
0 < R ≤ R0,

∫

TR(z)
η2Gz dµ ≤

∫

TR0
(z)
η2Gz dµ+ CE0(R0 −R),

this implies Θn(µ, z) exists and is upper semicontinuous for all z ∈M × (0,+∞). It
is easy to see that (8.17) then implies (8.18). 2

Lemma 8.2.6 For Pn a.e. z ∈ Σ,

Θn(u, z) ≡ lim
R↓0

R−n

∫

PR(z)
|∇u|2(x, t) dxdt = 0 and Θn(ν, z) = Θn(µ, z). (8.19)
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Proof. The first fact is a consequence of the well-known fact by Federer-Ziemer [56].
The second fact follows from the first fact and Lemma 8.2.5. 2

Lemma 8.2.7 (i) Σ = sing(u)
⋃

supp(ν) and supp(η) ⊂ Σ.

(ii) ui doesn’t converge to u strongly in H1
loc(M × R+,R

L) iff Pn(Σ) > 0 and
ν(M × R+) > 0.

Proof. First we want to show

e(ui) dxdt →
1

2
|∇u|2 dxdt

as convergence of Radon measures on M × (0,+∞) \Σ. For this, it suffices to prove
that ν(PR(z0)) = 0 for any PR(z0) ⊂⊂M × (0,+∞) \ Σ.

For z0 6∈ Σ, let r0 > 0 be such that Pr0(z0) ∩ Σ = ∅. Hence, by Lemma 8.2.2 we

have that if 0 < R ≤ R0 ≤ min{
√

t0
2 , r0} then

Ψ(ui, z0, R0) = Ψ(ui, z0, R)

+

∫ R0

R

1

r

(

∫

Tr(z0)

[

1

|s| |y · ∇ui + 2s∂sui|2 +
2F (ui)

ε2i

]

η2Gz0 dyds

)

dr

−
∫ R0

R

1

r

(

∫

Tr(z0)
〈∇ui, (y · ∇ui + 2s∂sui)〉 · ∇η2Gz0 dyds

)

dr.

Taking εi ↓ 0 and applying Lemma 8.2.4 (iv) , this implies

∫

TR0
(z0)

η2Gz0 dµ =

∫

TR(z0)
η2Gz0 dµ

+

∫ R0

R

1

r

(

∫

Tr(z0)

|y · ∇u+ 2s∂su|2
|s| η2Gz0 dyds+ η2Gz0 dν

)

dr

−
∫ R0

R

1

r

(

∫

Tr(z0)
〈∇u, (y · ∇u+ 2s∂su)〉 · ∇η2Gz0 dyds

)

dr,

where we have used the fact that F (ui)
ε2i

→ ν as convergence of Radon measures in

M × (0,+∞) \ Σ.

On the other hand, since u ∈ C∞(M × (0,+∞) \ Σ, N) satisfies (8.2), we have

∫

TR0
(z0)

η2(
1

2
|∇u|2)Gz0 =

∫

TR(z0)
η2(

1

2
|∇u|2)Gz0

−
∫ R0

R

1

r

(

∫

Tr(z0)
〈∇u, (y · ∇u+ 2s∂su)〉 · ∇η2Gz0 dyds

)

dr

+

∫ R0

R

1

r

(

∫

Tr(z0)

|y · ∇u+ 2s∂su|2
|s| η2Gz0 dyds

)

dr.
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Subtracting these two identities gives

∫

TR0
(z0)

η2Gz0 dν =

∫

TR(z0)
η2Gz0 dν + 2

∫ R0

R

1

r

∫

Tr(z0)
η2Gz0 dν dr.

This is equivalent to

d

dr

(

∫

Tr(z0)
η2Gz0 dν

)

=
2

r

∫

Tr(z0)
η2Gz0 dν, for 0 < r ≤ R0. (8.20)

This implies
∫

Tr(z0)
η2Gz0 dν = (

r

R
)2
∫

TR(z0)
η2Gz0 dν.

Thus ν(PR(z0)) = 0. In particular, we obtain sing(u) ∪ supp(ν) ⊂ Σ. On the other
hand, we have that Σ ⊂ sing(u) ∪ supp(ν). To see this, suppose that z0 /∈ sing(u) ∪
supp(ν). Then there exists a sufficiently small ρ > 0 such that u ∈ C∞(P2ρ(z0), N)
and ν(Pρ(z0)) = 0. Hence

ρ−n

∫

Pρ(z0)
dµ = ρ−n

(

∫

Pρ(z0)

1

2
|∇u|2 + ν(Pρ(z0))

)

≤ ε20
2
,

and ρ−n
∫

Pρ(z0)
e(ui) ≤ ε20 for any sufficently large i. Hence by the definition of Σ we

have that z0 6∈ Σ. Thus (i) is proven.
For (ii), note that by (8.19) we have that if Pn(Σ) > 0 then for Pn a.e. z ∈ Σ,

Θn(ν, z) = Θn(µ, z) ≥ ε20

hence ν(M × R+) = ν(Σ) > 0 and e(ui) dxdt 6→ 1
2 |∇u|2 dxdt. Since by (8.21) we

have that F (ui)
ε2i

dxdt → 0, ui doesn’t converge to u strongly in H1(M × R+). It is

readily seen that the converse also holds. 2

Now we need two additional lemmas for our analysis.

Lemma 8.2.8 Under the same notations as above, it holds

lim
i→∞

∫

M×[t,T ]

F (ui)

ε2i
= 0, ∀0 < t < T <∞. (8.21)

Proof. First note that for any β > 0

lim
i→∞

∫

M×[t,T ]\(ΣT
t )β

F (ui)

ε2i
= 0

where ΣT
t =

⋃T
s=t (Σs × {s}) and (ΣT

t )β =
{

z ∈M × [t, T ] : δ(z,ΣT
t ) ≤ β

}

.
It suffices to show that

lim
i→∞

∫

(ΣT
t )β

F (ui)

ε2i
= O(β).
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This can be seen as follows. For any z0 ∈ ΣT
t , (8.14) gives

Ψ

(

µ, z0,
β

2

)

+ lim
i→∞

∫ β

β
2

1

r

∫

Tr(z0)

F (ui)

ε2i
Gz0 ≤ eCβΨ(µ, z0, β)

for sufficiently small β > 0. Moreover, since limβ↓0 Ψ(µ, z0, β) exists, we may assume
that

∣

∣

∣

∣

Ψ(µ, z0, β) − Ψ(µ, z0,
β

2
)

∣

∣

∣

∣

= O(β), ∀β << 1.

Therefore we have
∫ β

β
2

1

r
lim
i→∞

∫

Tr(z0)

F (ui)

ε2i
Gz0 = O(β).

This, combined with the Fubini’s theorem, implies

lim
i→∞

∫

Tβ(z0)

F (ui)

ε2i
Gz0 = O(β)

for some β ∈ (β
2 , β). In particular, we have

lim
i→∞

∫

B β
2

(x0)×[t0−β2,t0−β2

4
]

F (ui)

ε2i
= O(β).

This, combined with a simple covering argument, implies (8.21). 2

Lemma 8.2.9 There exists a subsequence i′ → ∞ such that

e(ui′)(x, t) dx → µt, ∀t > 0,

as convergences of Radon measures, for a family of nonnegative Radon measures
{µt}t>0 on M . In particular, µt = 1

2 |∇u|2(x, t) dx + νt, µ = µtdt and ν = νtdt.

Proof. The idea here is similar to that of Brakke [15] (see also Ilmanen [100]). For
completeness, we outline it here. Let φ ∈ C2

0 (M,R+). Then Lemma 8.2.1 implies

d

dt

∫

M

φe(ui) = −
∫

M

φ |∂tui|2 −
∫

M

∇φ · 〈∇ui, ∂tui〉

≤
∫

M

φ(x) |∇ui|2 ≤ C(φ)E0,

where

C(φ) = sup
φ>0

|∇φ|2
2φ

≤ sup
φ>0

|∇2φ| > 0.

Hence
∫

M

φe(ui(t)) − C(φ)E0t
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is monotonically decreasing with respect to t > 0. Let B ⊂ R+ be a countable dense
subset. By the weak compactness of Radon measures with locally bounded mass,
and a diagonal process, we can assume that

e(ui)(x, t) dx → µt, ∀t ∈ B.

Now, let {φi}i≥1 be a countable dense subset in C2
0 (M,R+). By the monotonicity

of
∫

M
φe(ui(t))−C(φ)E0t, there exists a co-countable set C ⊂ R+ such that for any

t ∈ C and i ≥ 1, µs(φi) is continuous at t as a function of s ∈ B. For any fixed t ∈ C,
there exists a further subsequence ij → ∞ and a limit µt such that µij → µt. Hence
{µs(φi)}s∈B∪{t} is continuous at t, for all i ≥ 1. Hence µt is uniquely determined by
µs for s ∈ B. Therefore µi → µt. Note that R+ \C is countable, we can do another
diagonal process to show the result on R+. 2

8.3 Stratification of the concentration set

In this section, we will present a stratification result by [136] for the energy concen-
tration set Σ. Similar to the steady case discussed in Chapter 4, we consider the
space, Tzµ, of all tangent measures of µ for z ∈ Σ. We show that for any µ0 ∈ Tzµ,
µ0bRn+1

− is invariant under the parabolic dilation Pλ for all λ > 0. Hence we asso-
ciate µ0 a nonnegative integer d, which is the dimension of the largest Pλ-invariant
subspace which is a subset of

M
(

Θn(µ0)
)

=
{

z ∈ R
n+1 : Θn

(

µ0, z
)

= Θn(µ0, 0)
}

.

Using this d, we can then stratify Σ accordingly. The proof of the stratification is
based on an extension of Federer’s dimension reduction argument (see Chapter 2 and
Chapter 4). A similar scheme has been carried out by White [212] in an abstract
setting with applications to mean curvature flows.

For simplicity, we assume M = R
n. We introduce some additional notations.

Define the parabolic dilation by

Pz0,λ(x, t) =

(

x− x0

λ
,
t− t0
λ2

)

for z0 = (x0, t0) ∈ R
n+1 and λ > 0.

Also define the Euclidean dilation by

Dx0,λ(x) =
x− x0

λ
, for x0 ∈ R

n and λ > 0.

Denote

R
n+1
+ = R

n × R+ and R
n+1
− = R

n × R−.

The Hausdorff dimension of S ⊂ R
n+1 is the Hausdorff dimension with respect to

the parabolic metric δ.

We write

Σ = {(Σt, t) : 0 < t <∞} with Σt = Σ ∩ {t}.
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For εi > 0, let ui : R
n+1
+ → R

L solve (8.8) with ε = εi. It follows from §7.6 and §8.2
that for 0 < R2 ≤ R1 <

√
t0
2 ,

Φ(ui, z0, R1) − Φ(ui, z0, R2)

≥ 1

2

∫ R1

R2

∫

Rn

|2(t0 − t)∂tui − (x− x0)∇ui|2
t0 − t

Gz0 dz. (8.22)

By Lemma 8.2.9, we may assume that

e(ui)(x, t) dxdt → µ ≡ µt dt

as convergence of Radon measures in R
n+1
+ , for some nonnegative Radon measures

{µt}t>0 on R
n. By (8.2.1) and (8.2.2), we have

sup
(z,r)∈R

n+1
+ ×R+

r−nµ (Pr(z)) <∞, (8.23)

and

Θn(µ, z0) = lim
R↓0

R2

∫

t=t0−R2

Gz0 dµt0 (8.24)

exists for all z0 = (x0, t0) ∈ R
n+1
+ . For z0 ∈ Σ and λi ↓ 0, define the parabolic

rescaling of µ, P
z0,λ−1

i
(µ), by

Pz0,λi
(µ)(A) = λ−n

i µ (Pz0,λi
(A)) , ∀ Borel A ⊂ R

n+1.

Then by (8.23) there is a subsequence λi′ of λi and a nonnegative Radon measure
µ0 on R

n+1 such that
Pz0,λi′

→ µ0

as convergence of Radon measures on R
n+1.

Definition 8.3.1 For any z0 ∈ Σ, the tangent measure cone of µ at z0, Tz0(µ),
consists of all nonnegative Radon measures on R

n+1 that are given by

Tz0(µ) =
{

µ0 : there exists ri ↓ 0 so that Pz0,λi
(µ) → µ0

}

.

Since for any z0 ∈ Σ and µ0 ∈ Tz0(µ) µ0 = µ0
s ds, we have for any z = (x, t) ∈ R

n+1

Θn(µ0, z, r) ≡ r2

∫

s=t−r2

Gz(y, s) dµ
0
s(y)

is monotonically nondecreasing with respect to r so that

Θn(µ0, z) = lim
r↓0

Θn(µ0, z, r)

exists and is upper semicontinuous for z = (x, t) ∈ R
n+1
+ .

Lemma 8.3.2 For any z0 ∈ Σ and µ0 ∈ Tz0(µ), µ0bRn+1
− is invariant under all

parabolic dilation, i.e.,
Pλ

(

µ0bRn+1
−
)

= µ0bRn+1
− . (8.25)
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Proof. Since µ0 = µ0
t dt, we have

Pλ

(

µ0bRn+1
−
)

= Pλ

({

(µ0
t , t) : t ≤ 0

})

=
{(

Dλ(µ0
t ), λ

2t
)

: t ≤ 0
}

=

{(

Dλ(µ0
t

λ2
), t

)

: t ≤ 0

}

,

where

Dλ(µ0
t )(A) = λ2−nµ0

t (DλA), for any borel A ⊂ R
n.

To prove (8.25), it suffices to show that for any λ > 0

Dλ

(

µ0
t

λ2

)

= µ0
t , ∀t ≤ 0. (8.26)

Since λ > 0 is arbitrary, it suffices to prove (8.26) at t = −1, namely

λn−2

∫

Rn

φ(λx)G(λx,−1) dµ0
−λ−2 (x) =

∫

Rn

φ(x)G(x,−1) dµ0
−1(x), (8.27)

for any φ ∈ C1
0 (Rn) and G = G(0,0).

Note that there exists λi ↓ 0 such that vi(x, t) = ui(x0 + λix, t0 + λ2
i t) satisfies

(8.8), with εi replaced by εi = εi

λi
, and

e(vi)(x, t) dx ≡ eεi
(vi)(x, t) dx → µ0

t , ∀t ∈ R−

as convergence of Radon measures on R
n. Then for any R > 0,

R2

∫

t=−R2

Gdµ0
t = lim

i→∞
R2

∫

t=−R2

e(vi)(x, t)G(x, t) dx

= lim
λi↓0

{

(Rλi)
2

∫

t=t0−R2λ2
i

Gz0(x, t) dµt

}

= Θn(µ, z0).

This and (8.22) imply that for any 0 < r1 < r2 <∞,

lim
i→∞

∫ t=−r2
2

t=−r2
1

∫

Rn

|x · ∇vi + 2t∂tvi|2G = 0. (8.28)

Note that (8.27) follows if we can show

lim
i→∞

d

dλ

(

λn−2

∫

t=−1
φ(λx)G(λx,−1)e(vi)(x,−λ−2)

)

= 0. (8.29)
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Direct calculations imply

d

dλ

(

λn−2

∫

t=−1
φ(λx)G(λ, x,−1)e(vi)(x,−λ−2)

)

=
d

dλ

(
∫

t=−1
φ(x)G(x, t)e(vλ

i )(x, t) dx

)

= −
∫

t=−1
G∇φ∇vλ

i · dv
λ
i

dλ
−
∫

t=−1
φ

(

∂tv
λ
i − 1

2
x · ∇vλ

i

)

· dv
λ
i

dλ
G

= − 1

2λ

∫

t=−λ2

|y · ∇vi + 2t∂tvi|2Gφ
( y

λ

)

−
∫

t=−λ2

∇φ
(y

λ

)

G∇vi · (y · ∇vi + 2t∂tvi) ,

where vλ
i (x, t) = vn(λ−1x, λ−2t) and e(vλ

i )(x, t) = e εi
λ

(vλ
i )(x, t). Hence integrating

this identity from 1 to λ and using (8.28) gives (8.27). 2

By Lemma 8.3.2, we have that for any z0 ∈ Σ and µ0 ∈ Tz0µ,

R2

∫

t=−R2

Gdµ0
t = Θn(µ0, 0) = Θn(µ, z0), ∀R > 0, (8.30)

and for any z ∈ R
n+1
− and λ > 0,

Θn
(

µ0, z
)

= Θn (µ0,Pλ(z)) . (8.31)

In general, we have

Lemma 8.3.3 For z0 ∈ Σ and µ0 ∈ Tz0(µ), we have
(1) Θn(µ0, z) ≤ Θn(µ0, 0), ∀z ∈ R

n+1.
(2) If z ∈ R

n+1 satisfies Θn(µ0, z) = Θn(µ0, 0), then

Θn
(

µ0, z + v
)

= Θn
(

µ0, z + Pλv
)

, ∀λ > 0, v ∈ R
n+1
− . (8.32)

Proof. (1) For µ0 ∈ Tz0(µ), there exists ri ↓ 0 such that Pz0,ri
(µ) → µ0. For any

r > 0 and z = (x, t) ∈ R
n+1, we have

Θn(µ0, z) ≤ Θn(µ0, z, r)

= lim
ri↓0

Θn (Pz0,ri
(µ), z, r)

= lim
ri↓0

Θn
(

µ, z0 + (rix, r
2
i t), r

2
i r
)

≤ Θn(µ, z0) = Θn(µ0, 0),

where we have used the upper semicontinuity of Θn(µ, ·, ·) with respect to the last
two variables.

(2) From the proof of (1), we see that if Θn(µ0, z) = Θn(µ0, 0) then the inequal-
ities are all equalities. In particular, Θn(µ0, z, r) is constant with respect to r > 0.
Applying the proof of lemma 8.3.2, we see that Θn(µ0, z + v) = Θn (z + Pλ(v)) for
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any v ∈ R
n+1
− and λ > 0. 2

For any z0 ∈ Σ and µ0 ∈ Tz0(µ), denote

M
(

Θn(µ0, ·)
)

≡
{

z ∈ R
n+1 : Θn(µ0, z) = Θn(µ0, 0)

}

,

V
(

Θn(µ0, ·)
)

≡M
(

Θn(µ0, ·)
)

∩ {t = 0},
and

W
(

Θn(µ0, ·)
)

= {x ∈ R
n : Θn

(

µ0, (y, s)
)

= Θn
(

µ0, (x+ y, s)
)

for all (y, s) ∈ R
n+1
− }.

Then we have

Proposition 8.3.4 For z0 ∈ Σ and µ0 ∈ Tz0(µ), we have

V
(

Θn(µ0, ·)
)

= W
(

Θn(µ0, ·)
)

.

In particular, both V
(

Θn(µ0, ·)
)

and W
(

Θn(µ0, ·)
)

are linear subspaces of R
n. More-

over, M
(

Θn(µ0, ·)
)

is either V
(

Θn(µ0, ·)
)

or V
(

Θn(µ0, ·)
)

× (−∞, a] for some
0 ≤ a ≤ ∞ and Θn(µ0, ·) is time-independent up to t = a.

Proof. It is clear that W
(

Θn(µ0, ·)
)

⊂ V
(

Θn(µ0, ·)
)

, V
(

Θn(µ0, ·)
)

is closed under
scalar multiplications, and mW

(

Θn(µ0, ·)
)

⊂W
(

Θn(µ0, ·)
)

for any positive integer
m. For any x 6= 0 ∈ V

(

Θn(µ0, ·)
)

, we have that for any v ∈ R
n+1
− and λ > 0,

Θn
(

µ0, (x, 0) + v
)

= Θn
(

µ0, (x, 0) + Pλv
)

= Θn
(

µ0,Pλ−1 ((x, 0) + Pλv)
)

= Θn
(

µ0,Pλ−1(x, 0) + v
)

(8.33)

Since v −Pλ−1(x, 0) ∈ R
n+1
− , by replacing v by v −Pλ−1(x, 0) we have

Θn
(

µ0, (x, 0) + v −Pλ−1(x, 0)
)

= Θn
(

µ0, v
)

. (8.34)

Taking λ to 0 and using the upper semicontinuity of Θn(µ0, ·), (8.33) and (8.34)
imply

Θn
(

µ0, v
)

= Θn
(

µ0, (x, 0) + v
)

, ∀v ∈ R
n+1
− .

This gives V
(

Θn(µ0, ·)
)

⊂W
(

Θn(µ0, ·)
)

so that V
(

Θn(µ0, ·)
)

= W
(

Θn(µ0, ·)
)

and
is a linear subspace of R

n.

Suppose that X = (x, t) ∈ M
(

Θn(µ0, ·)
)

with t < 0. Then for any Y = (y, s)
with s ≤ t and λ > 0, we have

Θn
(

µ0,Pλ−1(Y )
)

= Θn
(

µ0, Y
)

= Θn
(

µ0, X + Pλ−1(Y −X)
)

.

Note that sλ−2 ≤ s ≤ t for λ < 1. Hence replacing Y by Pλ(Y ) yields

Θn
(

µ0, Y
)

= Θn
(

µ0, X + Y −Pλ−1(X)
)

.
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Taking λ into zero, we have Θn
(

µ0, Y
)

≤ Θn
(

µ0, X + Y
)

. By substituting Y by
Y + Pλ−1(X), we also get

Θn
(

µ0, Y + Pλ−1(X)
)

= Θn
(

µ0, X + Y
)

,

this implies Θn
(

µ0, Y
)

≥ Θn
(

µ0, X + Y
)

by taking λ → ∞. Therefore we have
that for any X = (x, t) ∈M

(

Θn(µ0, ·)
)

with t < 0,

Θn
(

µ0, Y
)

= Θn
(

µ0, X + Y
)

, for all Y = (y, s), s ≤ t. (8.35)

By choosing Y = (m− 1)X, this gives

Θn
(

µ0, 0
)

= Θn
(

µ0, (mx,mt)
)

= Θn
(

µ0,Pm(mx,mt)
)

= Θn

(

µ0, (x,
t

m
)

)

≤ Θn
(

µ0, (x, 0)
)

.

Therefore, (x, 0) ∈ V
(

Θn(µ0, ·)
)

= W
(

Θn(µ0, ·)
)

and (0, t) ∈ M
(

Θn(µ0, ·)
)

. In
particular, Θn

(

µ0, ·
)

is time-independent up to t = 0.
If X = (x, t) ∈ M

(

Θn(µ0, ·)
)

with t > 0, then we can prove similarly that
Θn
(

µ0, ·
)

is time-independent up to t. Let t = a ≥ 0 be the maximal number such
that Θn

(

µ0, ·
)

is time-independent up to t = a. Then we have M
(

Θn(µ0, ·)
)

=
V
(

Θn(µ0, ·)
)

× (−∞, a]. 2

Definition 8.3.5 For z0 ∈ Σ and µ0 ∈ Tz0(Σ), define dim
(

Θn(µ0, ·)
)

by

=

{

dim
(

V (Θn(µ0, ·))
)

+ 2 if M
(

Θn(µ0, ·)
)

= V
(

Θn(µ0, ·)
)

× R

dim
(

V (Θn(µ0, ·))
)

otherwise.

Now we are ready to prove

Theorem 8.3.6 For 0 ≤ k ≤ n, let

Σk =
{

z0 ∈ Σ : dim
(

Θn(µ0, ·)
)

≤ k, ∀µ0 ∈ Tz0(µ)
}

.

Then dimP(Σk) ≤ k for 0 ≤ k ≤ n, and Σ0 is discrete. In particular,

Σ = Σ0 ∪ (Σ1 \ Σ0) ∪ · · · ∪ (Σn \ Σn−1) ,

and for Pn a.e. z ∈ Σ, there exists at least one µ0 ∈ Tz(µ) such that

µ0 = Θn(µ, z)
(

(Hn−2bTn−2) × (L1bR)
)

,

where Tn−2 ⊂ R
n is a (n− 2)-plane.

Proof of Theorem 8.3.6:
This is essentially an extension of Federer’s dimension reduction argument. It suffices
to show that if Pd(Σk) > 0 then d ≤ k. Thus we only consider such a d. First,
denote Az,r = Pz,r(A) for A ⊂ R

n+1, z ∈ R
n+1 and λ > 0. Let

C = {V × R, or V : V ⊂ R
n is a linear subspace of dim ≤ k − 2}

∪ {V × R− : V ⊂ R
n is a linear subspace of dim ≤ k} .
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Then we have
Claim. For any z0 ∈ Σk and r > 0 there exists η = η(z, ε) > 0 such that for any
ρ ∈ (0, ε)

({w ∈ Pρ(z) : Θn(µ,w) ≥ Θn(µ, z) − η})
z,ρ

⊂ ε-neighborhood of C (8.36)

for some C ∈ C, where ε-neighborhood is taken with respect to the parabolic metric
δ.

For, otherwise, there exist ε0 > 0, z0 ∈ Σk, and ρi, ηi ↓ 0 such that

Bi ≡ {z ∈ P1(0) : Θn (Pz0,ρi
(µ), z) ≥ Θn (µ, z0) − ηi}

6⊂ ε0-neighborhood of any C ∈ C.
On the other hand, we may assume that Pz0,ρi

(µ) → µ0 for some µ0 ∈ Tz0(µ)
and Bi → B in the Hausdorff distance for some B ⊂M

(

Θn(µ0, ·)
)

. By Proposition
8.3.4, we have that among all four possibilities of M

(

Θn(µ0, ·)
)

, only M
(

Θn(µ0, ·
)

=
V
(

Θn(µ0, ·)
)

× (−∞, a] for some a > 0 does not belong to C. However, for such a
case we can still find ri ↓ 0 such that Pri

(µ0) → µ1, and by the upper semicontinuity

Θn(µ1, w) = Θn(µ1, 0) = Θn(µ0, 0), ∀w ∈ V
(

Θn(µ0, ·)
)

× R

this implies that M
(

Θn(µ0, ·)
)

⊂ M
(

Θn(µ1, ·)
)

∈ C. Therefore we get the desired
contradiction and the claim holds.

We now proceed as follows. Decompose Σk = ∪j,q≥1Σk,j,q, where Σk,j,q denotes

points in Σk such that Θn(µ, ·) ∈
(

q−1
j
, q

j

)

and the conclusion of the above claim

holds with η = j−1 and ε = j−1. Therefore, for each j, there exists q ≥ 1 such that
Pd(Σk,j,q) > 0. By the lower bound for the upper density ([55]), we know that there
exist zj ∈ Σk,j,q and ri ↓ 0 such that

Pd,∞((Σk,j,q)zj ,ri
) ≥ 10−d, (8.37)

where Pd,∞ denotes the outer d-dimensional Hausdorff measure with size ∞. More-
over, for each z ∈ (Σk,j,q)zj ,ri

there exist εi ↓ 0 and Cz ∈ C such that

(Σk,j,q)zj ,ri
− z ⊂ εi-neighborhood of Cz for some Cz ∈ C.

We may assume that (Σk,j,q)zj ,ri
→ Σ∞

k as i→ ∞. Then we have

Σ∞
k − z ⊂ Cz for all z ∈ Σ∞

k , and Pd,∞ (Σ∞
k ) ≥ 10−d. (8.38)

For any C ∈ C, let Σ∞
k,l,C =

{

z ∈ Σ∞
k : δ(Cz , C) ≤ l−1

}

. Then for each l there exists

Cl ∈ C such that Σ∞
k,l ≡ Σ∞

k,l,Cl
has positive Pd-measure. Therefore, there exist

zl ∈ Σ∞
k,l and ρl ↓ 0 such that

Pd,∞((Σ∞
k,l)zl,ρl

) ≥ 10−d. (8.39)

Assume that Cl → C∞ ∈ C and (Σ∞
k,l)zl,ρl

→ Σ∞ as l → ∞. Then Σ∞ ⊂ C∞,

Pd(Σ∞) > 0, and Σ∞ − z ⊂ C∞ whenever z ∈ Σ∞. In particular, we have Σ∞ ⊂
C∞∩(−C∞). But we note that if C∞ = V∞×R− for some vector subspace V∞ ⊂ R

n

then C∞∩(−C∞) = V∞ so that Pd(V∞) > 0 is equivalent to Hd(V∞) > 0 and hence
d ≤ k (since V∞ is at most k dimensional). For C∞ = V∞ or V∞ × R, we see
C∞ ∩ (−C∞) = C∞ so that Pd(Σ∞) > 0 implies Pd(C∞) > 0 and hence d ≤ k
again. This completes the proof. 2
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8.4 Blow up analysis in dimension two

In this section, we will present a proof of Theorem 8.1.1 and Theorem 8.1.2 for
n = 2, which is a slight simplification of the original one given in [134] and makes
use of the stratification result from §8.3. Besides its own interests, the proof for
n = 2 also indicates some crucial ideas of the proof to be given in §8.5 for n ≥ 3.

The goal is to show that if ui 6→ u strongly inH1(M×R+, N) then we can extract
a harmonic S2 in the concentration set associated with ui. Since the situation of
Ginzburg-Landau heat flows is in fact slightly more complicate than the heat flow
of harmonic maps, we decide to work on the former case.

Since the theorem and its proof are local, we assume for simplicity that M =
B1 ⊂ R

2 and T = 2.

For εi ↓ 0, let ui = uεi
be solutions of (8.8). Denote e(ui) = eεi

(uεi
). Assume

that there are two nonnegative Radon measures ν, η in B1 × [0, 2] such that

e(ui) dxdt→ µ ≡ 1

2
|∇u|2 dxdt+ ν, |∂tui|2 dxdt→ |∂tu|2 + η

as convergence of Radon measures on B1 × [0, 2].

Suppose that ui does not converge to u in H1(B1 × [0, 2],RL), then by Lemma
8.2.7 we have that P2(Σ) > 0 and ν(B1 × [0, 2]) > 0. Note also that

F =

{

z ∈ B1 × (0, 2] | η({z}) ≡ lim
r↓0

η(Pr(z)) > 0

}

is at most a countable subset. Therefore we can find z0 = (x0, t0) ∈ Σ such that

Θ∗,2(Σ, z0) = limr↓0 r
−2P2(Σ ∩ Pr(z0)) ≥

1

4
, (8.40)

lim
r↓0

r−2

∫

Pr(z0)
|∇u|2 = 0, (8.41)

and

lim
r↓0

lim
i→∞

∫

Pr(z0)
|∂tui|2 = 0. (8.42)

For ri ↓ 0, define vi(x, t) = ui(z0 + (rix, r
2
i t)) : B2 × [−2, 0] → R

L. Then vi solves
(8.8) in B2 × [−2, 0], with εi replaced by εi(= r−1

i εi), vi → const weakly but not
strongly in H1(B2 × [−2, 0],RL). It follows from the discussion of §8.3 that there is
a nonnegative Radon measure ν∗ in B2 × [−2, 0] such that

e(vi) dxdt ≡ eεi
(vi) dxdt→ ν∗

as convergence of Radon measures on B2 × [−2, 0]. Therefore we have ν∗(B2 ×
[−2, 0]) > 0. Moreover, by the upper semicontinuity if we denote Σ∗ = supp(ν∗)
then we have (0, 0) ∈ Σ∗ and

P2(Σ∗) ≥ lim
i→∞

r−2
i P2 (Σ ∩ Pri

(z0)) ≥
1

4
.
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It also follows from §8.3 that we have that Pλ(ν∗) = ν∗ for all λ > 0. Hence if
we write ν∗ = νt

∗ dt on B2 × [−2, 0] for a family of nonnegative Radon measures
{νt

∗},−2 ≤ t ≤ 0, on B2, then

νt
∗ =

√
−tν−1

∗ for all − 2 ≤ t ≤ 0.

This also implies that for all −2 ≤ t ≤ 0,

Σt
∗ ≡ Σ∗ ∩ {t} =

√
−tΣ−1

∗

so that P2(Σ∗) > 0 implies that 0 < H0(Σ−1
∗ ) < +∞, i.e. ∅ 6= Σ−1

∗ is a finite set.

Now we claim that Σ−1
∗ = {0} and ν−1

∗ = mδ0 for some positive constant m.

In fact, Lemma 8.2.1 implies that for φ ∈ C∞
0 (B2) and −1 ≤ t1 < t2 ≤ 0,

∫

B2

e(vi(t2))φ−
∫

B2

e(vi(t1))φ

= −
∫ t2

t1

∫

B2

|∂tvi|2φ−
∫ t2

t1

∫

B2

〈∇vi, ∂tvi〉 · ∇φ. (8.43)

Note that by (8.42) we have

∫ 0

−1

∫

B2

|∂tvi|2 =

∫ t0

t0−r2
i

∫

Bri
(x0)

|∂tui|2 → 0.

Hence the right hand side of (8.43) tends to zero as i → ∞. Taking i to ∞, (8.43)
yields

νt1
∗ (φ) = νt2

∗ (φ)

so that νt
∗ is independent of t for −1 ≤ t ≤ 0. On the other hand, we already prove

that νt
∗ =

√−tν−1
∗ for −1 ≤ t ≤ 0. Thus we must have ν t

∗ = mδ0 for some positive
constant m.

Hence for r0 > 0 small there exist δi ↓ 0 and xi(⊂ Br0) → 0 such that for t0 = −1
2

we have

∫

Bδi
(xi)

e(vi(t0)) =
ε20
C(2)

= max

{

∫

Bδi
(x)
e(vi(t0)) | x ∈ Br0

}

(8.44)

for some sufficiently large C(2) > 0 to be chosen later.

Define wi(x, t) = vi(xi + δix,−1
2 + δ2i t), x ∈ Ωi ≡ δ−1

i (Br0 \ {xi}), t ∈ [−4, 4].
Then we have that wi solves (8.8) on Ω1 × [−4, 4], with εi replaced by ε̃i = εi

δiri
, and

∫

B1

e(wi(0)) =
ε20
C(2)

= max

{

∫

B1(x)
e(wi(0)) | x ∈ Ωi

}

. (8.45)

Since
∫ 4

−4

∫

Ωi

|∂twi|2 =

∫ t0+4δ2
i

t0−4δ2
i

|∂tvi|2 ≤
∫ 0

−1

∫

B1

|∂tvi|2 → 0, (8.46)
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we can apply (8.43), with vi replaced by wi, to conclude that for i sufficiently large
we have that for any y ∈ Ωi and t ∈ [−2, 2]

∫

B2(y)
e(wi(t)) ≤

16ε20
C(2)

≤ ε20, (8.47)

provided that C(2) is chosen to be sufficiently large. Hence by Lemma 8.2.3 we have

e(wi)(z) ≤ C(ε0) for all z ∈ Ωi × [−2, 2]. (8.48)

Since Ωi → R
2, by (8.48) we may assume wi → w∞ in C2

loc(R
2 × [−2, 2],RL). By

(8.46) we have that ∂tw∞ ≡ 0 and hence w∞(x, t) = w∞(x) for t ∈ [−2, 2]. By the
conformal invariance of E and (8.45), we have

ε20
C(2)

≤
∫

R2

e(w∞) < +∞.

For the equation of w∞, we have three possibilities:

(i) εi

δiri
→ 0: it is well-known that w∞ is a non constant harmonic map from R

2 to

N with finite energy that can be lifted to be a harmonic S2 in N .

(ii) εi

δiri
→ ∞: it is easy to see that w∞ is a non constant harmonic function on R

2

with finite energy. This is impossible.

(iii) εi

δiri
→ c0 > 0: it is easy to show that w∞ is a non constant solution to

∆w∞ +
1

c20
f(w∞) = 0 in R

2 (8.49)

with
∫

R2 ec0(w∞) < +∞. This is impossible by the following simple lemma.

Lemma 8.4.1 If v ∈ C∞(R2,RL) satisfies

∆v +
1

c2
f(v) = 0 in R

2

for some 0 < c < +∞, and
∫

R2 ec(v) < +∞, then v is constant.

Proof. Let φ ∈ C∞
0 (B2) be such that φ ≡ 1 in B1, and define φi(x) = φ(x

i
) for i ≥ 1.

Multiplying the equation of v by φi(x)x · ∇v and integrating over R
2, it is not hard

to get
∫

R2

F (v) ≤ C

∫

B2i\Bi

ec(v) → 0

as i→ ∞. This implies F (v) ≡ 0 and hence ∆v ≡ 0 on R
2. On the other hand, we

have
∫

R2 |∇v|2 < +∞. Therefore v is constant. 2



8.5. BLOW UP ANALYSIS IN DIMENSIONS N ≥ 3 207

8.5 Blow up analysis in dimensions n ≥ 3

In this section, we will prove Theorem 8.1.1 and Theorem 8.1.2 for n ≥ 3. Namely,
if the strong convergence of ui to u fails then there exists at least one harmonic S2

in N . The presentation here is a slight improvement of the original one given by
Lin-Wang [134], with a few more details provided.

For simplicity, we assume M = Bn
2 and T = 2. As in §8.5, we work on the

Ginzburg-Landau heat flow (8.8).
We assume that there are two nonnegative Radon measures ν, η on Bn

2 × [0, 2]
such that

e(ui) dxdt→ µ ≡ 1

2
|∇u|2 dxdt+ ν, |∂tui|2 dxdt→ |∂tu|2 dxdt+ η

as convergence of Radon measures on Bn
2 × [0, 2].

Suppose that ui 6→ u strongly in H1(Bn
2 × [0, 2],RL). Then by Lemma 8.2.7 we

have that
Pn(Σ) > 0 and ν(Bn

2 × [0, 2]) > 0.

By Lemma 8.2.5 and Lemma 8.2.6, we can conclude that there is a subset Σ1 ⊂ Σ,
with Pn(Σ1) = Pn(Σ) > 0 such that
(i) lim supr↓0 r

−nPn(Σ ∩ Pr(z)) ≥ 2−n for all z ∈ Σ1.
(ii) Θn(u, z) = limr↓0 r−n

∫

Pr(z) |∇u|2 = 0 for all z ∈ Σ1.

(iii) ε20 ≤ Θn(ν, z) = Θn(µ, z) < +∞ for all z ∈ Σ1.
(iv) Θn(µ, z) = Θn(ν, z) is Pn-approximate continuous on Σ1, i.e. for any ε > 0

lim
r↓0

(

r−nPn ({w ∈ Σ1 ∩ Pr(z) : |Θn(µ,w) − Θn(µ, z)| > ε})
)

= 0 (8.50)

for all z ∈ Σ1.
Moreover, we claim that

(v)

lim
r↓0

lim
i→∞

r2−n

∫

Pr(z)
|∂tui|2 = 0 for all z ∈ Σ1. (8.51)

Note that if we denote η̃ ≡ |∂tu|2 dxdt+ η then (8.51) is equivalent to

Θn−2(η̃) ≡ lim
r↓0

r2−nη̃(Pr(z)) = 0 for all z ∈ Σ. (8.52)

To prove (8.51), it suffices to show that for any ε > 0,

Fε =

{

z ∈ Σ | lim
r↓0

lim
i→∞

r2−n

∫

Pr(z)
|∂tui|2 ≥ ε

}

has Pn−2(Fε) < +∞. This can be done by employing Vitali’s covering lemma as
follows. For any δ > 0, there are {zi} ⊂ Σ and 0 < ri < δ such that {Pri

(zi)} are
mutually disjoint, {P5ri

(zi)} covers Σ, and there is a subsequence uj of ui so that

r2−n
i

∫

Pri
(zi)

|∂tuj|2 ≤ ε, ∀j.
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Hence

Pn−2
5δ (Fε) ≤

∞
∑

i=1

(5ri)
n−2 = 5n−2

∞
∑

i=1

rn−2
i

≤ 5n−2

ε

∞
∑

i=1

∫

Pri
(zi)

|∂tuj |2

≤ 5n−2

ε

∫

∪∞
i=1Pri

(zi)
|∂tuj |2

≤ C(n, ε)

∫ 2

0

∫

B2

|∂tuj |2 ≤ C(n, ε, E0)

by the energy inequality. Taking δ to zero, this yields (8.51).

Pick a point z0 = (x0, t0) ∈ Σ1. For ri ↓ 0, let vi(x, t) = ui(x0 + rix, t0 + r2i t) :
P2 → R

L, and µi = Pz0,ri
(µ). Then we have that vi solves (8.8) on P2 with εi

replaced by εi = εi

ri
, and by a diagonal process we can assume that

vi → constant weakly, but not strongly in H1(P2,R
L),

and

e(vi) dxdt = eεi
(vi) dxdt→ µ∗ ≡ µt

∗ dt

as convergence of Radon measures on P2 for a Radon measure µ∗ = µt
∗ dt.

Denote Σ∗ = supp(µ∗) and write Σ∗ = ∪t∈(−4,0]Σ
t
∗. Then it follows from §8.2

and §8.3 that

Σt
∗ =

⋂

R>0

{

x ∈ B2 | lim
i→∞

∫

TR((x,t))
η2e(vi)G(x,t) ≥ ε20

}

=
{

x ∈ B2 | Θn (µ∗, z) ≥ ε20
}

.

Moreover, (i) implies that

(0, 0) ∈ Σ∗, Pn(Σ∗) > 0, µ∗(P2) ≥ ε20. (8.53)

To proceed the proof, we need

Claim 1. For t ∈ (−4, 0], Hn−2(supp(µt
∗)) > 0.

Note that since Σt
∗ = supp(µt

∗) for −4 < t ≤ 0, the claim is equivalent to
Hn−2(Σt

∗) > 0. We can prove this claim by contradiction. Suppose it were false.
Then there is t0 ∈ (−4, 0] such that Hn−2(Σt0∗ ) = 0. Then for any ε > 0 there exist
δ > 0 and a covering {Bri

(xi)}∞i=1, 0 < ri ≤ δ, of Σt0∗ , with xi ∈ Σt0∗ , such that

∞
∑

i=1

rn−2
i < ε.

Since

µt0
∗ (B1 \ ∪∞

i=1Bri
(xi))) = 0,
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by a diagonal process we may assume that there is a subsequence uj of ui so that

lim
j→∞

∫

B1\∪∞
i=1Bri

(xi)
e(vj(t0)) = 0.

Moreover, by (8.15) we have

r2−n
i

∫

Bri
(xi)

e(vj(t0)) ≤ e−1r2i

∫

{t=(t0+r2
i )−r2

i }
η2e(vj(t))G(xi ,t0+r2

i )(·, t)

= e−1Φ(vj, (xi, t0 + r2i ), ri)

≤ e−1Φ(vj, (xi, t0 + r2i ), R) + CK(R− ri)

≤ e−1R2−n

∫

{t=t0+r2
i −R2}

e(vj(t)) + C(K)(R− ri)

≤ C(R,K)

for some R >> ri. Hence

∫

∪∞
i=1Bri

(xi)
e(vj(t0)) ≤

∞
∑

i=1

∫

Bri
(xi)

e(vj(t0))

≤ C

∞
∑

i=1

rn−2
i ≤ Cε

so that if we choose ε <
ε20

16C
then for sufficiently large j we have

∫

B1

e(vj(t0)) ≤
ε20
8
.

On the other hand, (8.51) implies that

lim
i→∞

∫

P2

|∂tvi|2 = 0. (8.54)

As in §8.4, we have that for any φ ∈ C∞
0 (B2) and −4 < t1 < t2 ≤ 0,

∫

B2

e(vi(t2))φ−
∫

B2

e(vi(t1))φ

= −
∫ t2

t1

∫

B2

|∂tvi|2φ−
∫ t2

t1

∫

B2

〈∇vi, ∂tvi〉 · ∇φ.

Therefore, taking i to ∞, we obtain that ν t
∗(φ) is independent of t ∈ (−4, 0]. Thus

we obtain
∫

P1

e(vi) ≤ sup
t∈[−1,0]

∫

B1

e(vi(t)) ≤ 4

∫

B1

e(vj(t0)) ≤
ε20
2
.

This contradicts the fact that (0, 0) ∈ Σ∗.
In fact, by employing Lemma 8.3.2 we have that Pλ(µ∗) = µ∗ for any λ > 0. In

particular, µt
∗ =

√−tµ∗−1 for −4 ≤ t ≤ 0. This, combined with the fact that µt
∗ is
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independent of t, yields that ν−1
t is an Euclidean cone measure and hence Σ−1

∗ is an
Euclidean cone.

Note that, since Θn(ν, z) = Θn(µ, z) is Pn-approximate continuous at z0 for
z ∈ Σ and Θn(µ, z) is upper semicontinuous with respect to (µ, z), we conclude that
for Pn a.e. z ∈ Σ∗,

Θn(µ∗, z) ≥ Θn(µ, z0).

On the other hand, it follows from the discussion in §8.3 that

Θn(µ∗, z) ≤ Θn(µ∗, 0) = Θn(µ, z0).

Hence

Θn(µ∗, z) = Θn(µ∗, 0) for Pn a.e. z ∈ Σ∗. (8.55)

Therefore Proposition 8.3.4 implies that there exist a set Σ2 ⊂ R
n with Hn−2(Σ2) =

0 and (n− 2)-dimensional plane P ⊂ R
n such that Σ2 ∩ P = ∅ and

Σt
∗ = Σ2 ∪ P for any t ∈ (−1, 0]. (8.56)

In fact, Σ2 = ∅. For, otherwise, pick z ∈ Σ2 \ P . Then Proposition 8.3.4 implies
that

Θn(µ, z + y) = Θn(µ, z) for all y ∈ P,

so that {z} ∪ P ⊂ Σ−1
∗ and hence Hn−2(Σ−1

∗ ) = +∞ which contradicts Theorem
7.2.4.

We would like to point out that (8.56) can be derived from the following geometric
lemma, which is similar to Lemma 4.2.6 for harmonic maps in §4. We will postpone
its proof to §9.1 when we will prove the time slice rectifiability of Σ.

Denote

T1 =
{

t ∈ [−4, 0] | Σt
1 = Σ1 ∩ {t} 6= ∅

}

,

and

T2 =

{

t ∈ [−4, 0] | lim
i→∞

∫

B2

|∂tui|2 < +∞
}

.

Note that by Fatou’s lemma, we have that L1(T2) = L1([−4, 0]) = 4 has full Lebesgue
measure of [−4, 0].

Lemma 8.5.1 For L1 a.e. t ∈ T1∩T2, there exist subset Et ⊂ Σt, with Hn−2(Et) =
Hn−2(Σt), and a number s ∈ (0, 1

2) depending only on n such that for any x ∈ Et,
there is rx > 0 so that for any 0 < r < rx, there are (n− 2)-points {x1, · · · , xn−2} ⊂
Σ1 ∩Br(x) and ε(r) > 0 with limr↓0 ε(r) = 0 such that

(i)

Θn−2(µt, xi)(≡ lim
r↓0

r2−nµt(Br(xi))) ≥ Θn−2(µt, x) − ε(r) for all i = 1, · · · , n− 2.

(ii) |x1| ≥ sr and for any j ∈ {2, · · · , n− 2},

dist(xj, x+ Vk−1) ≥ sr, where Vk−1 = span {x1 − x, · · · , xk−1 − x} .
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We identify R
n−2 as {(0, 0)}×R

n−2. By a change of coordinate systems, we may
assume that P = R

n−2 ⊂ R
n and write X = (x, y) ∈ R

n for x ∈ R
2 and y ∈ R

n−2.
Summarizing the properties of µ∗ gives

µ∗(X, t) = Θn(µ, z0)
(

Hn−2bRn−2
)

(y) ×
(

P2bR
)

(t) (8.57)

for all X = (x, y) ∈ B2 and t ∈ [−4, 0].
Let’s pick (n−2) linearly independent points {ξ1, · · · , ξn−2} ⊂ R

n−2 that span R
n−2.

Note that we have

Θn(µ∗, (ξj , 0), R) = Θn(µ∗, (ξj , 0)) = Θn(µ, z0), ∀R > 0 for j = 1, · · · , n−2, (8.58)

where

Θn (µ∗, (ξj , 0), R) =

∫

TR

G(ξj ,0) dµ∗.

Since e(vi) → µ∗ in P2, using (8.58) and applying the monotonicity inequality (8.14)
of vi with centers (xj , 0) for j = 1, · · · , n− 2, we can easily see that for any ρ > 0

lim
j→∞

∫ 1

ρ

dr

r

∫

Tr

|(x− ξj) · ∇vi + 2t∂tvi|2
|t| η2G(ξk ,0) dxdt = 0, (8.59)

for 0 ≤ j ≤ n − 2. Hence it is not hard to see that Fatou’s Lemma and Fubini’s
theorem imply that for any 0 < t1 < t2 ≤ 1

lim
i→∞

∫ −t21

−t22

∫

B1

|(x− ξj) · ∇vi + 2t∂tvi|2
|t| = 0

for all 1 ≤ j ≤ n− 2. Therefore, one can deduce

lim
i→∞

∫ −t21

−t22

∫

B1

n−2
∑

j=1

|∇yj
vi|2 = 0 for any 0 < t1 < t2 < 1. (8.60)

Let

fi(y) =

∫

(B2
1×{y})×[−1,0]

|∂tui|2((x, y), t) dxdt : Bn−2
1 ⊂ R

n−2 → R+,

and

gi(y, t) =

∫

B2
1

n−2
∑

j=1

|∇yj
ui|2(x, y, t) dx : Bn−2

1 × [−1,−1

8
] → R+,

we define two local Hardy-Littlewood maximal functions of fi on Bn−2
1 and gi on

Bn−2
1 × [−1,− 1

8 ] as follows.

M(fi)(y) = sup
0<r≤1

r2−n

∫

Bn−2
r (y)

fi for y ∈ Bn−2
1 ,

and

M(gi)(y, t) = sup
0<r<1

r−n

∫

Bn−2
r (y)×[t−r2,t]

gi for (y, t) ∈ Bn−2
1 × [−1,−1

8
].
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Then by (8.54) and (8.60), the weak L1-estimate (see [192]) implies that there exist
yi ∈ Bn−2

1
2

and ti ∈ [−1
2 ,−1

4 ] such that

lim
i→∞

M(fi)(yi) = 0, lim
i→∞

M(gi)(yi, ti) = 0. (8.61)

Since vi converges to constant strongly in H1
loc(P2 \ (Rn−2 × R),RL), we can

choose xi ∈ B2
1
2

, and δi > 0 such that

δ−2
i

∫

B2
δi

(xi)×[ti−δ2
i ,ti]

e(vi)(x, yi, t) dxdt =
ε20

C(n)
(8.62)

= max

{

δ−2
i

∫

B2
δi

(x̃)×[ti−δ2
i ,ti]

e(vi)(x, yi, t) dxdt | x̃ ∈ B2
1
2

}

.

We claim that δi → 0 and xi → 0 ∈ B2
1 . For, otherwise, δi ≥ δ0 > 0. Then we

choose φ ∈ C∞
0 (B2

δ0
) and compute, for any y ∈ Bn−2

1
2

(yi) and 1 ≤ j ≤ n− 2,

∂

∂yj

∫ ti

ti−δ2
0

∫

R2

φ2(x)e(vi)(x, y, t) dxdt

=

∫ ti

ti−δ2
0

∫

R2

φ2

[

〈∂vi

∂x
,
∂

∂x
(
∂vi

∂yj
)〉 + 〈∂vi

∂yl
,
∂

∂yl
(
∂vi

∂yl
)〉 + 〈f(vi)

ε2i
,
∂vi

∂yj
〉
]

= −
∫ ti

ti−δ2
0

∫

R2

∂φ2

∂x
· 〈∂vi

∂x
,
∂vi

∂yj
〉 +

∂

∂yl

∫ t0

ti−δ2
0

∫

R2

φ2〈∂vi

∂yj
,
∂vi

∂yl
〉

+

∫ t0

ti−δ2
0

∫

R2

φ2〈−∆vi +
f(vi)

ε2i
,
∂vi

∂yj
〉

= −
∫ ti

ti−δ2
0

∫

R2

〈(∂φ
2

∂x
· ∂vi

∂x
+ φ2 ∂vi

∂t
),
∂vi

∂yj
〉

+
∂

∂yl

∫ ti

ti−δ2
0

∫

R2

φ2〈∂vi

∂yj
,
∂vi

∂yl

〉. (8.63)

Hence applying Lemma 4.2.10 with (8.61), we obtain

δ−n
0

∫

Pδ0
((0,yi),ti)

e(vi) ≤
ε20
2

provided that C(n) is chosen to be sufficiently large. This implies that ((0, yi), t0) 6∈
Σ∗, which contradicts the structure of Σ∗ we have obtained before. Hence δi → 0. It
is easy to see that if xi → x0 6= 0 ∈ B2

1 , then ((x0, yi), ti) ∈ Σ∗, which is impossible
again.

Now we perform another rescaling of vi as follows. Define

ωi(x, y, t) = vi((xi, yi, ti) + (δix, δiy), δ
2
i t)) on Ωi,

where

Ωi ≡ δ−1
i (B2

1
2
\ {xi}) × (Bn−2

2 ) × [−1

2
δ−2
i ,

1

2
δ−2
i ] → (R2 ×Bn−2

2 ) × R.
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Then for ε̂i = δ−1
i εi, ωi satisfies

∂tωi − ∆ωi +
f(ωi)

ε̂2i
= 0 in Ωi, (8.64)

∫

B2
1×(−1,0)

e(ωi)(x, 0, t) dxdt =
ε20

C(n)
(8.65)

= max

{

∫

B2
1(x̃)×(−1,0)

e(ωi)(x, 0, t) dxdt | x̃ ∈ δ−1
i (B2

1
2
\ {xi})

}

,

lim
i→∞

sup
r∈(0, 1

4δi
)

r2−n

∫

Bn−2
r

∫

B2
1

2δi

×[−δ−2
i ,0]

|∂tωi|2 = 0, (8.66)

and

lim
i→∞

sup
r∈(0, 1

4δi
)

r−n

∫

Bn−2
r ×[−r2,0]

∫

B2
1

2δi





n−2
∑

j=1

|∇yj
vi|2


 = 0. (8.67)

Now we apply Lemma 4.2.10 twice to obtain a bubble. First, the same computation
as (8.63) implies that for i sufficiently large

22−n

∫

(B2
1(x̃)×Bn−2

2 )×[−1,0]
e(ωi) ≤

4ε20
C(n)

for all x̃ ∈ δ−1
i (B2

1
2
\ {xi}). (8.68)

In particular, by using Fubini’s theorem and (8.2.1), we can conclude that

sup
t∈[− 1

2
,0]

22−n

∫

Bn
2 (x̃,0)

e(ωi(t)) ≤
8ε20
C(n)

, for all x̃ ∈ δ−1
i (B2

1
2
\ {xi}). (8.69)

Next we compute that for any s ∈ [−4,− 1
2 ] and t ∈ [− 1

2 , 0], φ ∈ C∞
0 (Bn

2 ((x̃, 0)),R+)
for x̃ ∈ δ−1

i (B2
1
2

\ {xi}),
∣

∣

∣

∣

∫

Rn

e(ωi(t))φ−
∫

Rn

e(ωi(s))φ

∣

∣

∣

∣

≤ 2

∫ s

t

∫

Bn
2 (x̃,0)

|∂tωi|2φ+ 2

∫ s

t

∫

Bn
2 (x̃,0)

|∇ωi||∇φ||∂tωi|

→ 0 as i→ ∞,

where we have used (8.2.1) and (8.66). Therefore we obtain that for any t ∈ [−4,− 1
2 ],

(
3

2
)2−n

∫

Bn
3
2

(x̃,0)
e(ωi(t)) ≤

16ε20
C(n)

, for all x̃ ∈ δ−1
i (B2

1
2
\ {xi}).

This, combined with (8.69), implies that for i sufficiently large

(
3

2
)−n

∫

P 3
2
((x̃,0),0)

e(ωi) ≤
32ε20
C(n)

≤ ε20
2

for all x̃ ∈ δ−1
i (B2

1
2
\ {xi}) (8.70)
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if C(n) is chosen to be sufficiently large. Thus by Lemma 8.2.3 we have that for i
sufficiently large

max
P 5

4
((x̃,0),0)

e(ωi) ≤ Cε0 for all x̃ ∈ δ−1
i (B2

1
2

\ {xi}). (8.71)

From the local H1 bound of ωi in R
n×R−, we may assume that ωi → ω∞ weakly

in H1
loc(R

n × R−,RL). It follows from (8.66) and (8.67) that

∫

Rn×R−



|∂tω∞|2 +
n−2
∑

j=1

|∂ω∞
∂yj

|2


 = 0.

Hence ω∞(x, y, t) = ω∞(x) : R
2 → R

L is independent of the last two variables y and
t.

Moreover, by (8.71) we can assume that ωi → ω∞ in C2
loc((R

2 × Bn−2
5
4

) ×
[−(5

4 )2, 0],RL). Thus by (8.65) we have

ε20
C(n)

≤
∫

R2

e(ω∞) < +∞.

As in §8.4, we know that either (i) ε̂i → 0, ω∞ is a nontrivial harmonic map from
R

2 to N with finite energy and hence ω∞ can be lifted as a bubble, or (ii) ε̂i → ∞,
ω∞ is a nontrivial harmonic function on R

2 with finite energy which is impossible,
or (iii) ε̂i → c for some 0 < c < +∞ so that ω∞ is a nontrivial solution to

∆ω∞ +
f(ω∞)

c2
= 0 in R

2

with
∫

R2 ec(ω∞) < +∞, which is also impossible by Lemma 8.4.1.
Since N doesn’t support harmonic S2, the above argument shows that ui → u

strongly in H1
loc(M × (0, T ], N). Hence ν ≡ 0 and Pn(Σ) = 0. In particular,

Pn(sing(u)) = 0 (since sing(u) ⊂ Σ). From the strong convergence, we also know
that u satisifes the three conditions (8.74), (8.75), and (8.76) below. Hence u is
a suitable weak solution of (8.2). Thus we have now completed the proof of both
Theorems 8.1.1 and 8.1.2 for n ≥ 3. 2

Before proving Theorem 8.1.5 and Theorem 8.1.6, we will prove a dimension
reduction argument for weak solutions of the heat flow of harmonic maps that are
obtained by Theorem 8.1.1 and Theorem 8.1.2, which can be viewed as the parabolic
counterpart of Federer’s dimension principle [54] (cf. also [171] and §2.3).

Theorem 8.5.2 For n ≥ 3, assume that N doesn’t support any harmonic S2. Let
u ∈ H1(M × (0, T ), N) be a weak solution of (8.2) obtained by either Theorem 8.1.1
or Theorem 8.1.2. Then Pn(sing(u)) = 0. Furthermore, sing(u) is discrete for
n = 3. For n ≥ 4, dimP (sing(u)) ≤ n − 2; and if in addition N doesn’t support
harmonic S3 then dimP(sing(u)) ≤ n− 3.

In order to prove this theorem, we need a simple lemma.
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Lemma 8.5.3 Suppose that f ∈ H1
loc(Rn+1

− ) is such that for some z0 = (x0, t0) 6=
(0, 0) ∈ R

n+1
− ,

x · ∇f + 2t
∂f

∂t
= (x− x0) · ∇f + 2(t− t0)

∂f

∂t
= 0 a.e. (x, t) ∈ R

n+1
− . (8.72)

Then either (i) for t0 = 0 f(x + x0, t) = f(x, t) for a.e. (x, t) ∈ R
n+1
− ; or (ii) for

t0 6= 0 ft(x, t) = x0 ·∇f(x, t) = 0 for a.e. (x, t) ∈ R
n+1
− . In particular, f(x, t) = f(x)

is independent of both t variable and x0-direction, and is homogeneous of degree zero
as well.

Proof. If t0 = 0, then it is easy to see that (8.72) implies that x0 · ∇f(x, t) = 0
a.e. (x, t) ∈ R

n+1
− . Hence f is independent of x0-direction. For t0 6= 0, we define

f0(x, t) = f(x0 + x, t0 + t) for (x, t) ∈ R
n+1
− . Then (8.72) implies that for any R > 0

f0(Rx,R
2t) = f0(x, t) a.e. (x, t) ∈ R

n+1
− , and

x0 · ∇f0 + 2t0
∂f0

∂t
= 0 a.e. (x, t) ∈ R

n+1
− .

Replacing (x, t) by (Rx,R2t) and using the self-similarity of f0, we obtain that for
any R > 0

x0 · ∇f0 + 2Rt0
∂f0

∂t
= 0 a.e. (x, t) ∈ R

n+1
− .

Sending R to zero gives

x0 · ∇f0 =
∂f0

∂t
= 0 a.e. (x, t) ∈ R

n+1
− .

This proves (ii). 2

Proof of Theorem 8.5.2:
Let’s first prove that sing(u) is discrete for n = 3. If sing(u) is not discrete, then
there are zi ∈ sing(u) with zi → z0 ∈ sing(u). Therefore we define λi = 4δ(zi, z0) and
consider the scaled maps uλi

(x, t) = u(z0 + (λix, λ
2
i t)). By the bound on Θn(u, z0),

we can assume that uλi
converges strongly in H1

loc(P1, N) to a self-similar solution

u0 : R
3
− → N (i.e. x · ∇u0 + 2t∂u0

∂t
= 0 a.e. (x, t) ∈ R

3
−). Moreover, both (0, 0) and

a point z1 = (x1, t1) ∈ ∂P 1
4

are contained in sing(u0). By blowing up u0 and z1 one

more time, we would obtain another weak solution u1 ∈ H1(R3
−, N) of (8.2), which is

self-similar with respect to both (0, 0) and z1. Applying Lemma 8.72 would then give
us that either u1(x1, x2, x3, t) = u1(x1, x2, x3) is a harmonic S2 or a quasi-harmonic
S2. Both of them are impossible. Hence sing(u) is at most discrete.

For n ≥ 4, we argue as follows. First note that sing(u) is given by

sing(u) =

{

(x, t) ∈M × (0, T ) : lim
r↓0

r−n

∫

Pr(x,t)
|∇u|2 ≥ ε20

}

,

where ε0 is given by (8.2.3). It follows from Pn(sing(u)) = 0 that dimP(sing(u)) ≤ n.
Let 0 ≤ s < n be such that Ps(sing(u)) > 0. Then there exists z0 ∈ sing(u) such
that (cf. [55])

lim
ri↓0

r−s
i Ps(sing(u) ∩ Pri

(z0)) > 0. (8.73)
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Let ui(x, t) = u(z0 + (rix, r
2
i t)) : P1 → N . Then we have

sup
i≥1

∫

P1

(

|∂tui|2 + |∇ui|2
)

<∞

so that we may assume ui converges u0 weakly in H1(P1, N), which is strong in
H1

loc(P1, N) by Theorem 8.1.1. Hence u0 is a weak solution of (8.2) with

∫

Tr

|2t∂tu0 + x · ∇u0|2 = 0 for all r > 0.

Therefore either u0(x, t) = u0(
x
|x|) : R

n → N (i.e., u0 is a homogeneous of degree

zero harmonic map from R
n to N) or u0(x, t) = u0(

x√
−t

) : R
n+1
− → N is a self-

similar solution of (8.2). In the former case, by the result of Lin [123] in §4, we have
dimP(sing(u0)) ≤ n− 3 and we are done.

Next we will only consider the latter case at each following step. Note that
sing(ui) ∩ P 1

2
= Pz0,ri

(sing(ui) ∩ P ri
2
(z0)) so that (8.73) implies

lim
i→∞

Ps(sing(ui) ∩ P 1
2
) > 0.

Therefore by the small energy regularity theorem we can conclude that

Ps(sing(u0) ∩ P 1
2
) > 0.

There are two possibilities: either (i) s ≤ 0, or (ii) s > 0 and there is z1 = (x1, t1) ∈
sing(u0) ∩ ∂P1 such that

lim sup
r→0

r−sPs(sing(u0) ∩ Pr(z1)) > 0.

Repeating the above blow up argument of u0 at z1, we would have get another
weak solution of u1 ∈ H1

loc(R
n+1
− , N) of (8.2) with Ps(sing(u1) ∩ P1) > 0. From

our assumption that there is no static tangent map at z1, this and Lemma 8.5.3)
would imply that u1 is independent of x1 direction, i.e., u1((x1, y, t)) = u1(

y√
−t

)

for any (x1, y, t) ∈ R
n+1
− . If s − 1 ≤ 0, we stop. Otherwise, there is a point

z2 ∈ sing(u1) ∩
(

∂P1 ∩ (({0}Rn−1) × R−)
)

with

lim
r↓
r−sPs(sing(u1) ∩ Pr(z2)) > 0.

We repeat the same argument at z2. If we repeat the procedure m times, we would
get a weak solution um ∈ H1

loc(R
n+1
− , N) which is a self-similar solution of (8.2) and

satisfies un(x1, · · · , xm, y, t) = un( y√
−t

) for any (x1, · · · , xm, y) ∈ R
m × R

n−m = R
n

and Ps(sing(um)∩P1) > 0. We can repeat the argument until s−m ≤ 0. In order to
have constructed um, we must have s−m+ 1 > 0. Since s < n and m is integer we
then have m ≤ n− 1. If m ≥ n− 2, then we would have a map um : R

n × R− → N
such that R

n−2 × R(t) ⊂ Σn, here R(t) ⊂ R
2 × R− is a self-similar curve passing

through 0 and R(t) 6= {0}. Hence Pn(Σm) > 0, which is impossible. Therefore



8.5. BLOW UP ANALYSIS IN DIMENSIONS N ≥ 3 217

m ≤ n− 3. 2

Completion of proof of Corollaries 8.1.5, 8.1.6 and Theorem 8.1.7:
Applying the above blow up argument, it is not hard to see that if Σ 6= ∅, then

we would obtain either a harmonic Sk for some 2 ≤ k ≤ n− 1 or a quasi-harmonic
Sl for some 3 ≤ l ≤ n, which would contradict our assumption. Hence Σ = ∅ and
the convergence is in C2(M × (0, T ], N) and the solution u ∈ C∞(M × (0, T ], N).
Moreover, the global gradient estimate (8.4) holds. 2

To conclude this section, we introduce the notion of suitable weak solutions of
(8.2).

Definition 8.5.4 A weak solution u : M × (0, T ] → N of (8.2) is called a suitable
weak heat flow of harmonic maps, if u satisfies the following three properties:
(i) the energy inequality: for any φ ∈ C∞

0 (M) and 0 < t1 ≤ t2 ≤ T ,
∫

M

|∇u(t2)|2φ2 + 2

∫ t2

t1

∫

M

|∂tu|2φ2

≤
∫

M

|∇u(t1)|2φ2 − 2

∫ t2

t1

∫

M

〈∂tu,∇u〉 · ∇φ2. (8.74)

(ii) the energy monotonicity inequality: for any z0 = (x0, t0) ∈ M × (0, T ) and
0 < R1 ≤ R2 ≤ min{√t0, iM}

c

∫ R2

R1

1

r

∫

Tr(z0)
η2 |(x− x0) · ∇u+ 2(t− t0)∂tu|2

|t0 − t| Gz0

≤ eC(R2−R1)Ψ(u, z0, R2) − Ψ(u, z0, R1) + C(R2 −R1). (8.75)

(iii) ε0-regularity: there exists ε0 > 0, δ0 > 0, and C0 > 0 such that

Ψ(u, z0, R) ≤ ε20 ⇒ sup
Pδ0R(z0)

|∇u|2 ≤ C(ε0, R). (8.76)

We would like to remark that our blow-up analysis outlined in §8.4 and §8.5 above
can be applied to the class of suitable weak heat flows of harmonic maps, since the
above three properties are all what we need for the blow up analysis.

In particular, one has the following corresponding theorem of Theorem 8.1.1 and
Theorem 8.1.5 for suitable weak solutions to the heat flow of harmonic maps.

Theorem 8.5.5 Assume that N doesn’t support any harmonic S2. Let {ui} ⊂
H1(M × (0, T ), N) solve (8.2) weakly and satisfy

sup
i

∫

M×[0,T ]

(

|∂tui|2 + |∇ui|2
)

= K <∞.

If, in addition, ui, i ≥ 1, is a suitable weak heat flow of harmonic maps. Then ui

(after passing to possible subsequences) converges strongly in H 1
loc(M × (0, T ], N) to

u ∈ H1(M × [0, T ], N), which is also a suitable weak heat flow of harmonic map. In
particular, Pn(sing(u)) = 0. Furthermore, if N doesn’t support neither harmonic Sk

for 2 ≤ k ≤ n−1 nor quasi-harmonic S l for 3 ≤ l ≤ n, then u ∈ C∞(M×(0, T ], N).
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It follows from a simple energy consideration that there doesn’t exist any quasi-
harmonic S2 in any compact Riemannian manifold N . It also follows from §8.4
that (8.75) is not needed in the blow up analysis in dimensions two. Moreover, in
dimensions two (8.76) is equivalent to

sup
t∈[t0−R2,t0]

∫

BR(x0)
|∇u|2 ≤ ε20 ⇒ sup

Pδ0R(z0)
|∇u|2 ≤ C(ε0, R), (8.77)

which holds for any weak solution of (8.2) in dimensions two (see Wang [208] for a
proof). Moreover, in dimension two (8.74) can be replaced by a weaker version: for
any φ ∈ C∞

0 (M) and 0 < t1 ≤ t2 ≤ T ,

∣

∣

∣

∣

∫

M2

|∇u(t2)|2φ2 −
∫

M2

|∇u(t1)|2φ2

∣

∣

∣

∣

≤ C(φ,E0) |t2 − t1|
1
2 . (8.78)

Therefore we have an immediate corollary

Corollary 8.5.6 For n = 2, assume that N doesn’t support any harmonic S2. Let
u ∈ H1(M2 × (0, T ], N) be a weak solution of (8.2), which satisfies the energy in-
equality (8.78). Then u ∈ C∞(M2 × (0, T ], N). Moreover

sup
M2×(t0 ,T ]

|∇u|2 ≤ C(E0, t0) for any t0 > 0.

Remark 8.5.7 Note first that according to our definition that any suitable weak
heat flow of harmonic map enjoys the partial regularity property, i.e. Pn(sing(u)) =
0. We would like to remark that a weak solution satisfying (i) and (ii) of the definition
of suitable weak heat flow of harmonic maps has been introduced by Feldman [58]
and Chen-Li-Lin [29]. Moreover, it was proved by [58] and [29] that when N =
SL−1 ⊂ R

L any weak solution of (8.2) satisfying (i) and (ii) enjoys the partial
regularity property. Chen-Wang [34] have extended [58] and [29] to any Riemannian
homogeneous manifold. For any compact Riemannian manifold N , Moser [148] has
proved the partial regularity theorem for n ≤ 4.



Chapter 9

Dynamics of defect measures

in heat flows

In this chapter, we will continue the blow-up analysis, with the emphasis on the
dynamic behavior of the defect measures, for weakly convergent sequence of smooth
solutions (or certain classes of weak solutions to be specified later) to the heat flow of
harmonic maps or approximate harmonic maps (i.e., critical points of the Ginzburg-
Landau energy functional), which we started in §7.

A general situation for the heat flow of harmonic maps is as follows: For a
bounded domain Ω ⊆ R

n, let ui : Ω×R+ → N be smooth solutions to the heat flow
of harmonic maps from Ω to N (8.2) on Ω×R+ such that ui weakly converges to u
in H1

loc(Ω × R+, N). By Fatou’s lemma, we assume that

1

2
|∇ui|2(x, t) dxdt →

1

2
|∇u|2(x, t) dxdt + ν (9.1)

and
|∂tui|2(x, t) dxdt → |∂tu|2(x, t) dxdt + η (9.2)

as convergence of Radon measures on Ω×R+ for two nonnegative Randon measures
ν, η supported on the concentration set Σ defined by (8.17). By Lemma 8.2.9 we
have ν = νt dt for some nonnegative Radon measures {νt}t∈R+ in Ω.

By the analysis of §8, we know that the nonexistence of harmonic S2 in N is
(essentially) necessary and sufficient condition for such weakly convergent sequences
to be strongly convergent. The blow up analysis in §8 also indicates that if N does
admit harmonic S2 and the strong convergence fails, then the concentration set
Σ = ∪t>0Σt has positive, locally finite n-dimensional parabolic Hausdorff measure
and the n-dimensional density of ν, Θn(µ, ·), is positive and finite. Moreover, for L1

a.e. t ∈ R+, the euclidean (n− 2) density of νt, Θn−2(νt, ·), is positive and finite for
Hm−2 a.e. x ∈ Σt.

In this chapter, we will show that for L1 a.e. t ∈ R+, both Σt and νt are
(n− 2)-rectifiable. To prove this, we develop a generalized varifold approach which
is an extension of the classical varifold approach by Almgren [5] and Allard [2].
Roughly speaking, we associate ui with a (n− 2)-generalized varifold Vui

on Ω×R+

and show that Vui
converges to a (n − 2)-generalized varifold V = Vt dt, and Vt

219
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has a generalized mean curvature Ht ∈ L2
‖Vt‖(Ω,R

n) for L1 a.e. t ∈ R+, and then
employing an extension of Allard’s rectifiability theorem for classical varifolds to
show that Vtb

(

{x ∈ Ω | Θn−2 (‖Vt‖, x) > 0}
)

is (n− 2)-rectifiable.
Another major theorem of this chapter is that (u, νt dt) satisfies a generalized

varifold flow, which reduces to Brakke’s motion of varifolds by mean curvature if u
is a weak heat flow of harmonic map (e.g. u ∈ C∞(Ω × R+, N)) such that (8.74)
becomes an equality, i.e.,

∇tνt(φ) = lim sup
s→t

νs(φ) − νt(φ)

s− t
≤ −

∫

Ω

(

φ|Ht|2 − 〈(TxΣt)
⊥∇φ,Ht〉

)

dνt (9.3)

for any t ≥ 0 and φ ∈ C2
0 (Ω,R+). See Brakke [15] and Ilmanen [99, 100] for more

details. We also would like to mention the interesting papers by Ambrosio-Soner
[7, 8] for further discussions on mean curvature flows. We would also like to remark
that a slightly weaker version of the above fact has also been obtained by Li-Tian
[137] independently. In this Chapter, we also establish an energy quantization result
for the density function Θn−2(νt, ·) on the concentration set Σt for both heat flows
of harmonic maps and Ginzburg-Landau heat flows into SL−1. Such a quantization
has been previously obtained by Lin-Riviere [131] for stationary harmonic maps,
and Lin-Wang [135] for critical points of the Ginzburg-Landau functional.

Since we can treat smooth heat flows of harmonic maps in a slightly simpler way,
we still decide to work on Ginzburg-Landau heat flows. Also, we will continue to
use the notations developed from both Chapter 7 and 8.

This chapter is organized as follows. In §9.1, we have a brief tour of generalized
varifolds and prove the rectifiability of Σt for L1 a.e. t. In §9.2, we present the
motion law for the generalized defect varifolds (u, νt dt). In §9.3, we prove the
energy quantization result.

9.1 Generalized varifolds and rectifiability

In this section, we first recall some of the basic theory of classical varifolds, developed
by Almgren [4, 5] and Allard [2] (see also Simon [189]), and the notion of generalized
varifolds, which was remarked by Almgren [5], recently explored by Ambrosio-Soner
[7] in the study of the dynamics of Ginzburg-Landau equations with complex values
and by Lin [124] in the study of mapping problems.

For 1 ≤ l ≤ n, let Gl(n) denote the Grassmann manifold of l-dimensional un
oriented planes in R

n. Recall a l-varifold in a bounded domain Ω ⊆ R
n is a Radon

measure in Ω × Gl(n). Let Vl(Ω) denote the set of all l-varifolds in Ω. The weight
‖V ‖ of V ∈ Vl(Ω) is a Randon measure in Ω defined by ‖V ‖ ≡ π#(V ), where
π(x,A) = x : Ω ×Gl(n) → Ω is projection to the first argument.

V ∈ Vl(Ω) is said to be a l-rectifiable varifold if there exist a l-rectifiable set
E ⊂ Ω and a locally H l-integrable, positive function θ such that

V = δTxEθH
lbE for H l a.e. in Ω

where TxE denotes the tangent plane of E at x and δTxE denotes the Dirac mass at
TxE ⊆ Gl(n). Let RVl(Ω) denote the set of all l-rectifiable varifolds in Ω.
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We now recall the definition of generalized varifolds (see [7]).

Definition 9.1.1 A l-dimensional generalized varifold V in Ω is a nonnegative
Radon measure on Ω ×Al,n, where

Al,n =
{

A ∈ R
n×n | A is symmetric and tr (A) = l ,−lIn ≤ A ≤ In

}

(9.4)

where tr(A) is the trace of A and In ∈ R
n×n is the identity matrix of order n. The

class of all generalized l-varifolds in Ω is denoted by V ∗
l (Ω). Let ‖V ‖ denote the

weight of v ∈ V ∗
l (Ω).

Since Gl(n) ⊂ Al,n, it is clear that Vl(Ω) ⊂ V ∗
l (Ω). We now introduce the notion of

the first variation of generalized varifolds.

Definition 9.1.2 For any V ∈ V ∗
l (Ω), the first variation of V , δV , is a distribution

on C1
0 (Ω,Rn) defined by

δV (X) = −
∫

Ω×Al,n

∇X(x) : AdV (x,A), ∀X ∈ C1
0 (Ω, Rn), (9.5)

where : is a scalar product on R
n×n defined by

A : B =
∑

ij

AijBij for A, B ∈ R
n×n.

V is called a stationary l-varifold if δV ≡ 0.

Note that if δV is a Radon measure, i.e.,

‖δV ‖ (G) = sup
{

|δV (X)| | X ∈ C1
0 (Ω,Rn), ‖X‖L∞ ≤ 1, supp(X) ⊂ G

}

≤ C(G) <∞, ∀G ⊂⊂ Ω,

then by the Riesz representation theorem there exists a ‖δV ‖-measurable, Sn−1-
valued function β such that

δV (X) =

∫

Ω
X(x)β(x) d‖δV ‖(x), ∀X ∈ C1

0 (Ω,Rn). (9.6)

If, in additions, ‖δV ‖ is absolutely continuous with respect to ‖V ‖, then there exists
a ‖V ‖-measurable function H : Ω → R

n such that

δV (X) =

∫

Ω
〈H(x), X(x)〉 d‖V ‖(x), ∀X ∈ C1

0 (Ω,Rn). (9.7)

Such a function H is called to be generalized mean curvature of V .
Recall also that a sequence of generalized varifolds {Vi} ⊂ V ∗

l (Ω) converges to
V ∈ V ∗

l (Ω) if Vi → V , as convergence of Radon measures on Ω ×Al,n. Therefore if
Vi → V , then we also have δVi → δV in the sense of distributions. In particular, if
for A ⊂⊂ Ω, supi ‖δVi‖(A) <∞, then by the lower semicontinuity we have

‖δV ‖(A) ≤ lim inf
i→∞

‖δVi‖(A) <∞. (9.8)

To motivate the application of generalized varifolds to the problem we are study-
ing in this chapter, we give two examples.



222 CHAPTER 9. DYNAMICS OF DEFECT MEASURES IN HEAT FLOWS

Example 9.1.3 For u ∈ H1(Ω, RL), define

Vu(x) =
1

2
δA(u)(x) |∇u|2 (x) dx,

where δA(u)(x) is Dirac mass at A(u)(x) ∈ An−2,n, which is defined by

A(u)(x) =

{

In − 2∇u⊗∇u
|∇u|2 (x), if |∇u|(x) 6= 0,

In−2, if |∇u|(x) = 0.
(9.9)

Then we have Vu ∈ V ∗
n−2(Ω). Moreover, for any Borel set B ⊂ Ω ×An−2,n,

Vu(B) =
1

2

∫

π(B)
|∇u|2

where π(B) = {x ∈ Ω | (x,Au(x)) ∈ B}. It is readily seen that for any X ∈
C1

0 (Ω,Rn),

δVu(X) = −
∫

Ω
∇X(x) : AdVu(x,A)

= −1

2

∫

Ω
∇X(x) : A(u)(x)|∇u|2(x)

= −1

2

∫

Ω

(

|∇u|2div(X) − 2∇iu∇ju∇iX
j
)

.

If u ∈ H1(Ω, N) is a stationary harmonic map, then by (3.41) we have

δVu(X) = 0, ∀X ∈ C1
0 (Ω,Rn),

so that Vu is a stationary generalized (n− 2)-varifold in Ω.

Example 9.1.4 For εi ↓ 0, let ui ∈ H1(Ω, RL) be critical points of Eεi
(·), i.e.,

∆ui +
1

ε2i
f(ui) = 0 in Ω. (9.10)

Then it follows from the discussion of §7 that for any X ∈ C 1
0(Ω,Rn),

δVuεi
(X) = −

∫

Ω

F (ui)

ε2i
divX. (9.11)

If supiEεi
(ui) <∞, then we may assume that ui → u weakly in H1(Ω, RL), and

e(ui)(x) dx → 1

2
|∇u|2(x) dx+ ν

as convergence of Radon measures in Ω for some nonnegative Radon measure ν on
Ω, and there exists V ∈ V ∗

n−2(Ω) such that Vui
weakly converges to V . Moreover,

Lemma 8.21 gives

lim
i→∞

∫

Ω

F (ui)

ε2i
= 0
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so that
δV (X) = lim

i→∞
δVui

(X) = 0, ∀X ∈ C1
0 (Ω,Rn)

and hence V is stationary. From the discussion in [134], we know that ν = θHn−2bΣ
is a (n − 2)-rectifiable generalized varifold. Later in this section, we will see that
V = Vu + Vν , where Vν is the (n − 2)-rectifiable varifold associated with ν and is
given by

Vν = δTxΣθH
n−2bΣ,

where Σ is the concentration set associated with ui.

We now start to apply the generalized varifold approach to the study of Ginzburg-
Landau heat flows. For any εi ↓ 0, let ui ∈ C∞(Ω × R+,R

L) solve

∂tui − ∆ui =
1

ε2i
f(ui) in Ω × R+. (9.12)

Assume that

sup
i

sup
0<t<∞

(∫ t

0

∫

Ω
|∂tui|2 +

∫

Ω
e(ui)(x, t) dx

)

≡ K < +∞. (9.13)

For each ui, associate Vi ∈ V ∗
n−2(Ω × R+) as follows:

Vi(x, t, A) = δA(ui)(x,t)(A)µi
t dt, ∀(x, t, A) ∈ Ω ×R+ ×An−2,n,

where A(ui) is defined by (9.9) and µi
t(x) = eεi

(ui)(x, t) dx.
Let π : Ω × R+ × An−2,n → Ω × R+ be the projection map. Then the weight

‖Vi‖ = π#(Vi) = µi
t dt and hence supi ‖Vi‖(G) < ∞ for any compact subset G ⊂⊂

Ω × R+. Therefore we may assume that there exists V ∈ V ∗
n−2(Ω × R+) such that

Vi → V, ‖Vi‖ = µi
t dt→ ‖V ‖ (9.14)

as convergence of Radon measures on Ω × R
+. By Lemma 8.2.9, ‖V ‖ = µt dt for

some nonnegative Radon measures {µt}t>0 on Ω. For each (x, t) ∈ Ω×R+, there is
a probability measure Vx,t on An−2,n such that

V = Vx,t‖V ‖ = Vx,tµt dt.

Note that for any compact subset G ⊂⊂ Ω × R+

‖∇ui · ∂tui‖L1(G)

is uniformly bounded. Hence we may assume that there is a (signed) Radon measure
σ on Ω × R+ such that

−∇ui · ∂tui dxdt→ σ

as convergence of Radon measures on Ω × R+. Since −∇ui · ∂tui dxdt is absolutely
continuous with respect to e(ui)(x, t) dxdt, σ is absolutely continuous with respect
to ‖V ‖. Hence by the Riesz representation theorem again, there exists a Ht ∈
L1
‖V ‖(Ω × R,Rn) such that

σ(x, t) = Ht(x)µt(x) dt. (9.15)
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Moreover, by the lower semicontinuity, we have

∫ ∞

0

∫

Ω
|Ht(x)|2 dµ(x, t) ≤ lim inf

i→∞

∫ ∞

0

∫

Ω

∣

∣

∣

∣

∇ui · ∂tui

e(ui)

∣

∣

∣

∣

2

e(ui)

≤ 2 lim inf
i→∞

∫ ∞

0

∫

Ω
|∂tui|2 <∞, (9.16)

where we have used the Cauchy-Schwarz inequality in the last step.

Lemma 9.1.5 For L1 a.e. t ∈ R+, Vt = Vx,tµt ∈ V ∗
n−2(Ω) has its first variation δVt

absolutely continuous with respect to µt. Moreover δVt = Htµt with Ht ∈ L2
µt

(Ω,Rn).

Proof. For Y ∈ C1
0 (Ω,Rn) and γ ∈ C0(R+,R), denote V i

t = VA(ui)(x,t)µ
i
t ∈ V ∗

n−2(Ω).
Then we have

∫

R+

γ(t)δV i
t (Y ) dt = −

∫

R+

γ(t)

∫

Ω
∇Y : AdV i

t (x,A)

= −1

2

∫

R+

γ(t)

∫

Ω
∇Y :

(

|∇ui|2In − 2∇ui ⊗∇ui

)

−
∫

Ω×R+

γ(t)∇Y : A(ui)
F (ui)

ε2i
= I + II

For I, multiplying (9.12) by Y (x) · ∇ui and using integration it by parts, we have

∫

R+

γ(t)

∫

Ω
〈Y (x) · ∇ui, ∂tui〉

=

∫

R+

γ(t)

∫

Ω

(

∆ui +
1

ε2i
f(ui)

)

Y (x) · ∇ui

=

∫

R+

γ(t)

∫

Ω
〈∆ui, Y (x) · ∇ui〉 +

∫

R+

γ(t)

∫

Ω
∇
(

F (ui)

ε2i

)

· Y (x)

=

∫

R+

γ(t)

∫

Ω

[

(∇jui∇luiY
l)j − Y · ∇(

|∇ui|2
2

) −∇jui∇luiY
l
j

]

+

∫

R+

γ(t)

∫

Ω

F (ui)

ε2i
divY

=

∫

R+

γ(t)

∫

Ω

(

1

2
|∇ui|2divY −∇jui∇luiY

l
j

)

+

∫

R+

γ(t)

∫

Ω

F (ui)

ε2i
divY.

Therefore
∫

R+

γ(t)

∫

Ω
δV i

t (Y ) = −
∫

R+

γ(t)

∫

Ω
〈Y · ∇ui, ∂tui〉

−
∫

R+

γ(t)

∫

{x∈Ω:|∇ui|(x,t)6=0}
2

(

∇jui∇luiY
j
l

|∇ui|2

)

F (ui)

ε2i
.
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By Lemma 8.21, we have

lim
i→∞

∫

Ω×R+

|γ(t)| |∇Y | F (ui)

ε2i
(x, t) = 0.

Therefore, by taking i into infinity, we have

∫

R+

γ(t)δVt(Y ) = lim
i→∞

∫

R+

γ(t)

∫

Ω
Y · 〈−∇ui, ∂tui〉

=

∫

R+

γ(t)

∫

Ω
〈Ht, Y 〉 dµtdt

so that for L1 a.e. t ∈ R+, δVt = Htµt. 2

For V ∈ V ∗
n−2(Ω) and x ∈ Ω, define

Θn−2(‖V ‖, x) ≡ lim
r→0

‖V ‖(Br(x))

α(n− 2)rn−2
, (9.17)

if the limit exists, where α(n− 2) = |Bn−2
1 | is the volume of the unit ball in R

n−2.

We now derive a monotonicity formula for V ∈ V ∗
l (Ω), with δV a Radon measure.

The same formula was shown by Allard [2] Theorem 5.1 for classical l-varifolds
V ∈ Vl(Ω).

Lemma 9.1.6 Suppose V ∈ V ∗
l (Ω) is such that ‖δV ‖ is a Radon measure on Ω.

Then, for any a ∈ supp(‖V ‖) and 0 < r < dist(a, ∂Ω),

d

dr

(

r−l‖V ‖(Br(a))
)

= r−l−2

∫

∂Br(a)
|S⊥(x)|2 dV (x, S)

−r−l−1 lim
ε↓0

δV (θε(|x|)x) (9.18)

where θε(|x|) ∈ C1
0 (Br(a)) converges to the characteristic function of Br(a) as ε ↓ 0,

|S⊥(x)|2 = |x|2 − |S(x)|2, and S(x) : R
n → S is the orthogonal projection.

Proof. The proof is exactly as same as [2] Theorem 5.1. For θε(|x|) as above, one
has

−δV (θε(|x|)x) =

∫

Br(a)×Al,n

θ′(|x|)
(

1 − |S⊥(x)|2
|x|

)

dV (x, S) + l‖V ‖(θε(|x|)).

This implies (9.18). 2

As a consequence, we can show that Θm−2(‖Vt‖, ·) exists for L1 a.e. t ∈ R+.

Corollary 9.1.7 Suppose that {Vt}t>0 is the family of generalized (n− 2) varifolds
obtained as above. Then, for L1 a.e. t ∈ R+, there exists a set Et ⊂ Ω, with
Hn−2(Et) = 0, such that Θn−2(‖Vt‖, x) exists for any x ∈ Ω \ Et.
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Proof. First by Fatou’s lemma and Lemma 9.1.5 we may assume that for L1 a.e.
t ∈ R+,

lim
i→∞

∫

Ω
|∂tui|2 <∞,

Ht ∈ L2
‖Vt‖(Ω,R

n), δVt = Ht‖Vt‖.
In particular,

‖δVt‖ (Br(a)) ≤ lim
i→∞

∫

Br(a)
|〈∂tui,∇ui〉|

≤ 2 (‖Vt‖(Br(a)))
1
2 lim

i→∞

(

∫

Br(a)
|∂tui|2

) 1
2

.

Hence Lemma 9.1.6 implies

d

dr

(

r2−n ‖Vt‖ (Br(a))
)

≥ r−n

∫

∂Br(a)
|S⊥(x)|2 dVt(x, S)

−2
(

r2−n‖Vt‖(Br(a))
)

1
2

(

lim
i→∞

r2−n

∫

Br(a)
|∂tui|2

)
1
2

≥ r−n

∫

∂Br(a)
|S⊥(x)|2 dVt(x, S) − r2−n ‖Vt‖ (Br(a))

−r2−n lim
i→∞

∫

Br(a)
|∂tui|2 .

This implies

d

dr

(

err2−n ‖Vt‖ (Br(a))
)

≥ r−n

∫

∂Br(a)

∣

∣

∣
S⊥(x)

∣

∣

∣

2
dVt(x, S)

−r2−n lim
i→∞

∫

Br(a)
|∂tui|2 . (9.19)

If we set

Et =

{

a ∈ Ω | lim inf
r→0

(

r2.5−n lim
i→∞

∫

Br(a)
|∂tui|2

)

≥ 1

}

then, for any a ∈ Ω \Et, there exists ra > 0 such that for any 0 < r ≤ ra

r2−n lim
i→∞

∫

Br(a)
|∂tui|2 ≤ 2r−

1
2 .

Therefore, integrating (9.19) between 0 < r1 ≤ r2 ≤ ra gives

(

er2r2−n
2 ‖Vt‖ (Br2(a)) +

√
r2
)

−
(

er1r2−n
1 ‖Vt‖ (Br1(a)) +

√
r1
)

≥
∫ r2

r1

r−n

∫

∂Br(a)

∣

∣

∣
S⊥(x)

∣

∣

∣

2
dVt(x, S). (9.20)
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This implies that Θn−2(‖Vt‖, a) exists for all a ∈ Ω \Et. By Vitali’s covering lemma
we have thatHn−2.5(Et) <∞ and henceHn−2(Et) = 0. This completes the proof. 2

Note that by Theorem 7.2.4, Σt has locally finite Hn−2-measure for any t > 0.
In fact we have

Lemma 9.1.8 For L1 a.e. t ∈ R+, there is Ft ⊂ Σt, with Hn−2(Ft) = 0, such that

Θn−2(‖Vt‖, x) ≥ ε20
2 for all x ∈ Σt \ Ft, with ε0 > 0 given by Lemma 8.2.3.

Proof. Define

G =

{

z ∈ Σ : lim
r↓0

lim
i→∞

(

r2−n

∫

Pr(z)
|∂tui|2

)

≥ ε50

}

and Gt = G ∩ {t}. (9.21)

Then, by Vitali’s covering lemma, we have Pn−2(G ∩ PR) < ∞ for any R > 0. In
particular, Pn(G) = 0. Therefore for L1 a.e t ∈ R+, Hn−2(Gt) = 0. Let Ft = Gt∪Et,
where Et is given by Lemma 9.1.7. Then we have Hn−2(Ft) = 0. For any a ∈ Σt\Ft,
there exists ra > 0 such that

lim
i→∞

r2−n

∫

Pr(a)
|∂tui|2 < ε50, ∀0 < r ≤ ra. (9.22)

Since a ∈ Σt, it follows from Theorem 7.2.4 that there is a sufficiently large K0 > 0
such that

lim
i→∞

r2−n

∫

B2K0r(a)
e(ui)(x, t− r2) ≥ ε20

2
for any r ∈ (0,

ra
2

].

On the other hand, Lemma 8.2.1 implies that for any 0 < r ≤ ra

2K0
,

∫

BK0r(a)
e(ui)(x, t) ≥

∫

B2K0r(a)
e(ui)(x, t− r2) −

∫

P2K0r(a)
|∂tui|2

−
(

(K0r)
−2

∫

P2K0r(a)
|∇ui|2

)
1
2
(

∫

P2K0r(a)
|∂tui|2

)
1
2

≥
∫

B2K0r(a)
e(ui)(x, t− r2) − Cε2.5

0 rn−2 ≥ ε20
4
rn−2,

where we have used the fact

r−n

∫

Pr(a)
|∇ui|2 ≤ C, for all 0 < r ≤ ra.

Thus we obtain that Θn−2(‖Vt‖, a) ≥ ε20
4 . 2

We are now ready to prove the slice rectifiability theorem.

Theorem 9.1.9 Under the same notations as above, for L1 a.e. t ∈ R+, Vtb(Σt ×
An−2,n) is a (n− 2)-rectifiable varifold, and Σt is a (n− 2)-rectifiable set.
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Proof. Of course one can appeal the deep rectifiability theorem by Preiss [154] or
modify the proof by Lin [123]. Here we give a generalized varifold approach similar
to [2], which is conceptually simple.

First note that Lemma 9.1.8 implies that for L1 a.e. t ∈ R+, there exists Ft ⊂ Σt,

with Hn−2(Ft) = 0, such that
ε20
4 ≤ Θn−2(‖Vt‖, x) < +∞ for any x ∈ Σt \ Gt. In

fact,

Ft ⊂
{

x ∈ Σt : lim inf
r↓0

r2.5−n lim
i→∞

∫

Br(x)
e(ui) ≥ 1

}

.

Hence Σ̂t = Σt \ Ft can be decomposed as Σ̂t = ∪∞
j=1Σ̂

j
t , where

Σ̂j
t =

⋂

0<r≤ 1
j

{

x ∈ Σ̂t : lim
i→∞

r2.5−n

∫

Br(x)
e(ui) ≤ 1

}

.

It suffices to show that for any j ≥ 1, Σ̂j
t is (n − 2)-rectifiable. For this, we may

assume that Hn−2(Σ̂j
t ) > 0.

Applying Lemma 9.1.6 to Σ̂j
t , we can conclude that for all a ∈ Σ̂j

t ,

Θn−2 (‖Vt‖, a, r) ≡ err2−n‖Vt‖(Br(a)) +
√
r (9.23)

is monotonically increasing for all 0 < r ≤ 1
j
. Therefore Θn−2(‖Vt‖, ·) is upper semi

continuous on Σ̂j
t . In particular, Θn−2(‖Vt‖, y) is Hn−2-approximate continuous at

Hn−2 a.e. x ∈ Σ̂j
t for y ∈ Σ̂j

t .
Note that if we represent Vt = Vx,t‖Vt‖, with Vx,t a probability measure on

An−2,n, then Vx,t is Hn−2-measurable with value in the space of probability measures
on An−2,n. Thus Vx,t is Hn−2-approximate continuous for Hn−2 a.e. x ∈ Σt (cf.

[55]). Therefore, for Hn−2 a.e. x0 ∈ Σ̂j
t , the following four properties hold:

Θ∗,n−2
(

Σ̂j
t , x0

)

= lim sup
r↓0

r2−nHn−2 (Σt ∩Br(x0)) ≥ 22−n (9.24)

Θn−2(u(t), x0) = lim
r↓0

r2−n

∫

Br(x0)
|∇u(t)|2 = 0, (9.25)

Θn−2(‖Vt‖, x) is Hn−2 − approximate continuous at x0 for x ∈ Σ̂j
t , (9.26)

Vx,t is Hn−2 − approximate continuous at x0 for x ∈ Σ̂j
t , (9.27)

lim
r↓0

∫

Br(x0) |Ht| d‖Vt‖
rn−2

= |Ht(x0)|Θn−2 (‖Vt‖, x0) < +∞. (9.28)

With (9.23), (9.24), (9.25) and (9.26) at hand, we can easily modify the proof
of Lemma 4.2.6 without any difficulty to prove Lemma 8.5.1. More precisely, that
there exist s = s(n) ∈ (0, 1

2 ) and 0 < r0 <
1
j

such that for any 0 < r ≤ r0, there

exist (n− 2)-points {x1, · · · , xn−2} ⊂ Σ̂j
t ∩Br(x0) and ε(r) ↓ 0, as r ↓ 0, such that

(i) Θn−2(‖Vt‖, xj) ≥ Θn−2(Vt, xj) − ε(r) for 1 ≤ j ≤ n− 2.
(ii) |x1 − x0| ≥ sr and for k ∈ {2, · · · , n− 2},

dist(xk, x0 + Vk−1) ≥ sr, Vk−1 = span{x1 − x0, · · · , xk−1 − x0}.
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For ri ↓ 0 we can now show that after taking subsequence,

Dx0,ri
(Vt) → Vx0,tH

n−2bT (9.29)

for some (n− 2)-plane T ⊂ R
n. Next we want to show that T is independent of the

choice of ri ↓ 0. In fact, by (9.28) we can easily get

lim
i→∞

‖δ(Dx0 ,ri
(Vx,t))‖ = lim

r→∞
r3−n
i (Dx0,ri

)# ‖δVx,t‖ = 0.

Therefore

δ
(

Vx0,tH
n−2bT

)

= 0

so that the constancy theorem for varifolds (see [189]) gives that Vx0,t = δT and

hence T is unique. Hence Σ̂j
t is (n − 2)-rectifiable for all j ≥ 1. Therefore both Σt

and Vtb(Σt ×An−2,n) are (n− 2)-rectifiable. 2

To conclude this section, we deduce some consequences of the above theorem to
the steady states of heat flow of harmonic maps and Ginzburg-Landau heat flows.
Let us first consider the Ginzburg-Landau equation, which can be viewed as the
continuation of Example 9.1.4.

Corollary 9.1.10 Under the same assumptions as in the Example 9.1.4, there exist
a closed (n− 2)-rectifiable set Σ ⊂ Ω and a Hn−2-measurable function ε20 ≤ θ < ∞
in Ω such that

(i) ν(x) = θ(x)Hn−2LΣ for Hn−2 a.e. x ∈ Σ, and

Vui
→ V ≡ Vu + V (Σ, θ) (9.30)

as convergences of on V ∗
n−2(Ω), where

V (Σ, θ) = δTxΣθH
n−2bΣ.

Moreover, V is stationary in the sense that for any Y ∈ C 1
0 (Ω,Rn),

∫

Ω





1

2
|∇u|2div(Y ) −

∑

1≤ij≤n

uiujY
j
i



+

∫

Σ
divΣ(Y )θ dHn−2 = 0. (9.31)

(ii) If, in additions, N = SL−1, then

θ(x) =
lx
∑

i=1

E(φj , S
2) for Hn−2 a.e. x ∈ Σ, (9.32)

where 1 ≤ lx <∞ and φj : S2 → SL−1 are harmonic S2’s for 1 ≤ j ≤ lx.

(iii) Furthermore, if N = S2 then θ(x) = 4πnx for some positive integer nx, for
Hn−2 a.e. x ∈ Σ. In particular, 1

4π
V (Σ, θ) is an integral (n− 2)-varifold.
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Proof. First note that by the static version of the discussion of §8.5 (see also Lin-
Wang [134]) that the concentration set Σ of {ui} is given by

Σ =
{

x ∈ Ω | ε20 ≤ Θn−2(‖V ‖, x) <∞
}

=
{

x ∈ Ω | Θn−2(‖V ‖, x) > 0
}

.

Moreover, as in Example 9.1.4 we have δV = 0 and theorem 9.1.9 then implies

V b
{

(x,A) | Θn−2(‖V ‖, x) > 0, A ∈ An−2,n

}

= δTxΣΘn−2(‖V ‖, x)Hn−2bΣ

is a (n−2)-rectifiable varifold. In particular, Σ is a (n−2)-rectifiable set. Moreover,
since ui → u in C1

loc(Ω \ Σ,RL), we have

V b(Ω \ Σ) ×An−2,n =
1

2
δA(u)|∇u|2(x) dx.

Therefore we obtain (9.31).
The conclusion of (ii) follows from Lin-Wang [135] Theorem B.
(iii) follows from (ii) and the fact that any nontrivial harmonic map from S 2 to S2

has energy equal to 4πk for some positive integer k. 2

Recall from §3 that if u ∈ H1(Ω, N) a stationary harmonic map then

∫

Ω



|∇u|2div(X) − 2
∑

1≤ij≤n

uiujX
i
j



 = 0, ∀X ∈ C1
0 (Ω,Rn). (9.33)

By applying the quantization theorem by Lin-Riviere [131], we obtain

Corollary 9.1.11 Let {ui} ⊂ H1(Ω, N) be stationary harmonic maps. Assume that
ui → u weakly in H1(Ω, N), 1

2 |∇ui|2(x) dx→ 1
2 |∇u|2(x) dx+ν for some nonnegative

Radon measure ν on Ω, and Vui
→ V for some V ∈ V ∗

n−2(Ω) on V ∗
n−2(Ω). Then

(i) there exist a (n− 2)-rectifiable close set Σ ⊂ Ω and a Hn−2 measurable function
ε20 ≤ θ <∞ on Ω such that ν = θHn−2bΣ.
(ii) V = Vu + V (Σ, θ) is stationary in the sense that for any Y ∈ C 1

0 (Ω,Rn),

∫

Ω





1

2
|∇u|2div(Y ) −

∑

1≤ij≤n

uiujY
j
i



+

∫

Σ
divΣ(Y ) θ dHn−2 = 0. (9.34)

(iii) If, in additions, N = SL−1, then θ(x) =
∑lx

i=1 E(φj , S
2) for Hn−2 a.e. x ∈ Σ,

where 1 ≤ lx < ∞ and φj : S2 → SL−1 are bubbles. Furthermore, if L = 3 then
θ(x) = 4πnx for some positive integer nx, for Hn−2 a.e. x ∈ Σ. In particular,
1
4π
V (Σ, θ) is an integral (n− 2)-varifold.

Remark 9.1.12 (9.34) was previously known for stationary solutions in the context
of relaxed energies of harmonic maps by Brezis-Bethuel-Coron [14], and of Catersian
currents of mappings into spheres by Giaquinta-Modica-Souček [69]. For stationary
harmonic maps, (9.34) has previously been proved by Li-Tian [138] by a different
method.
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9.2 Generalized varifold flows and Brakke’s motion

In this section, we will prove that the limiting pair (u, νt dt) satisfies a generalized
varifold flow, to be defined below. The generalized varifold flow implies that {νt}t≥0

is a Brakke flow of (n− 2)-rectifiable varifolds, if u is a suitable weak solution to the
heat flow of harmonic maps (8.2) such that the equality of the energy inequality(8.74)
holds. Note that a similar notion of suitable weak solutions of the Navies-Stokes
equations in R

3 was introduced by Cafferalli-Kohn-Nirenberg [21] (cf. also Lin [126]).

We first apply Theorem 9.1.9 to present Vt for L1 a.e. t ∈ R+.

Lemma 9.2.1 For L1 a.e. t ∈ R+, we have

Vt =
1

2
δA(u(·,t)) |∇u(t)|2 dx+ V

(

Σt,Θ
n−2(‖Vt‖, ·)

)

. (9.35)

Proof. It follows from the proof of Theorem 9.1.9 that for L1 a.e. t ∈ R+, δVt =
Ht‖Vt‖, Ht ∈ L2

‖Vt‖(Ω,R
n), and ε20 ≤ Θn−2(‖Vt‖, x) < ∞ for Hn−2 a.e. x ∈ Σt,

Vtb(Σt ×An−2,n) is a (n− 2)-varifold and

VtbΣt = δTxΣtΘ
n−2(‖Vt‖, x)Hn−2bΣt(≡ V

(

Σt,Θ
n−2 (‖Vt‖, ·)

)

.

Since ui → u in C1
loc(Ω \ Σt,R

L) and Vui(·,t) → Vu(·,t) on Ω \ Σt, we have

Vtb(Ω \ Σt) =
1

2
δA(u(·,t)) |∇u(t)|2 dx.

Combining these two together yields (9.35). 2

The next lemma shows that Ht(x) ∈ (TxΣt)
⊥ .

Lemma 9.2.2 For L1 a.e. t > 0, we have

Ht(x) ⊥ TxΣt for Hn−2 a.e. x ∈ Σt. (9.36)

Proof. This can be proved by the Young measure method. Let M nL denote the set
of n× L matrices and consider Radon measures Wi on Ω × R+ ×MnL defined by

Wi(x, t, A) = δ ∇ui
|∇ui|

(x,t)
(A)e(ui)(x, t) dxdt.

Define φ : MnL → An−2,n by φ(A) = In − 2AtA. Then we have that φ#(Wi) = Vui
,

where Vui
is defined by (9.9). Since Vui

→ V = Vx,tµt dt and Wi → W = Wx,tµt dt
for two probability measures Vx,t on An−2,n and Wx,t on MnL, Vx,t = φ#(Wx,t).
On the other hand, Lemma 9.2.1 implies that for L1 a.e. t ∈ R+, Vx,t = δTxΣt for
x ∈ Σt. Hence we have that for Hn−2 a.e. x ∈ Σt,

∫

MnL

(In − 2AtA) dWx,t(A) =

∫

An−2,n

AdVx,t(A) = TxΣt.
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This implies that for any unit vector e ∈ TxΣt,

1 = 〈e, e〉 =

〈

e,

∫

MnL

(In − 2AtA)(e) dWx,t(A)

〉

= 1 − 2

∫

MnL

|A(e)|2 dWx,t(A).

Hence for Hn−2 a.e. x ∈ Σt, |A(e)| = 0 for Wx,t a.e. A ∈MnL. Therefore for Hn−2

a.e. x ∈ Σt,

supp(Wx,t) ⊂ E(A) ≡
{

A = (A1, · · · , AL)t | span{A1, · · · , AL} ⊂ (TxΣt)
⊥
}

.

Note also that if we define Zi = δ ∇ui
|∇ui|

〈∂tui,∇ui〉 dxdt, then Zi is absolutely con-

tinuous with respect to Wi. Assume that Zi → Z on Ω × R+ ×MnL. Then Z
is absolutely continuous with respect to W and hence there exists a vector valued
function Zx,t on MnL such that Z = Zx,tWx,tµt dt. Since

(

π(x,t)

)

#
Zi = 〈∂tui∇ui〉 dxdt→ −Ht(x)µt dt,

we have

−Ht(x) =

∫

MnL

Zx,t(A) dWx,t(A).

We now claim that forHn−2 a.e. x ∈ Σt, Zx,t(A) ∈ supp(Wx,t), which clearly implies
Ht(x) ∈ (TxΣt)

⊥. To see this, observe that 〈∂tui,∇ui〉 ∈ E( ∇ui

|∇ui|) and hence

∫

MnL

dist

(

A,
dZi

d‖Zi‖

)

d‖Zi‖(A) = 0,

Taking i into ∞, this and the lower semicontinuity imply
∫

MnL

dist

(

A,
dZ

d‖Z‖

)

d‖Z‖ = 0.

Hence for Wx,t a.e. A ∈MnL, Zx,t(A) ∈ supp(Wx,t). 2

Now we prove an energy inequality for the limiting map u and Radon measures
ν, η.

Proposition 9.2.3 Under the same notations as above, we have, for any 0 < t1 <
t2 <∞ and φ ∈ C1

0 (Ω,R+),
[∫

Ω

1

2
φ(x)|∇u|2(x, t2) + νt2(φ)

]

−
[∫

Ω

1

2
φ(x)|∇u|2(x, t1) + νt1(φ)

]

≤ −
∫

Ω×[t1,t2]

(

|∂tu|2φ+ ∇φ〈∂tu,∇u〉
)

−
∫

Σ
t2
t1

(

φdη − 〈(Tx(Σt))
⊥∇φ,Ht〉 d‖Vt‖ dt

)

, (9.37)

where νt(φ) =
∫

Ω φ(x) dνt(x), Σt2
t1

= Σ ∩ (Rn × [t1, t2]), and (TxΣt)
⊥ denotes the

normal space of Σt at x.
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Proof. By taking i into infinity in (8.74) for ui, we get

[∫

Ω

1

2
φ(x)|∇u|2(x, t2) + νt2(φ)

]

−
[∫

Ω

1

2
φ(x)|∇u|2(x, t1) + νt1(φ)

]

= −
∫

Ω×[t1,t2]
φ|∂tu|2 −

∫

Σ
t2
t1

φdη +

∫

Ω×[t1,t2]
〈∇φ,Ht〉 d‖Vt‖ dt. (9.38)

Sine 〈∂tui,∇ui〉 → 〈∂tu,∇u〉 strongly in L2
loc(Ω × R+ \ Σ), we have Ht dµt =

−〈∂tu,∇u〉 dx on Ω × R+ \ Σ. Therefore we have

∫

Ω×[t1,t2]
〈∇φ,Ht〉 d‖Vt‖ dt = −

∫

Ω×[t1,t2]
〈∇φ∂tu,∇u〉 +

∫

Σ
t2
t1

〈∇φ,Ht〉 dµt

= −
∫

Ω×[t1,t2]
〈∇φ∂tu,∇u〉

+

∫

Σ
t2
t1

〈

(TxΣt)
⊥∇φ,Ht

〉

dµt.

This gives (9.37). 2

As a consequence, we have

Corollary 9.2.4 Under the same notations as above, we have for any 0 < t1 <
t2 <∞ and φ ∈ C1

0 (Ω,R+),

[∫

Ω

1

2
φ(x)|∇u|2(x, t2) + νt2(φ)

]

−
[∫

Ω

1

2
φ(x)|∇u|2(x, t1) − νt1(φ)

]

≤ −
∫

Ω×[t1,t2]

(

|∂tu|2φ+ 〈∇φ∂tu,∇u〉
)

−
∫

Σ
t2
t1

(

1

2
|Ht|2φ− 〈(Tx(Σt))

⊥∇φ,Ht〉
)

d‖Vt‖ dt. (9.39)

Proof. It suffices to prove

∫

Σ
t2
t1

φdη ≥ 1

2

∫

Σ
t2
t1

|Ht|2φdνt dt. (9.40)

To see it, note that for Pn a.e. z0 = (x0, t0) ∈ Σ, by Cauchy-Schwarz inequality we
have

|Ht0(x0)|2 ≤ lim
r↓0

lim
i→∞

(

|
∫

Pr(z0)〈∂tui,∇ui〉|
∫

Pr(z0)
e(ui)

)2

≤ 2 lim
r↓0

lim
i↓∞

∫

Pr(z0) |∂tui|2
∫

Pr(z0) e(ui)
.
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Hence

|Ht0(x0)|2 dµ(z0) ≤ 2 lim
r↓0

lim
i→∞

∫

Pr(z0)
|∂tui|2

= 2 lim
r→0

(

∫

Pr(z0)
|∂tu|2 + η(Pr(z0))

)

≤ 2 dη(z0).

This gives (9.39). 2

We now introduce the notion of generalized varifold flow for a pair (v, ηt dt).

Definition 9.2.5 For v ∈ H1
loc(Ω × R+, N) ∩ L∞(R+,H

1(Ω, N)) and a family of
nonnegative Radon measures {ηt}t≥0 in Ω, we say that (v, ηt dt) is a generalized
varifold flow, if the following holds:

(i) v is a weak solution of (8.2).

(ii) For L1 a.e. t ∈ R+, ηt = ‖Vt‖ for some (n− 2) rectifiable varifold Vt ∈ Vn−2(Ω),
δVt = Ht‖Vt‖, and Ht ∈ L2

‖Vt‖(Ω,R
n).

(iii) For any 0 ≤ s ≤ t <∞ and φ ∈ C1
0 (Ω,R+), we have

[∫

Ω

1

2
|∇v|2(x, t)φ(x) + ηt(φ)

]

−
[∫

Ω

1

2
|∇v|2(x, s)φ(x) + ηs(φ)

]

≤ −
∫ t

s

∫

Ω

(

|∂tv|2φ+ 〈∇φ∂tv,∇v〉
)

−
∫ t

s

∫

At

(

φ(x) |Ht(x)|2 −
〈

(TxAt)
⊥∇φ,Ht(x)

〉)

dηt dt, (9.41)

where At = supp(ηt).

One of the main theorems of this section is that the limiting pair (u, νt dt) is a
generalized varifold flow.

Theorem 9.2.6 Under the same assumption and notations and as above, the lim-
iting pair (u, νt dt) is a generalized varifold flow.

Proof. Comparing (9.39) and (9.2.5), it suffices to improve the 1
2 factor in front

∫ t

s

∫

Σt
φ(x)|Ht(x)|2 of (9.39) to 1. More precisely, we need to prove

Lemma 9.2.7 Under the same assumptions and notations as above, we have

∫

Σs
t

φ(x) |Ht(x)|2 dνt(x) dt ≤
∫

Σs
t

φ(x) dη(x, t) (9.42)

for any 0 < t ≤ s <∞ and φ ∈ C1
0 (Ω,R+).

Before proving (9.42), we would like to remark that (9.42) also follows from
the energy quantization Theorem 9.3.1 below, which, however, is only proved for
N = SL−1 at the moment. Here we present a proof that is valid for any N .
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Lemma 9.2.8 For Pn a.e. z = (x, t) ∈ Σ, we have

lim
r↓0

lim
i→∞

r−n

∫

Pr(z)

(

|∇xui|2 − |∇yui|2
)

= 0, (9.43)

and

lim
r↓0

lim
i→∞

r−n

∫

Pr(z)
〈∇xui∇yui〉 = 0, (9.44)

where (x, y) denotes a coordinate of (TxΣt)
⊥ ∼ R

2.

Proof. Note first that from the proof of Theorem 9.3.1 below, we have that for Pn

a.e. z0 = (x0, t0) ∈ Σ,

lim
r↓0

lim
i→∞

r−n

∫

Pr(z0)
e(ui) = Θn−2 (‖Vt0‖, x0) (9.45)

lim
r↓0

r2−n

∫

Pr(z0)
|∂tui|2 = 0 (9.46)

lim
r↓0

r−n

∫

Pr(z0)

(

r2|∂tu|2 + |∇u|2
)

= 0 (9.47)

lim
r↓0

lim
i→∞

r−n

∫

Pr(z0)
|∇zui|2 = 0 (9.48)

where z ∈ Tx0(Σt0) ∼ R
n−2(⊂ R

n).
For such a z0 = (x0, t0), write R

n = {X = (x, y, z) | (x, y) ∈ R
2, z ∈ R

n−2}. For
ri ↓ 0, let vi(x, t) = ui(x0 + rix, t0 + r2i t) : P2 → R

L. Then vi solves (9.12), with εi
replaced by εi = εi

ri
(↓ 0), and

vi(X, t) → constant in C1
loc(R

n+1 \ R
n−2 × R,RL)

e(vi)(X, t) dXdt → Θn−2 (‖Vt0‖, x0) (Hn−2bRn−2) × (L1bR) (9.49)
(

|∇xvi|2 − |∇yvi|2
)

(X, t) dXdt → α(z, t)Hn−2bRn−2 × L1bR, (9.50)

〈∇xvi,∇yvi〉 (X, t) dXdt → β(z, t)Hn−2bRn−2 × L1bR (9.51)

as convergence of Radon measures on P2, for some measurable functions α and β on
R

n−2 × R. Observe that (9.43) and (9.44) are equivalent to
∫

Bn−2
1 ×(−1,1)

α(z, t) dzdt =

∫

Bn−2
1 ×(−1,1)

β(z, t) dzdt = 0. (9.52)

In order to prove (9.52), we recall the Pohozaev identity for vi. For X ∈ C1
0 (Bn

2 ,R
n),

multiplying the equation of vi by X · ∇vi and integrating it by parts gives

∫

P2

〈∂tvi,∇vi ·X〉 =

∫

P2



e(vi)div(X) −
∑

k,j

〈∇kvi,∇jvi〉Xj
k



 . (9.53)

By (9.46) we have

lim
i→∞

∫

P2

〈∂tvi,∇vi ·X〉 = 0
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so that Lemma 8.21 implies
∫

P2

e(vi)div(X) =

∫

P2

1

2
|∇vi|2 div(X) +O(1).

This, combined with (9.48), implies
∫

P2(0)

1

2

(

|vi,x|2 + |vi,y|2
)

(X1
x +X2

y )

=

∫

P2(0)

(

|vi,x|2X1
x + |vi,y|2X2

y

)

+ 〈vi,x, vi,y〉
(

X2
x +X1

y

)

+O(1). (9.54)

In particular, we have
∫

P2(0)

(

|vi,x|2 − |vi,y|2
) (

X2
y −X1

x

)

− 2

∫

P2(0)
〈vi,x, vi,y〉

(

X2
x +X1

y

)

= O(1). (9.55)

Therefore we get
∫

Bn−2
2 ×(−4,4)

(

α(z, t)
(

X2
y −X1

x

)

− 2β(z, t)
(

X2
x +X1

y

))

= 0 (9.56)

for any X1 and X2 ∈ C1
0 (Bn

2 ).
Now choosing X1(x, y, z) = xφ(x, y, z) and X2 = 0 for a suitable cut-off function

φ ∈ C1
0 (Bn

2 ), we obtain
∫

Bn−2
1 ×(−1,1)

α(z, t) dzdt = 0.

Similarly, choosing X2(x, y, z) = yφ(x, y, z) and X1 = 0 gives
∫

Bn−2
1 ×(−1,1)

β(z, t) dzdt = 0.

This proves (9.43) and (9.44). 2

Proof of Lemma 9.42:
Note that Lemma 9.2.8 guarantees that for Pn a.e. z0 = (x0, t0) ∈ Σ,

∫

Pr(z0)
|fi|2 =

∫

Pr(z0)
|gi|2 = 1 +O(r, i−1),

∫

Pr(z0)
〈fi, gi〉 = O(r, i−1), (9.57)

where

fi =

√
2ui,x

(

∫

Pr(z0)(|ui,x|2 + |ui,y|2)
) 1

2

, gi =

√
2ui,y

(

∫

Pr(z0)
(|ui,x|2 + |ui,y|2)

) 1
2

.

Therefore, applying the Parseval’s inequality, we have

lim
r↓0

lim
i→∞

∫

Pr(z0)
|∂tui|2 ≥ lim

r↓0
lim
i→∞

[

(

∫

Pr(z0)
〈∂tui, fi〉)2 + (

∫

Pr(z0)
〈∂tui, gi〉)2

]

.
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Substituting fi and gi into this inequality and using the fact that

lim
r↓0

lim
i→∞

r−n

∫

Pr(z0)
|∇zui|2 = 0,

we have

lim
r↓0

lim
i→∞

(
∫

Pr(z0)〈∂tui,∇ui〉)2
∫

Pr(z0) |∇ui|2
≤ 1

2
lim
r↓0

lim
i→∞

∫

Pr(z0)
|∂tui|2. (9.58)

On the other hand, we have that for Pn a.e. z0 = (x0, t0) ∈ Σ,

|Ht0(x0)|2 dµt(z0) ≤ lim
r↓0

lim
i→∞

2
|
∫

Pr(z0)〈∂tui,∇ui〉|2
∫

Pr(z0)
|∇ui|2

.

Therefore we have

|Ht0(x0)|2 dµ(x0, t0) ≤ lim
r↓0

lim
i↓∞

∫

Pr(z0)
|∂tui|2 dxdt

= lim
r↓0

∫

Pr(z0)
|∂tui|2 + η(Pr(z0)) = lim

r↓0
η(Pr(z0)).

This clearly implies
∫

Σs
t

φ(x)|Ht(x)|2 dµt(x) dt ≤
∫

Σs
t

φ(x) dη(x, t), ∀φ ∈ C1
0 (Ω,R+).

This completes the proof. 2

We now introduce the notion of a suitable weak solution of the heat equation of
harmonic maps.

Definition 9.2.9 A map u ∈ H1
loc(Ω × R+, N) ∩ L∞(R+,H

1(Ω, N)) is a suitable
weak solution (8.2) if
(1) It is a weak solution of (8.2).
(2) It satisfies the energy equality: for any 0 ≤ t1 < t2 <∞ and φ ∈ C1

0(Ω,R+),
∫

Ω

1

2
|∇u|2 (x, t2)φ(x) −

∫

Ω

1

2
|∇u|2 (x, t1)φ(x)

= −
∫ t2

t1

∫

Ω

(

|∂tu|2φ+ 〈∇φ · ∂tu,∇u〉
)

. (9.59)

It is easy to check that any smooth heat flow of harmonic map is a suitable weak
solution to the heat flow of harmonic maps.

A direct consequence of Theorem 9.2.6 is

Corollary 9.2.10 Under the same assumptions as in Theorem 9.2.6. If, in addi-
tions, the limiting map u ∈ H1

loc(Ω×R+, N) is a suitable weak solution of (8.2), then
the defect measure {νt}t≥0 satisfies: for any 0 ≤ s ≤ t <∞ and φ ∈ C1

0 (Ω, R+),

νt(φ) − νs(φ) ≤ −
∫ t

s

∫

Σt

(

φ|Ht|2 − 〈(TxΣt)
⊥∇φ,Ht〉

)

dνt(x) dt. (9.60)
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Next we want to show that (9.60) implies that {νt}t≥0 is a Brakke flow. First,
let us recall the definition of Brakke’s flow by Ilmanen [99], which is slightly stronger
than the one by Brakke [15].

Definition 9.2.11 For a Radon measure ν in Ω and φ ∈ C 2
0 (Ω,R+), set

B(ν, φ) = −
∫

Ω

(

φ|H|2 − 〈(Txν)
⊥∇φ,H〉

)

dν

provided that the following three conditions hold:

(i) ν = ‖V ‖ in {φ > 0} for some V ∈ RVn−2(Ω), the set of (n − 2)-rectifiable
varifolds.

(ii) δV = H‖V ‖ in {φ > 0}.
(iii) H ∈ L2

‖V ‖({φ > 0},Rn).

Otherwise, we set B(ν, φ) = −∞.

Definition 9.2.12 We say that a family of Radon measures {µt}t≥0 in Ω is a Brakke
flow, if

∇tµt(φ) ≡ lim sup
s→t

µs(φ) − µt(φ)

s− t
≤ B(µt, φ) (9.61)

for all t ≥ 0 and φ ∈ C2
0 (Ω,R+).

We now have our last theorem of this section.

Theorem 9.2.13 Under the same assumption as Theorem 9.2.6, if, in additions,
u ∈ H1

loc(Ω × R+, N) is a suitable weak solution to the heat flow of harmonic maps
then {νt}t≥0 is a Brakke flow.

Proof. First it follows from the previous section that for L1 a.e. t ∈ R+, we have

(a) νt = ‖Vt‖ for some Vt ∈ RVn−2(Ω),

(b) Θn−2(‖Vt‖, x) ≥ ε20
4 for Hn−2 a.e. x ∈ Σt,

(c) δVt = Ht‖Vt‖ with Ht ∈ L2
‖Vt‖(Ω, R

m),

(d) Ht(x) ⊥ Tx‖Vt‖ for Hn−2 a.e. x ∈ Σt.

Now we argue that (a)-(d) and (9.60) are sufficient to show (9.61) for {νt}t≥0. To
see it, let us check the upper right derivative ∇+ of νt for t ≥ 0, the proof for lower
right derivative is similar for t > 0. Let

L = lim sup
s↓t

(

− 1

s− t

∫ s

t

∫

Ω

(

φ|Ht|2 − 〈∇φ,Ht〉
)

dνt dt

)

.

Note that (9.60) implies L ≥ ∇+νt(φ). If L = −∞, then ∇+νt(φ) = −∞ so that
(9.61) holds trivially. Hence we may assume that L > −∞ and ∇+νt(φ) > −∞.
Let si ↓ t be such that

lim
i→∞

(

− 1

si − t

∫ si

t

∫

Ω

(

φ|Ht|2 − 〈∇φ,Ht〉
)

dνt dt

)

= L (9.62)
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and ti ∈ (t, si) be such that (a)-(d) hold at ti, and

∫

Ω

(

φ|Hti |2 − 〈(TxΣti)
⊥∇φ,Hti〉

)

dνti ≤ −L+O(1). (9.63)

By the compactness theorem of Allard [2], we may assume that Vti → V in {φ >
0} × Gn−2,n for some V ∈ RVn−2(Ω). Moreover, by the result of Ilmanen [99] we
have that ‖V ‖ = νt. There exists H ∈ L2

‖V ‖(Ω,R
n) such that δV = H‖V ‖ = Hνt

and

∫

Ω

(

φ|H|2 − 〈TxΣt,H〉
)

dνt

≤ lim inf
i→∞

∫

Ω

(

φ|Hti |2 − 〈(TxΣti)
⊥∇φ,Hti〉

)

dνti = −L.

Therefore

∇+νt(φ) ≤ L ≤ −
∫

Ω

(

φ|H|2 − 〈TxΣt,H〉
)

dνt = B (νt, φ) .

This completes the proof 2

To conclude this section, we add another remark.

Remark 9.2.14 (1) It follows from Ambrosio-Soner [8], Proposition 5.3, that the
Brakke flow is also a distance solution to the mean curvature flow. Therefore, under
the condition that u is a suitable weak solution to the heat flow of harmonic maps,
Theorem 9.2.6 implies that {νt}t≥0 is a distance solution to the mean curvature flow.

(2) Under the assumption that u is a suitable weak solution to the heat flow of
harmonic maps, if ν0 = αHn−2bΓ0 for some α > 0 and a closed (n− 2)-dimensional
Riemannian manifold Γ0 and {Γt}t∈[0,T ) is the smooth mean curvature flow, then
there exists a non increasing function α : [0, T ) → [0, α] such that νt = α(t)Hn−2bΓt

for t ∈ [0, T ).

9.3 Energy quantization of the defect measure

Throughout this section, we assume that N = SL−1 ⊂ R
L and n ≥ 3. We will

show that for Pn a.e. z0 = (x0, t0) ∈ Σ, the density function Θn−2(‖Vt0‖, x0) is the
finite sum of energies of harmonic S2’s. In the static case, this type of quantization
result was first obtained by Lin-Riviereé [131] for stationary harmonic maps, and
by Lin-Wang [135] for the static Ginzburg-Landau equations. Here we discuss the
parabolic version of [131] and [135].

To better illustrate the analytic techniques, we consider the Ginzburg-Landau
heat flows (the corresponding result for the heat flow of harmonic maps will be
remarked in next section).

The main theorem of this section is
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Theorem 9.3.1 For Pn a.e. z0 = (x0, t0) ∈ Σ,

Θn−2 (‖Vt0‖, x0) =

lz0
∑

i=1

E
(

φi, S
2
)

(9.64)

for some 1 ≤ lz0 <∞, where φi : S2 → SL−1 (1 ≤ i ≤ lz0) are bubbles.

Proof. Let us first collect all the necessary facts we need, which can be found in §8.5
and [134]. More precisely, for L1 a.e t0 ∈ R+,

lim
i→∞

∫

Ω
|∂tui(t0)|2 < ∞, (9.65)

lim
r↓0

lim
i→∞

r2−n

∫

Br(x)
|∂tui(t0)|2 < ∞,Hn−2 a.e.x ∈ Σt0 , (9.66)

and for Hn−2 a.e. x0 ∈ Σt0 ,

ε20 ≤ Θn−2 (‖Vt0‖, x0) <∞, (9.67)

lim
r↓0

lim
i→∞

(

r2−n

∫

Pr(z0)
|∂tui|2

)

= 0, (9.68)

Θn(µ, z) is Pn-approximate continuous on at z0 = (x0, t0) for z ∈ Σt0 , (9.69)

lim
r↓0

lim
i→∞

r−n

∫

Pr(z0)
|∇Tui|2 = 0, ∀T ∈ Tx0Σt0 , (9.70)

lim
r↓0

r−n

∫

Pr(z0)

(

|∇u|2 + r2|∂tu|2
)

= 0, (9.71)

Θn−2 (‖Vt0‖, x0) is Hn−2-approximate continuous at x0. (9.72)

Let z0 = (x0, t0) ∈ Σ be such that all of (9.65)–(9.72) hold. Assume Tx0Σt0 =
{(0, 0)} × R

n−2 = {(0, 0, Y ) : Y ∈ R
n−2} and write x = (X,Y ) ∈ R

2 × R
n−2 for

x ∈ R
n.

For any ri ↓ 0, define vi : P2 → R
L by vi(x, t) = ui(x0 + rix, t0 + r2i t). Then we have

lim
n→∞

∫

P1(0)

(

|∇Y vi|2 + |∂tvi|2
)

= 0, (9.73)

vi → constant weakly, but not strongly in H1(P2,R
L),

and

e(vi)(X,Y, t)dXdY dt→ νt dt

as convergence of Radon measures on P2.
As in §8.5 or [135], we have
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Claim 1. νt dt = Θn−2(‖Vt0‖, x0)H
n−2bRn−2 × L1bR on P1.

To see this, let φ ∈ C1
0 (B2

1) and define fi, gi, hi : R
n−2 × R → R+ by

fi(Y, t) =

∫

B2
1

e(vi) (X,Y, t) φ(X) dX, gi(Y, t) =

∫

B2
1

|∂tvi|2 (X,Y, t) dX

and

hi(Y, t) =

∫

B2
1

|∇Y vi|2 (X,Y, t) dX.

Then (9.73) implies

lim
i→∞

∫

Bn−2
1 ×(−1,1)

(gi + hi) (Y, t) dY dt = 0. (9.74)

For 1 ≤ j ≤ n− 2, Yj and t-derivative of fi are

∂fi

∂Yj

=

∫

B2
1

(

〈∇Xvi,∇2
XYj

vi〉 −
1

ε2i
f(vi) · ∇Yj

vi

)

φ+

∫

B2
1

〈

∇Yl
vi,∇2

YlYj
vi

〉

φ

= −
∫

B2
1

φ

(

∆Xvi +
1

ε2i
f(vi)

)

∇Yj
vi

−
∫

B2
1

∇Xφ ·
〈

∇Xvi,∇Yj
vi

〉

+

∫

B2
1

〈

∇Yl
vi,∇2

YlYj
vi

〉

φ

= −
∫

B2
1

φ
〈

∂tvi,∇Yj
vi

〉

−
∫

B2
1

∇Xφ
〈

∇Xvi,∇Yj
vi

〉

+
∂

∂Yl

∫

B2
1

φ
〈

∇Yl
vi,∇Yj

vi

〉

= f1,j
i + div(Y,t)(f

2,j
i ) (9.75)

where

f1,j
i (Y, t) = −

∫

B2
1

(

∇Xφ · 〈∇Xvi,∇Yj
vi〉 + φ〈∂tvi,∇Yj

vi〉
)

,

f2,j
i (Y, t) =

(

∫

B2
1

φ〈∇Y1vi,∇Yj
vi〉, · · · ,

∫

B2
1

φ〈∇Yn−2vi,∇Yj
vi〉, 0

)

.

∂fi

∂t
= −

∫

B2
1

〈

∆Xvi +
1

ε2i
f(vi), ∂tvi

〉

φ

−
∫

B2
1

∇Xφ〈∇Xvi, ∂tvi〉 +

∫

B2
2

φ〈∇Yi
vi,∇Yi

(∂tvi)〉

= −
∫

B2
1

|∂tvi|2φ−
∫

B2
1

〈∇Xvi,∇Xφ · ∂tvi〉 +
∂

∂Yi

∫

B2
1

φ〈∇Yi
vi, ∂tvi〉

= g1
i + div(Y,t)(g

2
i ), (9.76)

where

g1
i (Y, t) = −

∫

B2
1

(

|∂tvi|2 φ+ 〈∇Xvi,∇Xφ · ∂tvi〉
)

,
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g2
i (Y, t) =

(

∫

B2
1

φ〈∇Y1vi, ∂tvi〉, · · · ,
∫

B2
1

φ〈∇Yn−2vi, ∂tvi〉, 0
)

.

Note that (9.74) implies

lim
i→∞

2
∑

j=1

(

∥

∥

∥f
j
i

∥

∥

∥

L1(Bn−2
1 ×(−1,1))

+
∥

∥

∥g
j
i

∥

∥

∥

L1(Bn−2
1 ×(−1,1))

)

= 0. (9.77)

By (9.75), (9.76) and (9.77), we can apply the Allard’s strong constancy Lemma
4.2.10 as in §4 and §8.5 to prove Claim 1. Moreover, we have

lim
i→∞

∥

∥fi(Y, t) − Θn−2 (‖Vt0‖, x0)
∥

∥

L1(Bn−2
1 ×(−1,1))

= 0. (9.78)

Therefore for any δ > 0, there exists Eδ ⊂ Bn−2
1 × (−1, 1), with |Eδ| ≥ 1 − δ, such

that
lim
i→∞

sup
(Y,t)∈Eδ

∣

∣fi(Y, t) − Θn−2 (‖Vt0‖, x0)
∣

∣ = 0. (9.79)

In order to prove that Θn−2(‖Vt0‖, x0) is the sum of energies of finitely many bubbles,
it suffices to prove that fi(Y, t) converges to the sum of energies of finitely many
bubbles for (Y, t) ∈ Eδ.
We now define the local Hardy-Littlewood maximal function for fi, hi and pi on
Bn−2

1 × (−1, 1), where

pi(Y, t) =

∫

B2
1

1

εi2
F (vi) (X,Y, t) dX, εi =

εi
ri

(→ 0).

Then by the weak L1-estimate we have that there exists F i
δ ⊂ Bn−2

1 × (−1, 1), with
|F i

δ | ≥ 1 − δ, such that for any (Y, t) ∈ F i
δ ,

lim
i→∞

M (gi + hi) (Y, t) = 0, lim
i→∞

M(fi)(Y, t) ≤ CΘn−2 (‖Vt0‖, x0) , (9.80)

and
lim
i→∞

M(pi)(Y, t) = 0. (9.81)

We also define the Hardy-Littlewood maximal function for

g̃i(Y ) =

∫

B2
1×[−1,1]

|∂tvi|2 (x, Y, t) dxdt, Y ∈ Bn−2
1 .

Then there exists Gi
δ ⊂ Bn−2

1 , with |Gi
δ | ≥ 1 − δ, such that for any Y ∈ Gi

δ ,

lim
i→∞

M(g̃i)(Y ) = 0. (9.82)

We need to prove that for any (Y, t) ∈ Eδ ∩ F i
δ ∩ (Gi

δ × [−1, 1])

lim
i→∞

fi(Y, t) =

l
∑

j=1

E(φj , S
2) (9.83)
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for some 1 ≤ l <∞, where φj : S2 → SL−1 (1 ≤ j ≤ l) are bubbles.

Step 1. First Bubble
This step has been done in §8.5 (see also [134]). Here we briefly mention it. For any
(Yi, ti) ∈ Eδ ∩ F i

δ ∩ (Gi
δ × [−1, 1]), let Xi ∈ B2

1
2

and δi > 0 be such that

∫

B2
δi

(Xi)
e(vi)(·, Yi, ti) =

ε20
C(n)

= max

{

∫

B2
δi

(X)
e(vi)(·, Yi, ti) | X ∈ B2

1
2

}

(9.84)

where ε0 > 0 is given by Lemma 8.2.3 and C(n) > 0 is a large number.
As proved in §8.5, we have that Xi → 0 and δi → 0. Moreover, by (9.79), (9.81),
and (9.82), we have that for any X ∈ B2

1
2

,

(2δi)
−n

∫

B2
2δi

(X)×Bn−2
2δn

(Yi)×(ti−4δ2
i ,ti+4δ2

i )
e(vi)(X,Y, t) ≤ ε20, (9.85)

and

δ−n
i

∫

B2
δi

(X)×Bn−2
δi

(Yi)×(ti−δ2
i ,ti+δ2

i )
e(vi)(X,Y, t) ≥

ε20
2
. (9.86)

Set wi(X,Y, t) = vi(Xi + δiX,Yi + δiY, ti + δ2i t). Then Lemma (8.2.3) implies

wi → w in C1
loc

(

R
2 ×Bn−2

2 × (−4, 4),RL
)

.

Moreover, ∂tw = ∇Yw = 0, because of (9.79) and (9.82). Hence w(X,Y, t) = w(X) :
R

2 → SL−1 is a harmonic map with positive and finite energy, which can be lifted to
a bubble φ1. By repeating all the possible blowing-up at different points and scales,
we can get

Θn−2(‖Vt0‖, x0) = lim
i→∞

fi(Yi, ti) ≥
l
∑

j=1

E(φj , S
2) (9.87)

for some l = lz0 ≤ Θn−2(‖Vt0‖,x0)

ε20
, where φj : S2 → SL−1, 1 ≤ j ≤ l, are bubbles.

Step 2. (9.87) is equality.
As in §6.4 and 6.5, it suffices to show that there is no energy concentration in the
neck region between two bubbles at the same point. This approach here is motivated
by [131] and [135]. The idea is to use the interpolation between L2,1 and L2,∞ to
control L2 norm of ∇vi in the neck region.
First, by an induction argument on l it suffices to show that (9.87) is an equality
for l = 1.

Claim 2. For any ε > 0 and sufficiently large R > 0, we have
∫

B2
2r(Xi)\B2

r (Xi)
e(vi)(·, Yi, ti) ≤ ε2, ∀Rδi < r <

1

2
. (9.88)
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For, otherwise, one can do another rescaling to get a second bubble, which would
contradict the assumption l = 1.
Applying Allard’s strong constancy Lemma 4.2.10 with (9.79), (9.81) and (9.82) and
Lemma 8.2.3, we obtain

e(vi) (X,Y, t) ≤ Cε2

|X −Xi|2 + |Y − Yi|2 + |t− ti|2
(9.89)

for 2Rδi ≤ |X −Xi| ≤ 1
4 , |Y − Yi| ≤ |X−Xi|

2 , |t− ti| ≤ |X−Xi|2
4 . In particular,

e(vi) (X,Y, t) ≤ Cε2

|X −Xi|2
(9.90)

for 2Rδi ≤ |X − Xi| ≤ 1
4 , |Y − Yi| ≤ Rδi, |t − ti| ≤ R2δ2i . Hence by setting

wi (X,Y, t) = vi

(

Xi + δiX,Yi + δiY, ti + δ2i t
)

, we have

e(wi) (X,Y, t) ≤ Cε2

|X|2 , ∀2R ≤ |X| ≤ 1

4δi
, |Y | ≤ R, |t| ≤ R2. (9.91)

This implies that ∇wi(·, Y, t) ∈ L2,∞(B2
(4δi)−1 \ B2

2R) for any (Y, t) ∈ Bn−2
R ×

(−R2, R2), and

sup
(Y,t)∈Bn−2

R
×(−R2 ,R2)

‖∇wi(·, Y, t)‖L2,∞(B2
(4δi)

−1\B2
2R) ≤ Cε. (9.92)

Now we estimate the L2,1 norm of ∇
(

wi

|wi|

)

(·, Y, t) over B2
(4δi)−1 .

Claim 3. For Pn a.e. (Y, t) ∈ Bn−2
R × (−R2, R2), ∇( wi

|wi|)(·, Y, t) ∈ L2,1(B2
(4δi)−1).

Moreover,

∫

Bn−2
R ×(−R2,R2)

∥

∥

∥

∥

∇
(

wi

|wi|

)

(·, Y, t)
∥

∥

∥

∥

L2,1(B2
(4δi)

−1 )

dY dt

≤ Cδ−n
i

∫

B2
1
2

(Xi)×Bn−2
Rδi

(Yi)×(ti−R2δ2
i ,ti+R2δ2

i )

(

|∇vi|2 + |∂tvi|2
)

≤ C. (9.93)

Proof. It is similar to the proof of [135] theorem B. Here we only sketch it. For any
t ∈ (−R2, R2), denote ωi(X,Y ) = wi(X,Y, t) : B2

(2δi)−1 ×Bn−2
2R → R

L, then we have

∆ωi +
1

ε2i

(

1 − |ωi|2
)

ωi = li, li(X,Y ) = ∂twi (X,Y, t) .

For 1 ≤ j, l ≤ L, let αjl
i be the 1-form defined by αjl

i = dωj
iω

l
i − ωj

i dω
l
i. Then

d∗αjl
i = ∆ωj

iω
l
i − ∆ωl

iω
j
i = ljiω

l
i − lliω

j
i ≡ Hjl

i ,

∆αjl
i = dHjl

i + 2d∗
(

dωj
i ∧ dωl

i

)

. (9.94)
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Let ω̃i : R
n → R

L be an extension of ωi such that

‖∇ω̃i‖L2(Rn) ≤ C‖∇ωi‖L2(B2
(2δi)

−1×Bn−2
2R ) (9.95)

and H
jl
i : R

n → R be an extension of Hjl
i such that H

jl
i = 0 outside B2

(2δi)−1 ×Bn−2
2R .

Let F jl
i ∈ H1(Rn,∧2(Rn)) solve

∆F jl
i = 2dω̃j

i ∧ dω̃l
i in R

n. (9.96)

Then by Theorems 3.2.5 and 3.2.4, we have that F jl
i ∈W 2,1(Rn,∧2(Rn)) and

∥

∥

∥
∇2F jl

i

∥

∥

∥

L1(Rn)
≤ C

∥

∥

∥
dω̃j

i ∧ dω̃l
i

∥

∥

∥

H1(Rn)
≤ C ‖∇ω̃i‖2

L2(Rn)

≤ C‖Dωi‖2
L2(B2

(2δi)
−1×Bn−2

2R
)
. (9.97)

Let Gjl
i ∈ H1(Rn) solve

∆Gjl
i = H

jl
i in R

n. (9.98)

Then we have that ∇2Gjl
i ∈ L2(Rn) and

∥

∥

∥∇2Gjl
i

∥

∥

∥

L2(Rn)
≤ C

∥

∥

∥H
jl
i

∥

∥

∥

L2(Rn)
≤ C ‖∂twi‖L2(B2

(2δi)
−1×Bn−2

2R
) . (9.99)

In particular, by the Hölder inequality we have
∥

∥

∥
∇2Gjl

i

∥

∥

∥

L1(B2
(2δi)

−1×Bn−2
2R )

≤ C
∥

∥

∥
∇2Gjl

i

∥

∥

∥

L2(B2
(2δi)

−1×Bn−2
2R )

(Rn−2δ−2
i )

1
2

≤ C(Rn−2δ−2
i )

1
2 ‖∂twi‖L2(B2

(2δi)
−1×Bn−2

2R ) . (9.100)

Since
αjl

i = dGjl
i + 2d∗(F jl

i ) +Kjl
i

where Kjl
i is a harmonic 1-form with i ∗(αjl

i −2d∗F jl
i −dGjl

i ) = 0, and i : ∂(B2
(2δi)−1 ×

Bn−2
3R
2

) → R
n denotes the inclusion map. By suitably choosing R > 0 and using

Fubini’s theorem, we may assume that

‖αjl
i ‖L1(∂(B2

(2δi)
−1×Bn−2

3R
2

)) ≤ CR−1‖∇ωi‖L1(B2

δ
−1
i

×Bn−2
2R ),

∥

∥

∥
(|∇2Gjl

i | + |∇2F jl
i |)
∥

∥

∥

L1(∂(B2
(2δi)

−1×Bn−2
3R
2

))

≤ CR−1‖(|∇2Gjl
i | + |∇2F jl

i |)‖
L1((B2

δ
−1
i

×Bn−2
2R )).

Therefore, by the standard estimate on harmonic forms, we have

‖∇Kjl
i ‖L1(B2

(4δi)
−1

×Bn−2
R

) ≤ C
(

Rn−2δ−2
i

)
1
2





∫

B2

δ
−1
i

×Bn−2
R

(|∇wi|2 + |∂twi|2)





1
2

.
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Hence for Hn−2 a.e. Y ∈ Bn−2
R , by W 1,1(R2) ⊂ L2,1(R2), we have αjl

i (·, Y ) ∈
L2,1(B2

(4δi)−1) and

∥

∥

∥
αjl

i (·, Y )
∥

∥

∥

L2,1(B2
(4δi)

−1 )
≤ C

∥

∥

∥
∇αjl

i

∥

∥

∥

W 1,1(B2
(4δi)

−1 )

≤ C
∥

∥

∥(|∇2Gjl
i | + |∇2F jl

i | + |∇Kjl
i |)
∥

∥

∥

L1(B2
(4δi)

−1)

so that
∫

Bn−2
R

∥

∥

∥α
jl
i (·, Y )

∥

∥

∥

L2,1(B2
(4δi)

−1)
dY

≤ CRn−2δ−2
i

∫

B2

δ
−1
i

×Bn−2
2R

(

|∇wi|2 + |∂twi|2
)

(X,Y, t) dXdY. (9.101)

Hence by the duality between L2,1 and L2,∞ we obtain

∫

(B2
(4δi)

−1\B2
2R)×Bn−2

R

∣

∣

∣α
jl
i

∣

∣

∣

2
(X,Y ) dXdY

≤
∫

Bn−2
R

∥

∥

∥
αjl

i (·, Y )
∥

∥

∥

L2,1(B2
(4δi)

−1 )

∥

∥

∥
αjl

i (·, Y )
∥

∥

∥

L2,∞(B2
(4δi)

−1\B2
2R)

dY

≤ sup
Y ∈Bn−2

R

∥

∥

∥α
jl
i (·, Y )

∥

∥

∥

L2,∞(B2
(4δi)

−1\B2
2R)

∫

Bn−2
R

∥

∥

∥α
jl
i (·, Y )

∥

∥

∥

L2,1(B2
(4δi)

−1 )
dY

≤ CεRn−2δ−2
i

∫

B2

δ
−1
i

×Bn−2
R

(

|∇wi|2 + |∂twi|2
)

(X,Y, t) dXdY. (9.102)

Observe that

∑

jl

∣

∣

∣
dωj

iω
l
i − ωj

i dω
l
i

∣

∣

∣

2
= |ωi|2

∣

∣

∣

∣

∇(
ωi

|ωi|
)

∣

∣

∣

∣

2

and |ωi| ≥
1

2
on B2

δ−1
i

×Bn−2
2R .

Thus, integrating over t ∈ (−R2, R2), (9.102) implies

∫

(B2
(4δi)

−1\B2
2R)×Bn−2

R ×(−R2 ,R2)

∣

∣

∣

∣

∇(
wi

|wi|
)

∣

∣

∣

∣

2

(X,Y, t)

≤ CεRn−2δ−2
i

∫

B2

δ
−1
i

×Bn−2
R ×(−R2,R2)

(

|∇wi|2 + |∂twi|2
)

. (9.103)

Finally, we need to control the L2 norm of ∇|wi|. Since |wi| ≥ 1
2 , we can write

wi = ρiθi, with ρi ≥ 1
2 and θi ∈ SL−1. Then

∆ρi +
1

ε2i

(

1 − ρ2
i

)

ρi − ρi|∇θi|2 = 〈∂twi, θi〉 . (9.104)
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Multiplying (9.104) by (1 − ρi) and integrating it over (B2
(4δi)−1 \ B2

2R) × Bn−2
R ×

(−R2, R2), we obtain
∫

(B2
(4δi)

−1\B2
2R)×Bn−2

R ×(−R2,R2)
|∇ρi|2

≤ Cε−2
i

∫

B2

δ
−1
i

×Bn−2
R ×(−R2,R2)

(

1 − ρ2
i

)2

+C

∫

(B2
(4δi)

−1\B2
2R)×Bn−2

R ×(−R2 ,R2)

(

|∇(
wi

|wi|
)|2 + |∂twi|2

)

+ boundary terms

≤ Cε+O(1),

where we have used Fubini’s theorem and above estimates to show the boundary
term converges to zero. In particular, we get

R−n

∫

(B2
(4δi)

−1\B2
2R)×Bn−2

R ×(−R2,R2)
|∇wi|2 (X,Y, t) ≤ Cε. (9.105)

This, combines with the Allard’s strong constancy Lemma 4.2.10, implies
∫

B2
(4δi)

−1 (Xi)\B2
2R(Xi)

|∇wi|2 (X,Yi, ti) ≤ Cε. (9.106)

This finishes Step 2 and hence Theorem 9.3.1 is proven. 2

Next we would like to discuss the quantization at t = +∞. Assume that ti ↑ ∞
is such that

lim
i↑∞

(
∫ ti+1

ti−1

∫

Ω
|∂tui|2 +

∫

Ω
|∂tui|2(x, ti)

)

= 0, (9.107)

lim
i↑∞

∫

Ω

1

ε2i
F (ui)(x, ti) = 0. (9.108)

Assume also that ui(ti) → u∞ weakly in H1(Ω,RL) and

e(ui)(x, tn) dx→ µ∞ ≡ 1

2
|∇u∞|2(x) dx + ν∞

as convergence of Radon measures on Ω for some nonnegative Radon measure ν∞ in
Ω. Moreover, Vui(ti) → V∞ in V ∗

n−2(Ω), ‖V∞‖ = µ∞. It follows from Example 9.1.3
that δV∞ = 0. Therefore by Lemma 9.1.6 we have that for all a ∈ supp(‖V∞‖) and
0 < r ≤ R < dist(a, ∂Ω),

R2−n ‖V∞‖ (BR(a)) − r2−n ‖V∞‖ (Br(a))

≥
∫

BR(a)\Br(a)
|y − a|−n−2

∣

∣

∣
S⊥(y)

∣

∣

∣

2
dV (y, S). (9.109)

In particular, Θn−2(‖V∞‖, x) exists for all x ∈ supp(‖V∞‖). Now define

Σ1
∞ =

{

x ∈ Ω | Θn−2 (‖V∞‖, x) ≥ ε21
}
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Σ2
∞ =

{

x ∈ Ω | lim
r↓0

lim
i↑∞

r2−n

∫

Pr(x,ti)
|∂tui|2 > 0

}

.

Then we have
Hn−2(Σ1

∞) <∞ and Hn−2(Σ2
∞) = 0.

We need an ε0-regularity estimate at t = ti.
Claim 4. There exist ε1 > 0 and δ1 > 0 such that for any x ∈ Ω, if

r2−n

∫

Br(x)
e(ui)(x, ti) dx ≤ ε21, r

2−n

∫

Pr(x,ti)
|∂tui|2 ≤ ε41. (9.110)

Then
(δ1r)

2 sup
Bδ1r(x)

e(ui)(x, ti) ≤ Cε21. (9.111)

Proof. It follows from Lemma 7.5.2 that for any ti − r2 ≤ t ≤ ti

r2−n

∫

Br(x)
e(ui)(x, ti) − r2−n

∫

B r
2
(x)
e(ui)(x, t)

≥ −r2−n

∫

Pr(x,ti)
|∂tui|2 − C

(

r−n

∫

Pr(x,ti)
|∇ui|2

)
1
2

·
(

r2−n

∫

Pr(x,ti)
|∂tui|2

)
1
2

≥ −Cε21.

Therefore we have for all t ∈ [ti − r2, ti]

(
r

2
)2−n

∫

B r
2
(x)
e(ui)(x, t) ≤ Cε21,

and

(
r

2
)−n

∫

P r
2
(x,ti)

e(ui) ≤ Cε21.

Therefore, by choosing ε1 sufficiently small and applying Lemma 8.2.3, the claim
follows.

Claim 5. Σ∞ = Σ1
∞ ∪ Σ2

∞ is closed and has finite Hn−2 measure, and ui → u∞ in
C1

loc(Ω \ Σ∞,RL).
Proof. For any x0 ∈ Ω \ Σ∞, there exist r0 > 0 and i0 >> 1 such that for all i ≥ i0

r2−n
0

∫

Br0(x0)
e(ui)(x, ti) ≤ r2−n

0 ‖V∞‖(Br0(x0)) + ε21 ≤ 2ε21,

and

r2−n
0

∫

Pr0(x0,ti)
|∂tui|2 ≤ ε41.
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Therefore by Claim 4 we have that for i ≥ i0,

sup
Bδ1r0

(x0)
e(ui)(x, ti) ≤ Cε21

so that Bδ1r0(x0) ∩ Σ∞ = ∅. Hence Σ∞ is closed and ui → u∞ in C1
loc(Ω \ Σ,RL).

This and (9.107) imply that u∞ is a weakly harmonic map with sing(u∞) ⊂ Σ∞.
We now have

Theorem 9.3.2 Under the same notations as above, we have
(i) Σ∞ is a closed (n− 2)-rectifiable set.
(ii) If, in additions, N = SL−1, then for Hn−2 a.e. x ∈ Σ∞, there exist 1 ≤ lx ≤ E0

ε20

and lx-many bubbles {φj}lx
j=1 such that

Θn−2(‖V∞‖, x) =

lx
∑

j=1

E(φj , S
2). (9.112)

Proof. (i) follows from the fact that V∞ is stationary and Theorem 9.1.9. (ii) is
similar to that of Theorem 9.3.1. The only change that we need to make is to show:
for Hn−2 a.e. x0 ∈ Σ∞,

lim
r↓0

lim
i↑∞

r2−n

∫

Br(x0)
|DTui|2 = 0 for all T ∈ Tx0Σ∞. (9.113)

But (9.113) follows from Lemma 8.5.1. Then we can follow lines by lines of the proof
of Theorem 9.3.1 to show (9.112). 2

9.4 Further remarks

In this section, we consider the class A of suitable weak solutions to the heat flow of
harmonic maps. The goal of this section is to remark that all the results from §9.1
to §9.3 remain to be true in A with proofs almost as same as those in §9.1-§9.3.
Suppose {ui} ⊂ A satisfies the bound:

sup
0<t<∞

(∫ t

0

∫

Ω
|∂tui|2 +E(ui(·, t))

)

≤ E(u0) for all i. (9.114)

Then we may assume that ui → u weakly in H1
loc(Ω × R+, N) and

1

2
|∇ui|2 (x, t) dxdt→ 1

2
|∇u|2 (x, t) dxdt + ν(≡ µ),

|∂tui|2 (x, t) dxdt → |∂tu|2 (x, t) dxdt + η

for two nonnegative Radon measures ν = νt dt and η on Ω × R+. Let Σ be the
concentration set defined as in §8.2, with e(ui) replaced by 1

2 |∇ui|2.
As in §8.3, for z0 ∈ Σ we consider the space of tangent cone measure of µ at z0,
Tz0(µ) and define dim(Θn(µ0, ·)) for any µ0 ∈ Tz0(µ) as in §8.3. Then we have
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Theorem 9.4.1 For ui ⊂ A, let Σk = {z0 ∈ Σ : dim(Θn(µ0, ·) ≤ k,∀µ0 ∈ Tz0(µ)}
for 0 ≤ k ≤ n. Then dim(Σk) ≤ k for 0 ≤ k ≤ n and Σ0 is discrete.

One can also associate a generalized (n − 2)-varifold Vui
for each ui as in §9.1.

Let V denote a limit of Vui
, then all the results from §9.1 remain to be true for V .

In particular,

Theorem 9.4.2 For L1 a.e. t ∈ R+, Vtb(Σt×An−2,n) is a (n−2)-rectifiable varifold
and Σt is a (n− 2)-rectifiable set.

For the generalized varifold flow, all the results from §9.3 remain to be true in
A. For example, we have

Theorem 9.4.3 Under the same notations as above, if, in additions, u is a suitable
weak solution to the heat equation of harmonic maps, then {νt}t≥0 is a Brakke flow.

Finally, we can also prove an energy quantization for the density function of Vt

as follows, whose proof is indeed slightly simpler.

Theorem 9.4.4 If, in addition, that N = SN−1, then for Pn a.e z0 ∈ Σ,

Θn−2(‖Vt0‖, x0) =

lx0
∑

j=1

E(φj , S
2) (9.115)

for some 1 ≤ lx0 <∞ and {φ}lx0
j=1 are bubbles.

Question 9.4.5 We believe that Theorems 9.3.1 and 9.4.4 are true for any Rie-
mannian manifold N . This question is closely related to the problem whether the
W 2,1-estimate holds for any stationary harmonic map into general target manifolds.
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